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Abstract : An adaptive fuzzy H¥ controller is designed for the case where the plant’s state vector is not fully
measurable and has to be partially reconstructed via a state observer. An adaptive fuzzy system compensates the
unknown part of the plant’s model and at the same time forms the base of the state observer. Furthermore a fuzzy

inference-based  algorithm is developed in order to select the optimal H* controller and  assure maximum
robustness. The stability of the closed-loop system is established for a category of plants with slow dynamics.
Finadly, the efficiency of the method istested through simulations of the control of adc-motor .
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1 Introduction

In this paper a hybrid control architecture
that combines the merits of adaptive fuzzy systems

and H*¥ techniques is proposed and applied to the
control of a dc-motor. The efficiency of the adaptive

fuzzy controller is enhanced with the use of an H¥
control element. Previous approaches to the design

of neural and fuzzy adaptive H* controllers can be
foundin[1] and [2] .

The  adaptive fuzzy H¥ controller
proposed in this paper uses the observed state
vector which is constructed with the aid of the
fuzzy-based observer. The stability of the closed-
loop system is proved via Lyapunov stability theory.
Furthermore, to select an optimal H¥ controller
with maximum robustness, the fuzzy version of an
existing algorithm is developed. Both the observer-
based adaptive fuzzy H* controller and the
methodology for the selection of the optimal
H¥ controller were tested in the control problem of
a dc-motor.  Computer smulations verify the
efficiency of the above techniques.

The paper is organized as follows. In
Section 2 the principles of conventional H¥* control
are reviewed and the fuzzy logic agorithm for the

computation of the optimal H¥ controller is
analyzed. In Section 3 the H* control architecture

for a class of nonlinear systems is presented and the
stability of the closed-loop system is proved for the
case where the adaptive fuzzy H* controller uses
the state vector reconstructed by a fuzzy estimator.
In Section 4 the control problem of a dc-motor is
investigated and simulation results are given to
illustrate the satisfactory performance of the system
under the proposed hybrid control scheme. Finaly,
some concluding remarks are provided in Section 5.

2 The conventional H ¥ control

2.1. Design of Mini-Max controllers
For the linear system described by

x(t) = Ax(t) + Bu(t) + Ld(t) ()
y(t) = Cx(t)
where x(t) T R", u(t) T R™ ,
d(t) T R (disturbance vector ),

and y(t) | RP,
the objective function is defined as

J(t) = % gy ®y) +rut@®u(t) - r 2dT(t)d(t)]dt
0

with r,r >0,

where the weight r  determines how much the
control signal should be penalized while the weight
r determines how much the disturbance influence

should be rewarded. It is also assumed that :



i) the energy transfered by the disturbance signa
d(t) isbounded, i.e.

¥

G (Dd(t) dt <¥
0
i) [A B] and [AL]are stabilizable
iii) [AC] isdetectable.
The meaning of the negative signum of the
disturbance term d(t) in the above cost function is

that the disturbance tries to maximize the value of
the cost function J(t), while the control signa

u(t) triesto minimize it. The optimization goal is to
find a control signal u(t)which is able to

compensate the worst possible disturbance imposed
to the plant by its external environment.

The optimal mini-max control law is[4] :
u(t) =- Kx(t) with K “1gp 2)
r

where P is a postive definite symmetric matrix
derived from the algebraic Riccati equation

ATP +PA+Q- P(EBBT-%LLT)P:O ©)
r r

and Q isapositive definite symmetric matrix.

The worst-case disturbance is given by

d(t) == L"Px(t) @
r
A crucia point in the design of mini-max controllers
is the choice of the weighting parameter r  in the
cost function J(u,d). The parameter r is an
indication of the closed-loop system robustness and
has to be selected such that the closed-loop system :
i) can reject the maximum-possible disturbance, and
ii) remains asymptotically stable.

