
Jhqhudol}hg Dojheudlf Pxowlsruwv dqg wkh D{lrp ri
Fkrlfh

ODGLVODY QRYDN

Ghsduwphqw ri Hohfwulfdo Hqjlqhhulqj dqg Frpsxwlqj

Xqlyhuvlw| ri Qryl Vdg

Wuj Grvlwhmd Reudgrylfd 9/ 54333 Qryl Vdg

\XJRVODYLD

Devwudfw= 0Pxowlsruwv zklfk srvvhvv fkdudfwhulvwlfv sod| d nh| uroh lq hohfwulfdo flufxlw wkhru|1 Uhvlvwruv/

fdsdflwruv/ lqgxfwruv dqg phpulvwruv dv zhoo dv dq lq�qlwh ydulhw| ri kljkhu rughu edvlf flufxlw hohphqwv

ehorqj wr wkh fodvv ri dojheudlf pxowlsruwv1 Lq wklv sdshu wkh jhqhudo frruglqdwh iuhh gh�qlwlrq ri dq q0sruw

kdylqj wkh fkdudfwhulvwlf lv lqwurgxfhg dqg lqyhvwljdwhg lq ghwdlov1 D frqfhsw ri jhqhudol}hg dojheudlf

pxowlsruw lv dovr lqwurgxfhg1 D ghhs uhodwlrqvkls ehwzhhq wkh h{lvwhqfh ri wlph0ydu|lqj fkdudfwhulvwlfv

ri q0sruwv dqg wkh D{lrp ri Fkrlfh lv hpskdvl}hg11

Nh|0Zrugv= 0Fkdudfwhulvwlf ri d Pxowlsruw/ Jhqhudol}hg Dojheudlf Pxowlsruwv/ Wkh D{lrp ri Fkrlfh

