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Abstract Dueto its goad decorrelatig propertiesthe wavelet transfom isa powerful tod for signd analysis.
The liftin g schene is an efficient algorithm to calculae wavele transforns and it allows for the construction
of second-generatiowavelets Furthermoe it can easiy be converted to an integer transform which is of
gred importane for multimeda applications We show how the liftin g schene can be usal for one and two-
dimensionasignals In the 2D case we conside arectangulagrid on which we construt second-generation
wavelets basel on ared-blak blocking scheme Comparé to classichtensa produd wavelet on the same

grid, thes wavelets show less anisotrqy.
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1 Introduction

The liftin g schene is an algorithm to calculae wave-
let transforns in an efficient way. It is also a generic
methal to creae so-call@ second-generatiowavelets.
They are much more flexible and can be used to define
a waveld bass on an interval or on an irregular grid,
or even on a sphere Furthermoe all classichwavelets
can be generatd by the lifting scheme Severd intro-
ductiorsto the liftin g schene are available e.g [4].

2 Predidt and Update

The waveld transfom of a one-dimensionasignd is a
multi-resolution representatio of tha signd where the
waveles arethe bass functiorns which at ead resolution
level give ahighly decorrelatd representationThus at
ead level, the (low-pas patt of the) signd is split into
a high-pas and a low-pas part The® high-pas and

The liftin g schene is an efficient implementatio of
thes filtering operations So suppos tha the low-
resolution patt of asignd at level j+ 1 isgiven as a
dat se Aj,1. This sd is transforme into two other
ses at level j: the low-resolution patt A; and the high-
resolution part y;. Thisis obtainel first by just splitting
the datse Aj1 into two separat data subses (usually
called the lazy waveld transfom). The next step isto
recombire the® two set in severd subsequenlifting
stes which decorrelat the two signals.

A dud liftin g step can be sea as aprediction the
daty; are “predicted from the da@ A;. When the sig-
nals are still highly correlated then suc a prediction
will usually be very good ard we can store only the
pat of y; tha differs from its predictian (the prediction
error). Thusy; isreplacel by y; —P (A;), where P rep-
resens the predictian operate.

However, the new representatio has lost certan ba-
sic properties like for examplke the mean value of the

low-pas pars are obtainal by applying corresponding signal To restoe this propery, one need a primd lift-

waveld filters.

ing step wherely the se Aj is update with data com-
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puted from the (new) subsgi. ThusA; is replaced by Update Update the even samples to preserve the mean
Aj+ U(y;), with U some updating operator. value of the samples; < 5 + {%(di,l +d)}.

In general, several such lifting steps can be appliedTine resulting signas = {s} is a coarse representation
sequence to go from levgl+ 1 to level j. To recapit- of the original signalx, while d = {di} contains the
ulate, let us consider a simple lifting scheme with onhigh-frequency information that is lost when going from
one pair of lifting steps to go from levgh- 1 to levelj. resolution levelj + 1 to resolution levej.

Splitting (lazy wavelet transforjnPartition the data This example is the liting equivalent of the popular

seth |, 1 into two distinct data setsj andyj. Cohen, Daubechies and Feauveau [2] classical biortho-
Prediction (dual lifting) Predict the data in the sgt gonal wavelets with two vanishing moments for both
by the data seX;: yj < y; — P (A)). the primal and dual wavelet (CD,2)). Thanks to

the lifting scheme, the accompanying wavelet transform

Update (primal lifting) Update the data in the s&j can be implemented in an efficient way (see .g. [6])

by the data in sefj: Aj < Aj+U(yj).
These steps can be repeated by iteration oa thereat-

ing a multi-level transform or multi-resolution decom§  The Red-Black Wavelet Transform
position. The inversion rules are obvious: revert the or-

der of the operations, invert the signs in the lifting steps|assical one-dimensional wavelet transforms can be

and replace the splitting step by a merging step:  extended to more dimensions using tensor products,
Inverse update Aj < Aj — U(y;), yielding a separable multi-dimensional transform. A
Inverse prediction y; < y; +P (Aj), disadvantage of this technique is the introduction of
Merge Aji1 < AjUY;. an anisotropy in the wavelet decomposition. The lift-

ing scheme allows to design second-generation wave-

lets that are non-separable. We illustrate this on a rect-
3 The Inteqer Wavelet Transform angular gridX = x; j, using a two-dimensional analog of

S . . . he one-dimensional CDF (2, 2) wavelet. This kind of
In many applications (e.g. multimedia) the input data,,. . . .
) . .._lattice is known as a quincunx lattice, but we prefer the
consist of integer samples. Fortunately the liftin

e . Name Red-Black wavelet transform because it is more
scheme can be modified easily to a transform that maps

integers to integers and that is still reversible [1, 6]. Thlgproprlate to describe the splitting step in the lifting
. - . . o eme [5].
is done by adding some rounding operations (indicate