If the vadues of r >0 are excessively decreased
with respect to the weighting parameter r , then the
solution of the Riccati equation is no longer a
positive definite matrix. Consequently there is a
lower bound r ., of r for which the mini-max
optimization problem has a solution. The
acceptable values of r lie in the interval

[Fin o ¥).If thevalue r ;. isidentified and used
in the design of the H¥ controller, then the closed-

loop system will be supplied with increased
robustness. Unlike this, if avalue r >r . isused

min

in the design of the H¥ controller, then an

admissible stabilizing mini-max controller will be
derived but it will be a suboptimal one.

The Riccati equation (3) is solved through spectral
factorization of the associate Hamiltonian matrix

en - (1BBT- iLLT)H

H=¢ r r? . (5)
é . a
& - A g

If [A B]is stabilizable and [ A,C] detectable, then
the solution of the Riccati equation is a unique
positive semi-definite symmetric matrix P,
P=P"3 0. A necessary condition for the solution
of the algebraic Ricatti equation to be a positive
semi-definite symmetric matrix is that H has no
imaginary eigenvalues [3,4,5]. Therefore to
calculate avalue of the parameter r suitable for the

design of an H¥ controller one hasto verify that :

i) the matrix H has no eigenvalues on the jw axis
ii) the corresponding matrix P is positive semi-
definite.

In this paper an agorithm based on fuzzy inference
is applied to determine the minimum value r .,
and the associated matrix P that satisfies the above
two conditions, thus resulting in an optimallly

designed H¥ controller.

2.2. Fuzzy computation of the parameter
r of an H¥ controller

The algorithm is based on the one proposed by
Doyle et al. [3,4] . The novelty given in this paper is
the substantiation with the use of fuzzy inference.

Sep 1: Select arandom initial valuefor r .

Sep 20 Cdculate the eigenvalues of the matrix
H given by (5) and define the magnitude of the
permitted changes in the value of the parameter r .
Sep 3: If the matrix H has imaginary eigenvalues
then r should be increased and the algorithm
should be repeated starting from Step 2 . If H does
not have any imaginary eigenvaue then the solution
Pof the Algebraic Ricatti Equation (ARE) (3)
must be calculated and the agorithm proceeds to
Step 4.

Sep 4 : The solution P of the ARE is tested to
find out if it is positive semidefinite (P23 0). If itis
not, the parameter r should be further increased
and the algorithm must return to Step 2. On the



other hand if P 3 O then the algorithm proceeds to
Step 5.

Sep 5 : If the absolute difference between the
current and the previous vaue of the parameter r
is greater than asmall positive constant e >0, then
the magnitude of the permitted changes of the values
of r isreduced, the parameter r isdecreased and
the agorithm returns to Step 2. Otherwise the
algorithm continuesto Step 6 .

Sep6: End.

The methodology proposed in this paper can be
considered as a fuzzy-based modification of the
bi section technique.

The fuzzy search overr .
To ensure that the parameter r is increased with

the aid of the fuzzy inference , the following rules
are employed [6]:

IFr isR THEN r,,,isR,,...,

IFr isR,; THEN r,,,isR, (6)
where the index k indicates the k-th iteration of the
algorithm.

Similarly, to ensure that the parameter r s
decreased via the fuzzy inference the rules that
must be used are :

IFr isR, THEN r ,,isR,. ..,

IFr isR, THEN r, ., isR (7)
where R Ry, ...... ,R,.1, R, are the fuzzy subsetsin

which the fuzzy phase plane of the parameter r is
divided.

In order to achieve convergence to the optimal
value r.;, ,the smaller the distance from r .,
becomes, the smaller the size of the incremental or
decremental changesof r should be.

To satisfy the above requirement , the width of the
membership functions should be modified a every
crossing over the optimal value r .. The last two
vauesof r , r,, and r,, aretaken into account,
where : r,_, is the last value that produces a
matrix H with imaginary eigenvaluesand r, isthe
last value that results in a matrix H without
imaginary eigenvalues and for which the solution of
the agebraic Ricatti equation is a positive semi-
definite matrix P .

