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Abstract: – The Wigner equationtaking into accountboth the non-localpotentialoperatoranda scatteringoperator
representsasuitablephysicalmodelfor carriertransportin nanostructures.In thispaperanew MonteCarlomethodis
proposedfor thesolutionof thestationaryWignerequation.Scatteringcanbeincludedat thelevel of thesemi-classical
Boltzmannscatteringoperator, whereascoherenteffectsaretreatedwithout simplifying approximations.As opposed
to the Monte Carlo methodfor semi-classicaltransport,in the quantumcasethe weight of a particle can take on
positiveandnegativevalues.
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1 Introduction

Description of quantum phenomenaby
meansof a particle picture is a promising
approach to the modeling of transport in
nanoscaleelectronicdevices. A single parti-
cle Wigner equationhas beenderived which
accountsfor coherenteffects via the Wigner
potentialoperatorandfor dissipationprocesses
via theBoltzmanncollisionoperator.

With deterministicmethodsusingfinite dif-
ferencediscretizationoneusuallyconsidersthe
coherentWignerequation,or includesdissipa-
tion in the relaxationtime approximation. A
one-dimensionalmomentumspaceis assumed.
Stochasticmethodsusing particlesare moti-
vatedby theMonteCarlo(MC) methodfor de-
vice simulation,where the dissipationopera-
tor is treatedin an exact mannerbut the co-
herentpart is presentedby its classicallimit.
This limit transformstheWignerpotentialop-
eratorinto aclassicalforceterm,andhencethe
Wignerequationinto thesemi-classicalBoltz-
mannequation.

The treatmentof the Wigner potential op-
erator is the main concernof the particle ap-
proach.In [1] it hasbeeninterpretedasaquan-
tumforcegivingriseto dynamicparticletrajec-

tories. They nicely explain the tunnelingpro-
cessbut yet cannotsolve theWignerequation:
the quantumforce itself dependson the solu-
tion

���
. Recentlythe coherentWigner equa-

tion hasbeensolvednumericallyby usingpar-
ticles [2] which crossthe device by collision-
lessdrift over classicaltrajectories.Theinfor-
mation aboutthe Wigner potential is retained
as particle weight. The physicalobservables
areobtainedasweightedensembleaverages.

2 The Particle Model

In this work we considerthe Wigner equa-
tion which accountsfor the coherentpart of
the transportvia the Wigner potential � � and
for dissipationprocessesdue to the electron-
phononinteraction. The equationcan be de-
rived from the generalizedelectron-phonon
Wignerequationby a hierarchyof approxima-
tions[3]. Theapproximationsconcernonly the
phononinteraction,while the coherentpart is
treatedat a rigorousquantumlevel. The clas-
sical limit of the dissipationpart givesrise to
thecommonBoltzmanncollisionoperator. For



onedimensionaldevicestheequationreads:������
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We proposea stochasticmethodwhich treats
theentirerighthandsideof thestationaryequa-
tion (1) asa scatteringterm. The methodre-
tainsthebasicfeaturesof theweightedSingle
ParticleMC method[4]. All threedimensions
of the momentumspaceareincluded. The al-
gorithmsfor injectionfromtheboundarydistri-
bution,thebuild upof thetrajectoryby consec-
utivedrift andscatteringevents,andtherecord
of thephysicalaveragesremainunchanged.In
additionto phononscatteringthe potential � �
is alsoa sourceof scattering. This scattering
sourcegivesriseto signchangesof theparticle
weights.Themethodis basedontheseparation
into two positive functions.� ��� �'� �4! �65� � �'� � ) �87� � �'� �� 5� ! � �:9;� � � �<� � 7� � �'� �4! ) � �:9=� ) � � �
Here

9
denotesthe Heavyside function. Be-

causeof > # �'� � �,� ��� �'� �?!A@
, a uniquefunc-

tion B � �.�4! "$# ��� �DC� � ��� �'� �
(2)

canbe introduced,which is interpretedasthe
out-scatteringrateof the potentialoperatorin
strict analogywith the phononout-scattering
rate

1
. The free-flight time is selectedas in

the classicalMC scheme,however, with an
out-scatteringrategiven by the sum

� B 	 1E�
.

