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Abstract: We consider & (m,n) equation with generalized evolution term which is of considerable interest in
mathematical physics. We classify the nonlocal symmetries, which are known as potential symmetries, for this
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1

We consider the<(m,n) equation with generalized
evolution term

I ntroduction

(ul)y + au™ug + b(u™) gz = 0, 1)
where the first term is the generalized evolution term,
while the second term represents the nonlinear term
and the third term is the dispersion term. This equa-
tion is the generalized form of the Korteweg-de Vries
(KdV) equation. Thecase=m =n =b =1
and a —6 leads to the KdV equation that was
derived by Korteweg and de Vries (1895) which de-
scribed weakly nonlinear shallow water waves. This
equation was found to have solitary wave solutions,
vindicating the observations made 51 years earlier of
a solitary channel wave by Russell in Aug. 1834.
The classical KdV equation has been studied exten-
sively [1, 12, 14, 22], in particular, by means of
the inverse scattering method, by applying the direct
method that involves no group theoretical techniques
and the Bicklund transformation has been determined
[23].

Rosenau and Hyman [24] studied the role of non-
linear dispersive in the formation of patterns in lig-
uid drops of the nonlinear dispersive equations (1) for
Il=a=b=1,m> 0,1 <n < 3. They also intro-
duced a class of solitary wave solutions with compact
support, i.e. the absence of infinite wings or the ab-
sence of infinite tails, calledompactonsIn addition
to compactons, Rosenau [25] proved that the nonlin-
ear dispersive equatiors(m,n)

up £ a(u™)y + (u") gz = 0, a const,
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which exhibits a number of remarkable dispersive ef-
fects, can support both; kinks and solitons with an in-
finite slope(s), periodic waves and dark solitons with
cusp(s) all being manifestations of nonlinear disper-
sion in action. Fom < 0 the enhanced dispersion
at the tail may generate algebraically decaying pat-
terns. Other solitary-wave solutions of K(m,n) equa-
tions were also found by Rosenau in [26, 27].

In [9] we carried out a classification of the sym-
metries of equation (1) with,b € R* andi,m,n €
Z* by using classical symmetries. In [10] Bruzon
and Gandarias obtained traveling wave solutions of
the equation (1) withu,b € R* andl,m,n € Z7.
They gave a catalogue of new exact solutions and a
set of solitons, kinks, antikinks and compactons.

There is no existing general theory for solving
nonlinear partial differential equations (PDE’s). Due
to the great advance in computation in the last years
a great progress is being made in the development of
methods and their applications to nonlinear PDE'’s for
finding exact solutions. For instance, classical Lie
method [5, 6, 17, 18], nonclassical potential symme-
tries method [15, 16], simplest equation method [20],
(G'IG)-expansion method [7, 8, 11], extended sim-
plest equation method [21], among others.

Local symmetries admitted by a PDE are useful
for finding invariant solutions. These solutions are ob-
tained by using group invariants to reduce the num-
ber of independent variables. The fundamental ba-
sis of the technique is that, when a differential equa-
tion is invariant under a Lie group of transformations,
a reduction transformation exists. The machinery of
the Lie group theory provides a systematic method to
search for these special group invariant solutions. For
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PDEs with two independent variables, as it is equa-
tion (1), a single group reduction transforms the PDE
into ODEs, which are generally easier to solve than
the original PDE.

An obvious limitation of group-theoretic methods
based on local symmetries, in their utility for partic-
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then (2) yields a nonlocal symmetry d{x,t, u},
such a nonlocal symmetry is called a potential sym-
metry of R{z,t,u}, otherwiseXg projects onto a
point symmetry of R{x, t, u}.

The purpose of the present paper is to obtain po-
tential symmetries of equation (1). That is, to de-

ular PDEs, is that many of these equations does not termine the values of the parametérs:, n, a andb,

have local symmetries. It turns out that PDEs can ad-
mit nonlocal symmetries whose infinitesimal genera-

tors depend on the integrals of the dependent variables
in some specific manner. It also happens that if a non-

linear scalar PDE does not admit an infinite-parameter
Lie group of contact transformations, it is not lineariz-
able by an invertible contact transformation.