Recalling the conventional bisection method , the
optima value r ., should be searched in the range

min

[re 1.yl The new fuzzy subsets
R Ry oo ,R..1,R, correspond to the division of
the interval between these two values[r,_,,r,]in

n equa segments.
The shrinkage of the fuzzy search interval
[ry.1, 1] continues until the bounds r ., and r,

practically coincide . Then the optimal value g,
will have been found.

m(r)

m(r)

(b)

Fig. 1 (a) Fuzzy search over the universe of
discourse of the parameter r , (b) reduction of the
fuzzy sets width around the optimal value r ;.
and new search

3 Thefuzzy H* control law for a class
of non-linear systems

The H* control methodology can be extended to
nonlinear systems with non-fully measurable state
vector .The system is first subject to feedback
linearization with the use of an adaptive fuzzy
function approximator. The following n-th order
SISO dynamic system isassumed :

d e A a(n-1)

)+tg-u+d (8
y=X

where the scalar uisthe control input and

A . A(n-1)

X=[XX,....,x ]" isthenon-fully measurable

state vector. The goal isto find the appropriate
control signal uthat will get the state x to track
track atime-varying setpoint

Xy :[xd,kd, ..... XEDT

The output tracking eror is denoted by

e=Y, - Y. The observation error is e, =X- X.

Suppose that the system is free of externd
disturbances and that a fuzzy system could



approximate, with infinite accuracy, the functions

f(x),i.e. T(x)="f(x),and estimate correctly the
N I\(n' 1)

missing state variable, i.e x=x and e  =e"™?¥ .
Then, the control law
: l A A N (n)
u=—[- f(x) +ketxg’] 9)
g
A A(n-1) .
where e=[e ,.....ed and k =[k;,.....k, ,k.]"

results in the n-th order homogenous differentia
equation

e + ke Y+, +ke=0.
If the lements of thevector k are selected such
that the roots of the polynomia
S +k,s" " +....+k,s=0 areintheopen left-half
plane, then it is guaranteed that etgg)¥ 0.

In the application of this nonlinear inverse model
control law three sources of error should be taken
into account. The first is the noise caused by the
external  disturbances. The second is the
approximate inaccuracies of the function f by the
fuzzy system. The third is due to the observation

error. The aggregate error signal is denoted by w
and is assumed to be non-gaussian. To eliminate the

impact of w a robust H* control law will be
applied in addition to the above described inverse
model architecture. To assure the stability of the

closed-loop system the following H¥ performance
index inequality hasto be satisfied :

S Qedt £ e (OPHO)+T (O)q(0)+r2@Ndet (10)

0

and additionally to show that X® X .

t® ¥
Theorem :
Consider the nonlinear system
X = £ (X, X,y X" D)+ g U+d (8)

where  f (X, X, oo, ,x™ DY is an unknown function ,
gis aknown constant and d represents the external
disturbances. The state vector of the system is

X =[X,X,...,x™ 9] and the state variable xX™?is not
measurable .Using :
a) afuzzy-based state observer for the estimation of

the state variable x™ 7 | i.e.

A(n-1) t A . A(n-1)

x  O)=gf (%X, X
0

A . /\(n-l)
where X =[X,X,.....,X

)+g-u]dt (11)

] is the estimated state

A . /\(n-l)
vector and f(X,X,......x )is the estimate of
. A(n-l)
f (X, %.....,x ) found by an adaptive fuzzy

system described by the parameters update
following relations :

F(x) =x T (x)q, (12)
qf =- glLBTPe (13)
IXIP

b) the adaptive fuzzy H* control law

= L TR D ke w] (14)
9(x’)

where K =[Ky,Kyyeoeeer K ]T

ua:-iBTPe,r>O (15)
r

' X(x)BTPe

qf :-g L (16)
||X(X)||

and P=P" >0 is the solution of the Ricatti-like
equation

PA+ATP+Q- }PBBTP+% PBB'P=0
r r

with
é0 1 O Ou €0u
é U é-u
éO 0 1 0 i éou
A=é.. .0,B=é0a, (17)
é U é t’J
Bk -k -k .. -kH &1

then H* tracking performance is achieved for the
closed-loop system .