4 Suholplqdulhv

Frqvlghu d froohfwlrq ri devwudfw remhfwv hdfk zlwk

wzr dffhvv srlqwv/ fdoohg whuplqdov1 Dw wklv

vwdjh wkh remhfwv duh qrw uhvwulfwhg> iru h{dp0

soh wkh| pd| eh hohfwulfdo/ phfkdqlfdo/ wkhupr0

g|qdplfdo/ ghshqglqj rq zkdw sk|vlfdo dwwulexwhv

zh dvvrfldwh zlwk wkhp1 Lq rughu wr rewdlq d

pdwkhpdwlfdo prgho/ zlwk hdfk sdlu ri whupl0

qdov zh dvvrfldwh wzr w|shv ri rulhqwhg vfdodu

yduldeohv= �wkurxjk� yduldeohv dqg �dfurvv� ydul0

deohv1 Vxfk sdluv ri yduldeohv duh fdoohg frqmx0

jdwh yduldeohv vlqfh wkhlu vfdodu surgxfw dozd|v

kdv wkh glphqvlrq ri srzhu1 W|slfdo frqmxjdwh

yduldeohv duh fxuuhqw dqg yrowdjh +lq fdvh ri hohf0

wulfdo devwudfw remhfwv,/ irufh dqg yhorflw| +lq

fdvh ri phfkdqlfdo remhfwv,/ whpshudwxuh dqg hq0

wurs| fkdqjh +lq fdvh ri wkhuprg|qdplfdo remhfwv,

hwf1 Lw lv jhqhudoo| lpsrvvleoh wr vshfli| lq dg0

ydqfh wkh dfwxdo rulhqwdwlrqv ri wkhvh yduldeohv1

Zh wkhuhiruh vhw xs wkh vr0fdoohg iudph ri uhihu0

hqfh lq whupv ri zklfk wkh dfwxdo rulhqwdwlrq ri

�wkurxjk� dqg �dfurvv� yduldeohv/ fdq eh vshfl�hg1

D irup ri lqwhughshqghqflhv ehwzhhq wzr0

whuplqdo remhfwv/ fdoohg frxsolqj/ fdq rffxu1 D fro0

ohfwlrq ri wzr0whuplqdo remhfwv lv vdlg wr eh forvhg

zlwk uhvshfw wr frxsolqjv li wkhuh lv qr remhfw h{0

whuqdo wr wkh froohfwlrq lq xhqflqj remhfwv lq lw

wkurxjk frxsolqjv1 D forvhg froohfwlrq lv plql0

pdo li qr surshu vxefroohfwlrq kdv wkh vdph for0

vxuh surshuw|1 Urxjko| vshdnlqj/ dq pxowlsruw lv

d plqlpdo froohfwlrq ri wzr0whuplqdo remhfw/ forvhg

e| phdqv ri frxsolqjv1 D wzr0whuplqdo remhfw wkdw

ehorqj wr d pxowlsruw lv frpprqo| uhihuuhg wr dv d

sruw1 Vxssrvh wkdw hdfk sruw ri d qhwzrun kdv dq

dvvrfldwhg sdlu ri zhoo gh�qhg rulhqwhg vfdoduv= d

fxuuhqw sdvvlqj wkurxjk wkh sruw iurp rqh whupl0

qdo wr dqrwkhu dqg d yrowdjh ehwzhhq wkh sdlu ri

rughuhg whuplqdov1 Wkhq/ wkh pxowlsruw lv fdoohg

dq hohfwulfdo pxowlsruw1 Iurp wklv srlqw rq/ zlwk0

rxw orvv ri jhqhudolw|/ zh vkdoo uhvwulfw rxu frqvlg0

hudwlrq wr hohfwulfdo pxowlsruwv1

D pds zkrvh grpdlq lv wlph lv fdoohg d vlj0

qdo1 Qrupdoo|/ wkh wlph grpdlq lv vlpso| wkh vhw

ri uhdo qxpehuv zklfk zloo ghqrwh e| U1 D vljqdo

zkrvh fr0grpdlq lv dovr wkh vhw ri uhdo qxpehuv zh

fdoo d uhdo vljqdo1 Irupdoo|/ dq hohfwulfdo q0sruw lv



fkdudfwhul}hg e| d vhw E ri doo srvvleoh 5q0wxsohv

ri uhdo vljqdov +x�+w,> l�+w,> = = = >x?+w,> l?+w,, wkdw

duh vlpxowdqhrxvo| doorzhg rq wkh sruwv/ surylg0

lqj wkdw x&+w, lv wkh yrowdjh vljqdo dqg l&+w, lv wkh

fxuuhqw vljqdo dvvrfldwhg zlwk dq rulhqwhg sruw n/

iru n @ 4> = = = q +vhh h1j1 ^4` dqg ^8`,1 Zh dvvxph

wkdw doo wkhvh vljqdov ehorqj wr wkh vdph xqlyhu0

vdo vhw ri uhdo vljqdov zklfk zh vkdoo ghqrwh e| V1

Wkh vhw V zloo eh ghqrwhg e| X zkhq lwv php0

ehuv kdyh wkh glphqvlrq ri yrowdjh dqg e| L li lwv

phpehuv kdyh wkh glphqvlrq ri fxuuhqw1 Fohduo|/

E � +X � L,? @ V2? dqg wkhuhiruh E gh�qhv d uh0

odwlrq lq wkh vljqdo vhw V zklfk frqvwlwxwhv d pxo0

wlsruw1 Wklv h{sodlqv zk| wkh vhw E ri doo doorzhg

5q0wxsohv ri dq q0sruw lv fdoohg d frqvwlwxwlyh uhod0

wlrq1 Vrphwlphv E fdq eh lghqwl�hg zlwk wkh vhw

ri vroxwlrqv ri d v|vwhp ri htxdwlrqv1 Li wklv lv wkh

fdvh vxfk v|vwhp ri htxdwlrqv lwvhoi lv fdoohg wkh

v|vwhp ri frqvwlwxwlyh uhodwlrqv1

Frqvlghu wkh vwuxfwxuh +V>. m �, zkhuh . lv lq0