In [3, 4] Bluman introduced a method to find
a new class of symmetries for a PDE. By writ-
ing a given PDE, denoted by{R,t,u} in a con-
served form a related system denoted Ky 3, u, v}
as additional dependent variables is obtained. If
u(z,t), v(z,t) satisfiesS{z,t,u,v}, then u(z,t)
solvesR{x,t,u} andv(z,t) solves an integrated re-
lated equationl'{x,t,v}. Any Lie group of point
transformations admitted by{S, ¢, u,v} induces a
symmetry for Rz, ¢,u}; when at least one of the
generators of the group depends explicitly of the po-
tential, then the corresponding symmetry is neither a
point nor a Lie-Backlund symmetry. These symme-
tries of R{z, ¢, u} are calledpotentialsymmetries.

The nature of potential symmetries allows one to
extend the use of point symmetries to such nonlocal
symmetries. In particular:

1. Invariant solutions of{x,t,u,v}, respectively
T{z,t,v}, yield solutions of R{x,t, u} which
are not invariant solutions for any local symme-
try admitted byR{x, t, u}.

2. If R{z,t,u} admits a potential symmetry lead-
ing to the linearization of5{z,t,u, v}, respec-
tively T{x,t,v}, thenR{z,t,u} is linearized by
a noninvertible mapping.

SupposeS{z,t,u,v} admits a local Lie group of
transformations with the infinitesimal generator

Xg E(z,t,u,v)0p + T(2,t,u,v)0)
%)

+(z, t,u,v)0, + @(x, t,u,v)0,.

this group maps any solution of Sx,t,u,v to another so-
lution of Sx,t,u,v and hence induces a mapping of any
solution of Rx,t,u to another solution d®{z,t,u}.
Thus, (2) defines a symmetry group®fz, ¢, u}. If

& +1i+Ul £0
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with I,m,n,a,b # 0 andm # —1, for which the
equation admits nonlocal symmetries.

2 Classical Lie Method

We consider the PDE:;

A = Az, u, u(l)(x), e 7u(n)($)) =0,

wherez = (z1,...,z,) are the independent vari-
ables,u = u(z) is the dependent variable and ()
denotes the set of all the partial derivatives of order
[ of u. We require that the PDE would be invariant
under the group

v =+ eb(x,u) + O(e2),
t* = t+er(z,u) + O(e?),
w* = u+en(z,u) + O(e),
with infinitesimal generator:
P 0 0

By Criterion of Invariance we require that

prWV(A)=0 when A=0,

where

0

(n) J (n)
"y =V + E z,u\)—,
p - n ( )9UJ

p
+ ) Gugg,

i=1

p
1’ (z,u™) =D, (77 -> &w)
=1

_ ou 8U]

- Ot ox'

We obtain an overdetermined, linear system of equa-
tions for the infinitesimals; (z, v) and n(z, ¢, u).

U; and Ug; =
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The similarity variables are found by solving the in- following conditions:

variant surface condition:
Exx(n—1)n (I1+2n) =0,

Ou _ (xu)—pz:lf(xu)% Era 1+2n) =0
axp =z, P 1 ) 8CCZ T ’
7_ttlul - gftzlul - gbfmmma}nun - gagzw =0,

The Similarity variables
e Pul —&nlul +bEppnlu™ + 8bEppy n®u™

z = z(z), —2a& lu™ +annumt! —aéynumt!
—arymu™ +3a&, mumt —arnumt!
w=Ul(x,h(z)). +3a&, umt = 0.
The solutions of this system depend on the parameters
reduce the PDE of equation (1).
If a, b, n and m are arbitrary constants with
A, u, u(1)(x)’ . u™ (z)) =0 a,b,m,n € R* the symmetries admitted by (1) are

the group of space and time translations, which are

. defined by the infinitesimal generators
into an ODE

V] = 8:)3) Vo = ata
Az, h, B (), W (2)) = 0. ard the generator
. - V3:%(n—m—1)x8x+%(n—3m—1)t8t+u8u.
3 Classical Symmetriesof Eg. (1)

In the following we given the infinitesimal generator

To apply the classical method to Eq. (1) withb for which Eq.(1) have extra symmetries:
0 andl,m,n € IRT we consider the one-parameter o .