Thequantumcharacterof the transportaffects
mainly theschemefor theafter-scatteringstate
selection.Theconditionalprobabilitydensities
for a transition from the free-flight end state� �������

to the after scatteringstate
� ����� % �

are
givenin thefollowing table.

transition density scattering sourceF�G �3HIJG �(K L(HJM.NO G �(K P QSR 7 PSQ�HUT G L R VXW 7 L VYW HF�G �3H potential � 5F�G �3HIJG �(K L(HJM[ZO G �(K P Q�R 7 PSQ\H]T G L R VXW 7 L VXW HF�G �3H potential � 7F�G �3HIJG �(K L(H F�G �3HUT G L R 7 L&HF�G �3H self-scattering^ G L(HIJG �(K L(HJ_ G L R K L(H^ G L(H phonons

where ` � �������a!cb B � �.� 	 1 � ���
and d � �����[�e!B � �.� 	 1 � ���

.
Particlesenterthe device from the contacts

with unit weight. The weight is updatedaf-
ter eachscatteringby factor

IJG �(K L(HfgG �(K L(H . It becomes

negative,
) IhG �(K L(HfgG �(K L(H , in thecasewhenthescatter-

ing sourceis � 7� . When

B+i @
, e.g. far from

the quantumregion, the weight remainsunity.
In this casethe methodsimplifies to the clas-
sicalSingleParticleMC method.Thepractical
applicationof themethodincludesadiscretiza-
tion of the

�
and

�'�
coordinates. The dis-

cretizationsatisfiesj � j �'� !ckml&n
, where

n
is thenumberof pointsof thediscreteFourier
transformusedto calculate� � .

3 Results and Discussion
To studytheMC methodit is appliedto aco-

herenttunnelingprocess(
1o!p@

). In thesimu-
latedexperimentparticlesareinjectedbetween
the two q nm thin,

@r2s@�t
eV high barriers of

an unbiasedresonant-tunnelingdevice (RTD).
The injectedparticlesareevenly distributedin
themiddle u nmpartinsidethe v nmwidepoten-
tial well and have a Maxwell-Boltzmanndis-
tribution in energy. Material parametersforwyx{ze|

at
b�@'@

K temperatureareassumed.The
chosenenergiesaresuchthat the injectedpar-
ticlescancrossthebarriersonly by tunneling.
Thetunneledparticlesleavethedevicethrough
the left to right absorbingcontacts. On con-
trary classicalparticleswill accumulatewith
the time inside the well - thereis no station-
aryclassicalsolution.Themethodprovidesthe
stationarysolutionwhich consistentlycharac-
terizesthequantumnatureof thetransportpro-
cess. The currentanddensitydistributions in
Fig. 1 reflect the symmetryof the task. Out-



side the injection region the currentdensities
to the left andright contactsareconstantand
equalin magnitude.In theinjectionregion the
particledensityis constantin spaceandtime.
The densitydropsoutsidethe injection region
well beforethe physicallocationof the barri-
ers,which shows thenonlocalcharacterof the
potentialscattering. Indeedthe potentialout-
scatteringrate

B
is remarkablyhigharoundthe

barriersonadistancedeterminedby thecoher-
encelength }�~ !�n j �

. As shown in Fig. 2,B
assumesevenhighervaluesoutsidethe bar-

riers thaninside. A cleardemonstrationof the
tunnelingprocessis givenby themeankinetic
energy distribution. It becomesnegative in the
barriers,wherethewavevectorof thetunneling
particlesis imaginary.

Theaboveexperimentgivesaninsightto the
conventionalmodesof operationof theRTD’s.
Under moderatebias conditions,when the I-
V curve is simulated,the dominanttransport
mechanismthroughthe first barrier is tunnel-
ing. Thetransportmechanismthroughthesec-
ond barrierbecomesclassicalwhen the mean
kineticenergy becomespositive.
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Fig. 1. Device potential,currentand particle density
distribution in thedevice.

0 2 4 6 8 10
nm

-0.02

0

0.02

0.04

0.06

0.08

0.1

 [a
.u

.]

energy

potential

gamma

Fig.2. Devicepotential,out-scatteringrate� andkinetic
energy distribution in thedevice.
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