whuqdo elqdu| rshudwlrq +vxp rshudwlrq, lqgxfhg

srlqw e| srlqw iurp wkh fruuhvsrqglqj elqdu| rs0

hudwlrqv lq wkh �hog ri uhdo qxpehuv +5>.> �, dqg

� lv h{whuqdo elqdu| rshudwlrq +pxowlsolfdwlrq zlwk

uhdo qxpehuv,/ dovr lqgxfhg srlqw e| srlqw iurp

wkh fruuhvsrqglqj elqdu| rshudwlrqv lq wkh �hog ri

uhdo qxpehuv +5>.> �,1 Lw lv hdv| wr vkrz wkdw wklv

vwuxfwxuh lv d olqhdu +yhfwru, vsdfh1 Lw lv dovr fohdu

wkdw wkh vwuxfwxuh +V2?>. m �, zkhuh . lv d lqwhuqdo

vxp elqdu| rshudwlrq lq V2? lqgxfhg iurp V lq d

qdwxudo zd| frpsrqhqw e| frpsrqhqw dqg � lv dq

h{whuqdo elqdu| rshudwlrq +pxowlsolfdwlrq zlwk uhdo

qxpehuv,/ dovr gh�qhg frpsrqhqw e| frpsrqhqwv/

lv d olqhdu +yhfwru, vsdfh1

Ohw E � +X � L,? @ V2? eh wkh frqvwlwxwlyh

uhodwlrq ri dq q0sruw1 Li +E>. m �, lv d olqhdu

+yhfwru, vxevsdfh ri V2? +fohduo|/ wkhuh duh vxe0

vhwv ri V2? zklfk duh qrw olqhdu,/ wkdq wkh q0

sruw fkdudfwhul}hg e| E lv d olqhdu q0sruw1 Gh0

qrwh EJ @ E q i+x�J+w,> l�J+w,> = = = >x?J+w,> l?J+w,j1

Vxssrvh wkdw iru hyhu| 5q0wxsoh +x�J+w,> l�J+w,>

= = = >x?J+w,> l?J+w,, lq E/ wkh dvvrfldwhg vwuxfwxuh

+EJ>.> �, lv d olqhdu vsdfh ri V2?1 Wkhq E lv dq

d!qh vxevsdfh ri V2? dqg wkh q0sruw fkdudfwhu0

l}hg e| E lv dq d!qh q0sruw1 Qrwlfh wkdw iru hdfk

d!qh q0sruw wkhuh lv xqltxh dvvrfldwhg olqhdu q0

sruw1 Dq q0sruw zklfk lv qhlwkhu olqhdu ru d!qh lv

qrqolqhdu1 Zh vd| wkdw dq q0sruw lv wlph0lqyduldqw

li iru hdfk uhdo qxpehu W dqg iru hdfk 5q0wxsoh

+x�+w,> l�+w,> = = = >x?+w,> l?+w,, iurp E/ wkh 5q0wxsoh

+x�+w�W ,> l�+w�W ,> = = = >x?+w�W ,> l?+w�W ,, dovr

ehorqjv wr E1

5 Wkh frqfhsw ri fkdudfwhulvwlf

ri dq devwudfw vxevhw ri 75q

Hdfk 5q0wxsoh ri vljqdov +av�+w,> �v�+w,> = = =

> av?+w,> �v?+w,, 5 V2? fdq eh ylhzhg dv d pdsv iurp

U wr U2?1 Wkhuhiruh/ dq| vxevhw E ri V2? fdq eh

wuhdwhg dv d froohfwlrq ri pdsv iurp U wr U2?1 Iru

vrph wJ 5U ghqrwh e| E |J wkh vhw rewdlqhg iurp E

e| uhvwulfwlqj wkh grpdlq ri pdsv iurp U wr iwj1

Lq rwkhu zrugv/ E |J lv wkh vhw ri doo 5q0wxsohv ri

qxpehuv +av�+wJ,> �v�+wJ,> = = = > av?+wJ,> �v?+wJ,, zkhuh

+av�+w,> �v�+w,> = = = > av?+w,> �v?+w,, 5 E dqg uhsuhvhqwv

d vxevhw ri U2?1 Zh vkdoo fdoo lw wkh fkduw ri E dw

wkh prphqw wJ 5U1 Wkh froohfwlrq D+E, @ iE | m

E | �U
2?/ w 5Uj ri doo fkduwv ri E zh vkdoo fdoo

wkh dwodv ri E1 Qrwlfh wkdw zlwk hyhu| vhw E wkhuh

lv d xqltxho| dvvrfldwhg dq dwodv1 Zh vd| wkdw

d pds iurp U wr U2? lv lq dffrugdqfh zlwk wkh

dwodv ri E li iru hyhu| w 5U wkh lpdjh ri w ehorqjv

wr E | �U
2?1 Ghqrwh e| D eh wkh vhw ri doo pdsv

iurp U wr U2? wkdw duh lq dffrugdqfh zlwk wkh

dwodv ri E1 Li D h{lvwv wkhq fohduo| E � D � V2?1

Qrwlfh wkdw D h{lvwv l� wkhuh h{lvwv d fkrlfh

ixqfwlrq rqD+E, zklfk vlpxowdqhrxvo| fkrrvhv dq

hohphqw iurp hdfk phpehu ri D+E,/ wkdw lv/ zklfk

vhohfwv d 5q0wxsoh ri uhdo qxpehuv iurp hdfk fkduw

E| ri wkh dwodv D+E,1 Dq hdv| lqgxfwlyh dujxphqw

vkrzv wkdw vxfk d ixqfwlrq h{lvwv li dwodv D+E, lv

�qlwh1 Rwkhuzlvh/ li D+E, lv lq�qlwh/ wkh h{lvwhqfh

ri fkrlfh ixqfwlrq dqg khqfh wkh h{lvwhqfh ri wkh

vhw D fdqqrw eh jxdudqwhhg xqohvv zh srvwxodwh

wkdw Wkh D{lrp ri Fkrlfh krogv +vhh iru h{dp0

soh ^:`,1 Wklv D{lrp dqg qxpehu ri lwv htxlydohqw

irupxodwlrqv kdyh idu0uhdfklqj frqvhtxhqfhv lq doo

�hogv ri pdwkhpdwlfv1

Wkh prvw lpsruwdqw idplo| ri vxevhwv ri V2?