. L . 1. fl=n=2m=1,
Lie group of infinitesimal transformations {r, ¢, u)

given by £ = %(x + at) + ks,
¥ =+ e&(z,t,u) + O(e?), T = kit + ko,
t* =t +er(x,t,u) + O(?), flx,t)

n=100 0k
u
* 2
ut = u+en(z,t,u) + O(€), where f satisfy2b fop. + afs + 2f; =0

wheree is the group parameter. We require that this 2. Ifl=n,m=2n—1,
transformation leaves invariant the set of solutions of

(1). This yields to an overdetermined, linear system & =5+ kst + ky,
of equations for the infinitesimalgz, ¢, u), 7(x, t, u)
andn(z,t,u). The associated Lie algebra of infinites- T = kit + ko,
imal symmetries is the set of vector fields of the form
— _k3s _ 2kiu
= qun-T 3n

V= f(.%', tv u)ax + T(II,', t7 U)at + 77(x7 t7 u)a’u (3)

4 Classical Potential Symmetries
Invariance of Eq. (1) under a Lie group of point trans-

formations with infinitesimal generator (3) leads to a In [4] Bluman introduced a method to find a new class
set of nineteen determining equations. Solving this of symmetries for a PDE. Suppose a given scalar PDE

system we obtain that if £ n { = &(x,t), 7 = 7(t) of second order
Tt — 38z
andy = ——“u where¢ and are related by the F(x,t,u, Uy, U, Ugg, Uat, Ust) = 0, 4
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where the subscripts denote the partial derivatives of A Lie point symmetry admitted by (z, ¢, u,v) is a
u, can be written as a conservation law symmetry characterized by an infinitesimal transfor-
mation of the form
D D
th(xv t7 Uy Ug ’th) - D—xg(xv t7 Uy, Uy ut) == 07 (5)
. o vt = x; + e&(z,t,u,v) + O(),
for some functiong andg of the indicated arguments.

Here £ and £ are total derivative operators defined =t er(a,tu,v) + O@E2),
> (10
u* = u+en(x,t,u,v) + O(e?)
D 0 0 0 0
De or May T Merge, T T v = v ep(mtyuv) + Oc)
D 0 0
Dt ot T May Tty Ty, T admitted by system (9). In the present work, we will

_ _ present the point symmetries of (9) and we will study
Through the conservation law (5) one can introduce hat symmetries induce potential symmetries of equa-
an auxiliary potential variable and form an auxiliary  tjon (1). These symmetries are such that the condition

potential system (system approach) (8)
Vy = f(x,t,u,ux,ut), 512)_|_7—3+¢12)?£0
v = g(@,t U, U, uy). (6) is satisfied. If the above relation does not hold, then

the point symmetries of (9) project into point symme-
tries of (1). System (9) admit Lie symmetries if and
only if

For many physical equations one can eliminateom

the potential system (6) and form an auxiliary inte-
grated or potential equation (integrated equation ap-
proach)

X (v, —ut) =0,
G(x,t,’U,’Ux,’Ut,’Uxx,’Uxt,’Utt) = 0) (7) p ( ‘ )

for some function? of the indicated arguments. Any PrAX (v + Zagum™ ™ + b (u),,) =0,
Lie group of point transformations (2)

Xg = &(m,t,u,0)0, +7(x,t,u,0)0 where pf?)V is the second extended generator of

+w(x7t7u7v)au +<p(x,t,u,v)8v. XS — f(x,t,u,'l))am +T(x,t,u,v)3t
adnmitted by (6) yields a nonlocal symmetpptential

symmetnyof the given PDE (5) if and only if the fol- +(w, b, u,v) 0y + (T, t,u,v)0y.
lowing condition is satisfied