: . irst wesplit the data in two subsets. The even/odd
by curly braces), at the expense of introducing a non-.. .. : . .
. o ] splitting from the one-dimensional case is replaced by
linearity in the transform:

a checkerboard splitting, with red and black squares.

ievi—{PODE A e A+ U] Thus we have a red subskf and a black subsey;.
[ Dual Lifting | Primal Lifting |
4 One-dimensional Lifting g "
D»Eﬂ rE«l
For the one-dimensional case, we illustrate the lifting . e
scheme with a simple example, using linear prediction. [lred M Biack “Predict "Update”
One transform step of a discrete one-dimensional sigmaken wepredict the values of the red subsgt by the
x = {xx} looks like: average of its immediate horizontal and vertical neigh-
Splitting Split the signak into even samples and oddors in the black set and replace them by their prediction

sampless < Xy, di < Xgi11. errors:
Prediction Predict the odd samples using linear inter- X; j < X j — {2 (X—1j +Xi,j—1+ X j+1+X+1j) }
polation: d, + d; — {%(s +3+1)}. (fori mod 2# j mod 2). Next, waupdatethe data in



the red subsey; to preserve the mean value of the datAcknowledgements This paper presents research res-
X, i+ {§ (1) + X j_1+ X j+1+Xr1)) } ults of the Flemish Information Technology Action
(for i mod 2= j mod 2). For the subsequent redrrogram (‘Vlaams Actieprogramma Informatietechno-
olution level j — 1, we are left with the (new) redlogie’), project number ITA/950244, and of the Bel-
setA; from the previous level. Because these dagéin programme on Interuniversity Poles of Attraction
are arranged along diagonals on the grid, we @JAP 17), initiated by the Belgian State—Prime Min-
peat the same operation on the diagonals, i.e. ister's Service—Federal Office for Scientific, Technical
consider the checkerboard to be rotated ovef.48&nd Cultural Affairs. The scientific responsibility is as-
Again we start by splittingA; into two subsets: sumed by its authors.
the blue subsef\; ; and the yellow subse; ;.

[ Dual Lifting |  Primal Lifting |

References
SNHEN
g e o [1] R. Calderbank, |. Daubechies, W. Sweldens, and
— - < B.-L. Yeo. Wavelet transforms that map integers to

) X i integers.Appl. Comput. Harmon. Anal5(3):332—
The same kind of averaging and updating steps are then 369. 1998.

computed for the blue-yellow squares:
Xi,j ¢ X,j— {3 (Xi—1,j-1+X-1j+1+X+1j-1+X+1j+1)}  [2] A. Cohen, I. Daubechies, and J. Feauveau. Bi-

(fori mod 2=1 andj mod 2=1). orthogonal bases of compactly supported wavelets.
Xij  Xij+ {% (Xi—1,j—1 + Xi—1,j+1 + Xit1,j—1+ Xi+1,j+1) } Comm. Pure Appl. Math45:485-560, 1992.

(for imod 2= 0andj mod 2= 0). The values
corresponding to theed and blue squares are low-
resolution representations of the original image, while
theblackandyellowsquares contain detail information.
The inverse transform is straightforward.

For the next resolution level, we have to decompogfy w. Sweldens. The lifting scheme: A construction of
the blue subset further, which is again arranged in a ho- gecond generation waveletSIAM J. Math. Anal.
rizontal/vertical manner. Thus we can do again a red- 29(2):511-546, 1997.

black transform, yielding a multi-resolution decomposi-
tion of alternating red-black and a blue-yellow splittindS] G. Uytterhoeven and A. Bultheel. The Red-Black
A more general consideration of using lifting to con-  wavelet transform. IfProceedings of the IEEE Be-

struct wavelets in arbitrary dimensions can be found in Nelux Signal Processing Symposium, Leuven, Bel-
[3]. gium, pages 191-194, March 1998.

[3] J. Koveacevic and W. Sweldens. Wavelet families
of increasing order in arbitrary dimensions. Tech-
nical report, Bell Laboratories, Lucent Technolo-
gies, 1997.

[6] G. Uytterhoeven, F. Van Wulpen, M. Jansen,
6 Conclusion D. Roose, and A. Bultheel. WAILI: A software
library for image processing using integer wave-

The lifting scheme allows for the efficient implementa- 1€t transforms. In K.M. Hanson, editoiedical
tion of integer wavelet transforms. It is not restricted to  /Maging 1998: Image Processingolume 3338 of
one-dimensional signals. Red-Black wavelets are less SPIE Proceedingspages 1490-1501. The Interna-
anisotropic than tensor product wavelets. The principle tional Society for Optical Engineering, February
of the Red-Black wavelet transform is not restricted to 1998

a quincunx lattice. It can also be extended to triangular

or hexagonal regular grids.