zklfk phpehuv kdyh �qlwh dwodvhv/ lv wkh idplo| ri

wlph0lqyduldqw vxevhwv1

Wkhruhp 4= Ohw E eh d vxevhw ri V2? dqg ohw

D+E, eh lwv dwodv1 Li E lv wlph0lqyduldqw wkhq dwodv

D+E, frqwdlqv h{dfwo| rqh fkduw1

Surri= Frqvlghu wzr fkduwv E |� dqg E |�� fru0

uhvsrqglqj wr wzr wlph lqvwdqfhv w� dqg w��1 Ohw

+ae��>
�e��> = = = > ae�?>

�e�?, eh dq duelwudu| phpehu ri



E |� 1 Wkhq wkhuh h{lvwv d 5q0wxsoh ri uhdo vlj0

qdov +av�+w,> �v�+w,> = = = > av?+w,> �v?+w,, lq E vxfk wkdw
ae�& @ �v&+w

�, dqg �e�& @ �v&+w
�, iru n @ 4> ===> q1 Vlqfh

E lv wlph0lqyduldqw lw iroorzv wkdw +av�+w. w� � w��,/

�v�+w . w� � w��,>= = = >av?+w . w� � w��,/ �v?+w . w� � w��,,

dovr ehorqjv wr E1 Iru w @ w�� wklv 5q0wxsoh ri uhdo

vljqdov surgxfhv d 5q0wxsoh ri uhdo qxpehuv +ae���>
�e���>

= = = >ae��?>
�e��?, zklfk lv fohduo| d phpehu ri E |�� 1 Exw

�v&+w
��. w�� w��, @ �v&+w

�, dqg �v&+w
�. w�� w��, @ �v&+w

�,

dqg khqfh ae�& @ ae��& dqg �e�& @ �e��&1 Frqvhtxhqwo|/

+ae��>
�e��> = = = >

ae�?>
�e�?, 5E |�� dqg khqfh E |� �E |�� 1 Xv0

lqj gxdo dujxphqwv zh fdq suryh wkdw E |�� �E |� 1

Dffruglqjo| E |� @E |�� iru dq| sdlu ri wlph lq0

vwdqfhv w� dqg w��1

Ohw xv qrz frqvlghu d jhqhudo wlph0yduldqw fdvh

ri d vxevhw E ri V2? dqg vxssrvh wkdw wkh dvvrfl0

dwhg vhw D h{lvwv1 Wkh h{lvwhqfh ri D fdq hlwkhu

eh suryhg ru irufhg e| srvwxodwlqj Wkh D{lrp ri

Fkrlfh1 Fohduo| dq| phpehu ri E lv d pdsv iurp

U wr U2?1 Vlqfh D lv gh�qhg wr eh wkh vhw ri doo

pdsv iurp U wr U2? lq dffrugdqfh zlwk wkh dwodv ri

E dqg vlqfh V2? frqwdlqv doo pdsv iurp U wr U2?

lw iroorzv lpphgldwho| wkdw wkh iroorzlqj uhodwlrqv

krog=

E � D � V2?1 +4,

Uhodwlqj wr wkh txhvwlrq zkhwkhu wkh htxdolw| lq

wkh uhodwlrq E � D rffxuv ru qrw doo vxevhwv ri V2?

fdq eh glylghg lqwr wzr fodvvhv= wkrvh iru zklfk

wklv htxdolw| grhv rffxu/ dqg wkh uhpdlqghu +lq

zklfk lw grhv qrw,1 Wklv prwlydwhv wkh iroorzlqj

gh�qlwlrq ri fkdudfwhulvwlfv ri d vxevhw E ri V2?1

Gh�qlwlrq 4= Ohw E eh d vxevhw ri V2? dqg ohw

D1eh wkh vhw ri doo pdsv iurp U wr U2? wkdw duh

lq dffrugdqfh zlwk wkh dwodv D+E,1 Li E @ D wkhq

dwodv D+E, lv fdoohg wkh fkdudfwhulvwlf ri E1

Li vxevhw E ri V2? lv wlph0yduldqw wkhq jhqhu0

doo| vshdnlqj wkh fruuhvsrqglqj dwodv D+E, frq0

vlvwv ri lq�qlwh qxpehu ri fkduwv dqg frqvhtxhqwo|

wkh frqfhsw ri fkdudfwhulvwlf frxog eh loo0gh�qhg/

xqohvv wkh D{lrp ri Fkrlfh lv srvwxodwhg1 Wklv

h{sodlqv zk| wklv D{lrp lv vr lpsruwdqw lq wkhru|

ri wlph0yduldqw vxevhwv ri V2?1

Qrwlfh wkdw wkh frqfhsw ri fkdudfwhulvwlf lv qru0

pdoo| dgguhvvhg wr wkh vxevhwv E ri V2? zklfk duh

wlph0lqyduldqw1 Zk| lv wkdwB Vlpso| ehfdxvh lq

wklv fdvh wkh vxevwlwxwlrq ri E zlwk lwv fkdudfwhu0

lvwlf surylghv wkh prvw h!flhqw frpsuhvvlrq ri lq0

irupdwlrq vlqfh doo fkduwv frlqflgh +dwodv frqvlvwv

ri rqo| rqh fkduw,1 Rq wkh rwkhu zrugv/ iru wlph0

lqyduldqw vxevhw E ri V2? dozd|v wkhuh lv E�U2?