€2 472 4 2 £ 0. (8) In other words, we require that the infinitesimal gen-

voor e erator leaves invariant the set of solutions of (9). This

yields to an overdetermined system of fourteen equa-
5 Classical Potential Symmetries of tions for the infinitesimals (x,t, u,v), 7(x,t, u,v),

Eq (1) Y(z,t,u,v) and p(z,t,u,v). From this system we

' obtain that = &(z,t,v), 7 = 7(t), ¢ = ¢(x,t,v)

In order to find potential symmetries of (1) with and

a,b,l,n # 0andm # —1 we write the equation in a

conserved form and the associated auxiliary system is

given by Y=

vy = ul,

_fv u? ! + (fa} - ‘Pv) ultt — Pz U
lu!

9) whereg, 7 andy must satisfy the following four equa-
ilum“ —bum), . . tions

m rxr

Vg = —
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&2l +n) u? + wr(n—1) =0,

(20 +n)éy u? + (1 — n)p, ul — Iy ul + 21€, u!
+&mul + (I =n)pe =0,

4l£vv u31 + 2 gvv nu3l - l‘PUU u2l + 5l£va} u2l
-2 ngpwu2l +4&, nu? 4+ Loy ul + IErs ul
_4n§0vzul + 2£ma}nul + QZ(PJ:J: - Qn@zz = 07

b &opemnutTm 4 b &y nuttn
—bm Ny wdtn —p NPy udtn
+3b&ppemnudt™ 4+ 3bEypy nudt
—3bmn Yz w2t —3bn Povz y2tn
+3b&pamnut +3b&pn nutn
-3 a&,l u2l+k+1 _ aé-v n u21+k+1
Fa&ymuthtl g g g, Akt
—3bmn Yyze uttm —3bn Pz uttn
+b EppamnuT + b g nut"
—2a & Ut 4 an g, ul TR
—am @y ul R — g o ul R g g R
+a&emul TR g & w4 gmil v
+& u?l — m el ul — il ut —bmn 0,y
—bn Yrpr U — a gl w4 an Vr uktl
—am @, u™t —ap, ™t = 0.
(11)
From system (11) we should consider three cases:

Case 1 The parametersn,n,l are arbitrary con-
stants. From system (11) we obtain the infinitesimals:

k1 T = k9

=0 o= k3

Itis no potential symmetry of the equation (1) because

the condition (8) is not satisfied.

Case 2If n # —20 + 3(m + 1) from system (11) we
obtain the infinitesimals:

ko(n—m—1
£ = Ftnsamny® + ks

T:k‘gt—l—k‘g

_ 2ko
Y= +n—3(m+1) ¥

_ ka(2l4n—(m+1))

2tn—3(mt1) VT ka

Itis no potential symmetry of the equation (1) because
the condition (8) is not satisfied.
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Case 3If [ = n from system (11) we obtain

¢ = i + at),

T=7(t),
b= oty s g

Y= ]{51’0 +B(:Cat)a

where 7 (t), a(t), B(x,t) and d(¢t) must satisfy the
equation

Temnul e+ manult e+ 3aky nut Tl

—3amnn un+m+1 —3ak kl un+m+1

—3a kl un-l—m—l—l +ar k un+m+1 +ar un-l—m—l—l

+3mna;u?™ +3noput™ —3bmn Bygy u”

—3bn Brgru™ —3mn Bru™ — 3n P u

—3amByumt —3a B, v = 0.

(12)

From system (12) we obtain the following solutions

¢ =5 +hs,
T = kit + ko,
(13)
b=t
= %klv + k4
[ ]
é— _ (k’+1) k1 xz+2akq t+3(k+1) k4
- 3k+3 ’
7=kt + ko,
(14)
v=hu
= %klv + k4

The infinitesimal generators (13) and (14) are not po-
tential symmetries of the equation (1) because the
condition (8) is not satisfied.

Casedlfi=1,n=-2andm =1
5 = klfI,' + f(U)’
(15)
¥ =—apu® + (%2 — ky)u,

@zk—gfv—i—m
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where the functionf(v) satisfy the linear equation
fvvv‘l'f‘l'kl_ki}:O-

The infinitesimal generators (15) are potential
symmetries of the equation (1) because the condition
(8) is satisfied.

Case 51f n = -2/ andl = m + 1 from system (11)
we obtain the following symmetries:

X1 =0, Xo = 0Oy,

2 1
Xg =20, +t0y — ————udy, + gv&),

3(m+1)
1

— _ m+2

—f(t,v)@x m+1u fv(ta

where the functiory (¢, v) satisfy the linear equation

Jt=0.

Consequently, we can state thale equation(1) ad-
mits potential symmetriesqif = —2/ andl = m + 1
orl=1,n=-2andm=1.

X 0) Oy,

Qbfvvv -

5.1 Symbolic manipulations programs

The procedure to obtain the classical potential sym-
meries is entirely algorithmic, it involves a large
amount of algebra and of auxiliary calculations. Some
symbolic manipulation programs have been devel-
oped to simplify the calculations. We use the MAC-
SYMA program symmgrp.max [13] and the MATH-
EMATICA software.

To use symmgrp.max, we have to convert (9) into
the appropiate MACSYMA syntax: x[1] and x[2] rep-
resent the independent variableandt, respectively,
u[1] and u[2] represent the dependent variabiesd
v, respectively. The system (9) is rewritten as

u[2, [0, 1] + (a/(k + 1)) * u[1]F+D 4
b (nxu[l]ln — 1) *u[l,[2,0]]

+(n—1)*n*u[1](n_2) « (u[l,[1,0
uf2,[1,0]] = (u[1])®

1,[0,1]] represents, u[2

= 0;
where u[
Ugq, 1C.
The infinitesimalsg, 7, n and ¢ asre represented by
etal, eta2, phil and phi2, respectively. The program
symmgrp.max automatically computes the determin-
ing equations for the infinitesimals

,[1,0]] represents

kill(all);

derivabbrev:true;
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batchload("symmgrp.max”);

/* KLMN- CLASSICAL POTENTIAL*/
batch("KImnpc.dat.txt™);
symmetry(1,0,0);

printegn(lode);
save("lodegnlh.Isp”,lode);

for j thru g do (X[j]:=concat(x,)));

for j thru g do (u[j]:=concat(u,)));
ev(lode)$
gnlhode:ev(%,x1=x,x2=t,ul=u,u2=v);
grind:true$
stringout("gnlhode”,gnlhode);

closefile();

The fiel kimnpc.cas in turn batches the file kimnpc.dat
which contains data about (9)

p:2$

g:2%

m:2$
parameters:[a,b,n,m]$
warnings:true$
sublistegs:[all]$
substderiv_of_vi:true$
info_given:true$
highestderivatives:all$
depends([etal,eta2,phil,phi2],[x[1],x[2],u[1],u[2]]);
eta2:1;
vt:phi2-etal*u[2,[1,0]];

elwt + (a/(k+1)) xu[1]FHD £ bx (n*u[1]~
ulL, 2, 0]+ (n—1)*nxu[1] "~ 5 (u[1, [1 ,0]]) )

2’ [1’0“ - (u[l])s§
v1:.u[1,[2,0]];
v2:u[2,[1,0]];

We note that[2, [0, 1]] (i.e. v;) has been eliminated
using the invariant surface conditions.

e2u
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6 Similarity solutions

As in the case of Lie point symmetries, potential
symmetries may be used to derive similarity trans-
formations (solutions). Such transformations reduce
the number of independent variables of a system of
PDEs. In particular, we use the potential symmetries
obtained in Section 5, which are Lie symmetries of
system (9), to derive similarity solutions for system
(9). In order to find similarity solutions for system (9)
we need to solve the invariant surface conditions
Euy + Tup = 1, Evy + Tvp =

where¢, 7, ¢» andyp are the infinitesimal of the trans-
formation (10). The similarity solutions can be found
by solving the corresponding characteristic equations

dv _dt_du_ dv
& T v 9

We present some examples of similarity solutions

which are produced by symmetries that were obtained

in Section 5.