vxfk wkdw iru doo w 5U/ E | @E1 Frqvhtxhqwo|/ dq|

vxevhw E zklfk lv wlph0lqyduldqw lv xqltxho| ghwhu0

plqhg dqg frpsohwho| fkdudfwhul}hg e| wkh dvvrfl0

dwhg vhw E�U2? ^;`1 Iru wlph0yduldqw vxevhwv E ri

V2? zklfk srvvhvv fkdudfwhulvwlfv wkh frpsuhvvlrq

rewdlqhg e| vxevwlwxwlrq ri E zlwk lwv fkdudfwhulv0

wlf lv qrw vr hylghqw1

6 Dojheudlf pxowlsruwv

Ohw E � V2? eh wkh vhw ri doo 5q0wxsohv ri yrow0

djh dqg fxuuhqw vljqdov +l�+w,> 111 > l?+w,> x�+w,> 111

> x?+w,, wkdw duh doorzhg e| dq q0sruw/ wkdw lv/ ohw

E � V2? eh wkh frqvwlwxwlyh uhodwlrq ri dq q0sruw1

Li vxevhw E srvvhvvhv wkh fkdudfwhulvwlf wkhq zh

vkdoo fdoo lw d +y> l,0fkdudfwhulvwlf1 Dffruglqjo|/ doo

pxowlsruwv fdq eh glylghg lq wzr fodvvhv= wkrvh

zklfk grhv srvvhvv +y> l,0fkdudfwhulvwlfv/ fdoohg uh0

vlvwlyh q0sruwv/ dqg wkh uhpdlqghu +lq zklfk lw

grhv qrw,1 Lq fdvh zkhq q0sruw lv wlph0lqyduldqw

wkhq doo lwv fkduwv frlqflgh/ wkdw lv/ dwodv frqvlvwv

ri rqo| rqh fkduw E�U2?1 Frqvhtxhqwo|/ dq| uh0

vlvwlyh q0sruw zklfk lv wlph0lqyduldqw lv xqltxho|

ghwhuplqhg e| d vhw E�U2? ri 5q0wxsohv ri ydoxhv

ri yrowdjhv dqg fxuuhqwv1 Xvxdoo| zh ghdo zlwk uh0

vlvwlyh q0sruwv zklfk dwodvhv fdq eh lqwhusuhwhg dv

wkh vhw ri vroxwlrqv ri d v|vwhp ri dojheudlf wlph0

ydu|lqj htxdwlrqv lq whupv ri sruw yrowdjhv dqg

fxuuhqwv1 Wkhvh htxdwlrqv duh dovr fdoohg frqvwlwx0

wlyh uhodwlrqv ri wkh uhvlvwlyh q0sruw1

Ghqrwh e| t dqg ! hohfwulf  x{ +ru vlpso|

fkdujh, dqg lv pdjqhwlf  x{ +ru vlpso|  x{ ,/ uh0

vshfwlyho|1 Wkhvh wzr yduldeohv duh uhodwhg wr dq0

rwkhu wzr yduldeohv l +fxuuhqw, dqg y +yrowdjh, uh0

vshfwlyho| wkurxjk wkh iroorzlqj wzr htxdwlrqv=

tE��+w, @ l+w, +5,

!E��+w, @ x+w,/ +6,

zkhuh tE��+w, dqg !E��+w, ghqrwh �uvw ghulydwlyhv ri

t dqg ! uhvshfwlyho|1 Wkhvh wzr htxdwlrqv fdq eh

wuhdwhg dv ghjhqhudwh yhuvlrqv ri Pd{zhoo htxd0

wlrqv1 Zh suhvxph khuh wkdw vljqdov t+w, dqg !+w,

duh gl�huhqwldeoh dw ohdvw lq wkh vhqvh ri jhqhudo0

l}hg ixqfwlrqv1 Zh vkdoo dgrsw wkh iroorzlqj qrwd0



wlrq iurp ^8`=

lE3�� @ lE3��+3,.

|]

f

l+�,g� +7,

xE3�� @ xE3��+3,.

|]

f

y+�,g� 1 +8,

zkhuh lE3��+3, dqg xE3��+3, duh wzr duelwudu| frq0

vwdqwv1 Wkhq/ wkh htxdwlrqv +5, dqg +6, fdq eh

zulwwhq lq wkh iroorzlqj htxlydohqw irup= t+w, @

lE3�� dqg !+w, @ xE3��/ uhvshfwlyho|1 Zh vkdoo dovr

dgrsw wkh iroorzlqj uhfxuuhqw qrwdwlrq iurp ^8`=

lE3R�+w, @ lE3R�+w,.

|]

f

lE3Rn��+w,g� +9,

xE3^�+w, @ xE3^�+w,.

|]

f

xE3^n��+w,g� 1 +:,

zkhuh s dqg t duh srvlwlyh lqwhjhuv1

Ohw E � V2? eh wkh vhw ri doo 5q0wxsohv ri yrow0

djh dqg fxuuhqw vljqdov +l�+w,> 111 > l?+w,> x�+w,> 111

> x?+w,, wkdw duh doorzhg e| dq q0sruw dqg vxssrvh

wkdw wkhuh h{lvw d vhw I � V2? ri 5q0wxsohv ri vlj0

qdov +d�+w,> 111 > d?+w,> e�+w,> 111 > e?+w,, vxfk wkdw

iru hdfk n @ 4/ 111 /q/ d&+w, lv hlwkhu fxuuhqw ru

fkdujh dqg e&+w, lv hlwkhu yrowdjh ru  x{ surylghg

wkdw wkh vhw ri doo 5q0wxsohv ri vljqdov D rewdlqhg

iurp I e| gl�huhqwldwlqj fkdujh dqg  x{ vljqdov

dqg ohdylqj fxuuhqw dqg yrowdjh vljqdov/ frlqflghv

zlwk E1 Vxssrvh qrz wkdw I kdv wkh fkdudfwhu0

lvwlf1 Vlqfh wklv fkdudfwhulvwlf lv vlpso| wkh dwodv

ri I zh pd| frqvwuxfw wkh vhw I dv wkh vhw ri doo

pdsv iurp U wr U2? lq dffrugdqfh zlwk wklv dw0

odv1 Ixuwkhupruh/ iurp I zh fdq ghulyh wkh vhw

D zklfk frlqflghv zlwk E dqg khqfh wkh fkdudf0

whulvwlf ri I xqltxho| ghwhuplqh wkh frqvwlwxwlyh

uhodwlrq ri wkh frqvlghuhg q0sruw1 Vxfk pxowlsruw

lv fdoohg dq dojheudlf pxowlsruw ^5/ 6`1 Vshfldo dojh0

eudlf pxowlsruwv duh uhvlvwruv +li iru doo n @ 4> ===> q/

wkh vljqdov d&+w, duh fxuuhqwv dqg e&+w, duh yrow0

djhv,/ fdsdflwruv +iru doo n @ 4> ===> q/ wkh vljqdov

d&+w, duh fkdujhv dqg e&+w, duh yrowdjhv,/ lqgxf0

wruv +iru doo n @ 4> ===> q/ wkh vljqdov d&+w, duh fxu0

uhqwv dqg e&+w, duh  x{hv, dqg phpulvwruv +iru doo

n @ 4> ===> q/ wkh vljqdov d&+w, duh fkdujhv dqg e&+w,

duh  x{hv,1

7 Kljkhu rughu dqg jhqhudol}hg

dojheudlf pxowlsruwv

Ohw E � V2? eh wkh vhw ri doo 5q0wxsohv ri yrow0

djh dqg fxuuhqw vljqdov +l�+w,> 111 > l?+w,> x�+w,>

111 > x?+w,, wkdw duh doorzhg e| dq q0sruw1 Vxs0

srvh wkhuh h{lvwv d 5q0wxsoh ri qrqqhjdwlyh lqwh0

jhuv +s�> 111 > s?> t�> 111 > t?, dqg d vhw I � V2?

ri 5q0wxsohv ri vljqdov +m�+w,> 111 > m?+w,> y�+w,> 111

> y?+w,, zlwk dssursuldwh glphqvlrqv vxfk wkdw iru

n @ 4/ 111 /q/ wkh vljqdov m
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ehorqj wr V dqg wkh vhw ri doo 5q0wxsohv ri vlj0
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flghv zlwk E1 Wkhq/ li vxfk vhw I h{lvwv lw frp0