Example 1 We use the symmetr)(; + X, = \0; +

[, U)ax - ﬁum+2fv_(t’ v)0,. We setf(t,v) = p.

Substituting into equations (16) we get

(16)

z = px — A, u(z,t) = h(z), v =w(z).
17)
Similarity transformation (17) reduces system (9) to

nonlinear system

pw' — R = 0,(18)
—xw' 4+ by n? B2 (B)?
+bﬂ2 nhv LRt — bMthn—2 (h/>2
a herl

e 0.(19)

System (18)-(19) is reduced far = —2[ andl =
m + 1 into nonlinear ODE

n_ (2m43) a2 | B3 (mAA—ap) _
h" — === (h)” + TICESIE: =0.
(20)
Letg = I/. Sinceh” = gg’ we get
()‘_a) 3m+4 292 (m+1) 92 o
30 (m 1) 2" h p 99 =0
(21)

Equation (21) is a Bernoulli equation and this equa-
tion has the general solution

g2 = (mA+A—ap) p3m+5 4 o . 4 m+6

b(m+1)3 3 (22)
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wherec is a constant of integration. Back to the func-
tion h we have

(h')? = (mA+A—ap) p3m+5 4 o . padm+6,

b(m+1)3 3 (23)

The general solution of equation (23) is

h(z) = InverseFunctiof+-2[2Hypergeometri2
Fl(al, as,as, a4)]#1H1/(4m + 4)H2&] [—Z, Cl][[QH

where Hypergeometric2F1[a,b,c,z] is the hypergeo-
metric functiony F (a, b; ¢; 2),

1 4m—+4

a1 = 2,02 = 30,11)>

4dm+4

G3:m+1,

CHLT (m)—ap)
2bc(m+1)3u3 ’

as =

H, = \/#1—rn—1(/\(m+l)a,u) 11,

2bc(m—+1)3 3

#13m+5()\(m+1)—au) + 26#14m+6.

Hy = b(m+1)3 i3

This case was not studied in [9, 10].

Example 2 Substituting (18) into (19) we obtain the
equation

a h—n+m+2

"_ i (hZ)2 (n — 1) _
b(m+1) u?n

budn h

h

Forl = n = m, we obtain that(z) = secH(z) is a
solution of equation (24).
From (17) we obtain that

u(z,t) = sech (uz — \t) (25)

is a solution of equation (1). In Figure 1 we plot so-
lution (25) withy, = A = 1 which describes a soliton
solution. The solitons are defined as localized waves
that propagate without change of its shape and ve-
locity properties, and are stable against mutual col-
lisions. The existence of solitary wave solutions im-
plies perfect balance between nonlinearity and disper-
sion which usually requires rather specific conditions
and cannot be established in general [19].

Example 3 From (24) ifl = n,fora =1, 8 = 6:

m:n—%,a: W!b: _W+n21by(17)
we obtain that
sin®(ux — At) |z —t| < 4m,
u(x,t)—{ 0 ’x—t‘>47r
(26)
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5

Figure 1: Solution (25) fop =1 and\ =1

is a solution of equation (1). In Figure 2 we plot so-
lution (26) withp = 1 and A = 1 which describes a
compacton solution.

Example 4 From (24) we obtain that

u(z,t) = itanh(,ux — At) (27)

is a solution of equation (1) with=n = 2, m = 3,
a=%2andb = —#. In Figure 3 we plot solution

(27) with y = 1 and X = —% which describes a kink
sdution.

7 Conclusions

In this paper we have seen a classification of potential

symmetries of ak'(m,n) equation with generalized

evolution term, depending on the values of the con-

stantsa, b, n,l andm. We have proven that the equa-
tion (1) admits potential symmetriessif = —2[ and

I = m + 1. Consequently the equation (1) studied in
[9] does not admit potential symmetries.
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