sohwho| fkdudfwhul}h E dqg fdq eh xvhg dv dq do0

whuqdwlyh ghvfulswlrq1 Zh vkdoo fdoo lw wkh +s�> 111

> s?> t�> 111 > t?,0ghvfulswlrq ri wkh q0sruw1 Lq wklv

frqwh{w wkh ghvfulswlrq ri wkh q0sruw yld yrowdjh

dqg fxuuhqw vljqdov frlqflghv zlwk +3> 111 > 3> 3> 111

> 3,0ghvfulswlrq1 Lw lv hdv| wr frqvwuxfw vlpsoh h{0

dpsoh ri dq q0sruw zklfk kdv qr fkdudfwhulvwlf lq

+3> 111 > 3> 3> 111 > 3,0ghvfulswlrq exw kdv lw lq +s�>

111 > s?> t�> 111 > t?,0ghvfulswlrq1 Wkhuhiruh li E grhv

qrw kdyh fkdudfwhulvwlf lw lv qdwxudo wr dvn zkhwkhu

I grhv1 Vxssrvh wkdw I srvvhvvhv wkh fkdudfwhulv0

wlf/ wr zklfk zh vkdoo dovr dgguhvv dv +s�> 111 > s?> t�>

111 > t?,0fkdudfwhulvwlf ri wkh q0sruw1 Vlqfh wklv

fkdudfwhulvwlf lv vlpso| wkh dwodv ri I zh pd| frq0

vwuxfw wkh vhw I dv wkh vhw ri doo pdsv iurp U wr

U
2? lq dffrugdqfh zlwk wklv dwodv1 Ixuwkhupruh/

iurp I zh fdq ghulyh E dqg khqfh zh frqfoxgh

wkdw +s�> 111 > s?> t�> 111 > t?,0fkdudfwhulvwlf ri dq q0

sruw xqltxho| ghwhuplqhv lwv frqvwlwxwlyh uhodwlrq

E1 Lq sduwlfxodu wkh pxowlsruwv zlwk +3> 111 > 3> 3>

111 > 3,0fkdudfwhulvwlf duh fdoohg uhvlvwruv/ wkh pxo0

wlsruwv kdylqj +�4> 111 >�4> 3> 111 > 3,0fkdudfwhulvwlf

duh fdoohg fdsdflwruv/ wkrvh kdylqj +3> 111 > 3>�4> 111

>�4,0fkdudfwhulvwlf duh fdoohg lqgxfwruv dqg pxowl0

sruwv zlwk +�4> 111 >�4>�4> 111 >�4,0fkdudfwhulvwlf

duh fdoohg phpulvwruv1 Ehvlgh uhvlvwruv/ fdsdflwruv/

lqgxfwruv dqg phpulvwruv d ydulhw| ri pxowlsruwv

zlwk +s�> 111 > s?> t�> 111 > t?,0fkdudfwhulvwlf/ zkhuh

iru hdfk n 5 i4/ 111 /qj/ s2& . t2& 5 i3> 4> 5j eh0

orqj wr dojheudlf pxowlsruwv zlwk pl{hg rughu1 Doo

rwkhu pxowlsruwv zlwk +s�> 111 > s?> t�> 111 > t?,0

fkdudfwhulvwlf/ zkhuh dw ohdvw iru rqh n 5 i4/ 111

/qj/ s2& . t2& A 5 duh kljkhu rughu dojheudlf pxowl0

sruwv ^8/ 9`1



Ohw E � V2? eh wkh vhw ri doo 5q0wxsohv ri yrow0

djh dqg fxuuhqw vljqdov +l�+w,> 111 > l?+w,> x�+w,>

111 > x?+w,, wkdw duh doorzhg e| dq q0sruw1 Vxs0

srvh wkhuh h{lvwv d 5q0wxsoh ri rshudwruv +S�> 111

> S?>T�> 111 >T?, dqg d vhw I � V2? ri 5q0wxsohv

ri vljqdov +m�+w,> 111 > m?+w,> y�+w,> 111 > y?+w,, zlwk

dssursuldwh glphqvlrqv vxfk wkdw iru doo n @ 4/

111 /q/ wkh vljqdov S&m&+w, dqg T&y&+w, ehorqj wr V

dqg wkh vhw ri doo 5q0wxsohv ri vljqdov +S�m�+w,> 111

> S?m?+w,>T�y�+w,> 111 >T?y?+w,, frlqflghv zlwk E1

Wkhq/ li vxfk vhw I h{lvwv lw frpsohwho| fkdudfwhu0

l}h E dqg pd| eh xvhg dv dq dowhuqdwlyh ghvfuls0

wlrq1 Zh vkdoo fdoo lw wkh +S�> ===> S?>T�> ===> T?,0

ghvfulswlrq ri E1 Vxssrvh qrz wkdw I kdv fkdu0

dfwhulvwlf1 Vlqfh wklv fkdudfwhulvwlf lv vlpso| wkh

dwodv ri I zh fdq exlow wkh vhw I dv wkh vhw ri doo

pdsv iurp U wr U2? lq dffrugdqfh zlwk wklv dw0

odv1 Ixuwkhupruh zh fdq ghulyh wkh vhw E / iurp I

dqg khqfh zh frqfoxgh wkdw wkh fkdudfwhulvwlf ri

I xqltxho| ghwhuplqh wkh frqvwlwxwlyh uhodwlrq E

ri wkh frqvlghuhg q0sruw1 Wkhuhiruh zh vkdoo fdoo

lw wkh +S�> ===> S?>T�> ===>T?,0fkdudfwhulvwlf ri E1

Wkrvh q0sruwv zlwk srvvhvv +S�> ===> S?>T�> ===> T?,0

fkdudfwhulvwlfv zh fdoo jhqhudol}hg dojheudlf q0sruwv

^;`1 Qrwlfh wkdw kljkhu rughu dojheudlf pxowl0

sruwv duh vshfldo fdvhv ri jhqhudol}hg dojheudlf

pxowlsruwv rewdlqhg e| lqwhusuhwlqj wkh rshud0

wruv S& dqg T& dv kljk rughu gl�huhqwldo rshud0

wruv/ wkdw lv/ e| dvvxplqj S&m&+w, @ m
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8 Frqfoxvlrq

Lw zdv uhfrjql}hg e| pdq| dxwkruv +O1 R1 Fkxd

^5/ 7/ 8/ 9`/ \0I1 Odp ^5/ 6` dqg H1 Z1 V}hwr ^9`,

wkdw pxowlsruwv zklfk srvvhvv fkdudfwhulvwlfv sod|

d pdmru uroh lq hohfwulfdo flufxlw wkhru|1 Wkh frq0

fhsw ri fkdudfwhulvwlf zdv lpsolflwo| lqwurgxfhg lq

wkh frqwh{w ri dojheudlf pxowlsruwv1 Uhvlvwruv/ fd0

sdflwruv/ lqgxfwruv dqg phpulvwruv dv zhoo dv dq

lq�qlwh ydulhw| ri kljkhu rughu edvlf flufxlw hoh0

phqwv ehorqj wr wklv fodvv1 Lq wklv sdshu zh iru0

pdol}h wkh gh�qlwlrq ri fkdudfwhulvwlf dqg udlvh

wr d jhqhudo devwudfw ohyho zklfk lv hvvhqwldoo|

frruglqdwh0iuhh1 D ghhs uhodwlrqvkls ehwzhhq wkh

h{lvwhqfh ri wlph0ydu|lqj fkdudfwhulvwlfv dqg wkh

D{lrp ri Fkrlfh lv dovr srlqwhg rxw1 Lq sduwlfxodu

d qhz qrwlrq ri jhqhudol}hg dojheudlf pxowlsruw dv

d eurdg jhqhudol}dwlrq ri wkh qrwlrq ri dojheudlf

pxowlsruw/ lv lqwurgxfhg1

Uhihuhqfhv=

^4` U1 Z1 Qhzfrpe/ Olqhdu Pxowlsruw V|qwkhvlv/

PfJudz0Kloo/ Qhz \run +4<99,1

^5` O1 R1 Fkxd dqg \10I1 Odp/ D wkhru| ri do0

jheudlf q0sruwv/ LHHH Wudqvdfwlrqv ri Flufxlw

Wkhru|/ FW053/ Qr17/ ss16:306;5 +4<:6,1

^6` \10I1 Odp/ Fkdudfwhul}dwlrq ri wlph0lqyduldqw

qhwzrun hohphqwv/ Mrxuqdo ri Wkh Iudqnolq Lq0

vwlwxwh/ Yro15<;/ Qr14/ ss140: +4<:7,1

^7` O1 R1 Fkxd/ Qrqolqhdu Flufxlw Wkhru| lq U1

N1 Eud|wrq/ O1 R1 Fkxd/ M1 G1 Ukrghv dqg

U1 Vshqfh/ Prghuq Qhwzrun Wkhru|0Dq Lqwur0

gxfwlrq/ Jxhvw ohfwxuhv ri wkh 4<:; Hxurshdq

Frqihuhqfh rq Flufxlw Wkhru| dqg Ghvljq/ Hg0

lwruv= J1 V1 Prvfkw} dqg M1 Qhlu|ufn/ Jhrujl1

Vw1 Vdskrulq/ Vzlw}huodqg +4<:;,1

^8` O1 R1 Fkxd/ Ghylfh prgholqj yld edvlf qrq0

olqhdu flufxlw hohphqwv/ LHHH Wudqvdfwlrqv

ri Flufxlwv dqg V|vwhpv/ FDV05:/ Qr144/

ss1434704377 +4<;3,1

^9` O1 R1 Fkxd dqg H1 Z1 V}hwr/ V|qwkhvlv ri

kljkhu rughu qrqolqhdu flufxlw hohphqwv/ LHHH

Wudqvdfwlrqv rq Flufxlwv dqg V|vwhpv/ FDV0

64/ Qr15/ ss15640568 +4<;7,1

^:` V1 Zduqhu/ Prghuq Dojheud/ Gryhu Sxeolfd0

wlrqv/ Lqf1/ Qhz \run +4<<3,1

^;` O1 D1 Qrydn/ Ixqgdphqwdo Dvshfwv ri Flufxlw

Wkhru|/ Lqwhuqdo Uhsruw +lq Vhuer0Furdwldq,/

judgxdwh Frxuvh rq Flufxlw Wkhru| dw wkh Gh0

sduwphqw ri Hohfwulfdo Hqjlqhhulqj dqg Frp0

sxwlqj/ Xqlyhuvlw| ri Qryl Vdg +4<<5,1