Proof :
Introducing the control law u, in (8) the tracking

error dynamic equation of the closed-loop system is
derived

e =-kTe+[f(xia)- T +u,-d i

A (n) A NN
e =-kTer[f(xla;)- f(x)]+u,- d+e (18)



where e=x- X,,, €=X- X, and ey is the first
derivative of the observation error i.e.
/\(n) A
ey =e - eV =1f(xjg)- f(x)

. (29
=x T - f(X)
Equation (18) can be written in the form
e = KT e+ [f (i) - T,
e =-k'e+[f(xja;)- f(xjq
f f (20)

+[f(Xla; ) - F(X)]+u,- d+ey
where:

W I (<a;) - FI]
W; is the set of suitable bounds for q; |,

q’ =agmin a 1w [SUp .

W. isthe set of suitable bounds for x and it is

X

assumed that q; and X never reach the boundaries
of W; and W.
The minimum approximation error is defined as
w,=f(xlat)- f(x) (21)

consequently (20) becomes

A(n) T A A

e =-KTer[T(da)- f0da ) (2

tW, U, - dtey

or equivaently in the form of state-space equations

e= Aet B[ f(x,q,) - f(x.q;)]

(23)
+ B[w, - d] + Be,; + Bu,(e)
where
o 1 0 Ou éOu
é a éyu
g0 0 1 04 &%
A=@. .0,B=600 (17
é a éu
€k -k -k .. -kH Ef

The following Lyapunov functi on is introduced

||X(X)|| - -1
q qr+——¢;
29, 29, f

(24)

V——e Pe+
2

where df =d; -

& =€ = f(xlg;)- f(x)=x (X)le - F(¥)

Assumption 1 : The following assumptions are made

d ’ d d
—X(X)=0, —x(xX)=0and —f(x)=0
o (x) o (x) o (x)
which are reasonable if the rate of change of x and
xis smal (i.e. the system under control has sow
dynamics).

Using Assumption 1 one gets

. N . N - g BTPA
e »xT(X)q ¢ =xT ()(2XKIB Pe

IX(IF
_ - alx(IF B7Pe
| I
l.e.
eor » - g,B" PAe (25)
Differentiating (21) yields

v=lotpart eTPe+”X(X)”q G+te e (26)
2 2 i o,

The following equdities hold

ar = (27)

e= AetBIx" (X)( - g )]+ Bw+Bey +Bu,(e) (28)
Introducing (27) and (28) into (26) and after some
operations one findly gets

. AT
\Y; _ie (-Q- —PBBTP)e+ BTPee

AT A AT AT

+e PBx' (x)qf+e PBw - e PBx' (x)qf

i.e
lI\T N T N I\T

V= Pete PBw,

;

, AT s A 1 A

V:-%e Qe %(EBTPe- rw)' (=B"Pe-r w)
r r

1
+2r2w'w
2

where %(EBTPe- rW)T(iBTPe- rw) 3 0
r r
Thisimplies that

l/\T A l T

VE-—e et=r“ww 29
> Q " (29)



Ze Qed =r?w'w then
2 2

which means that if
V <0. Thus, the following conditions will hold
V()20 "t>0, V(0)=0
V()EO "t>0

and therefore e ® 0.
t® ¥

Having proved that e E@R)¥ 0 onegets
t

ee®0ee®0

t® ¥
A(n-2) A(n-1)
e =" ®0,e ®O0
t® ¥ t® ¥
: . d . ]
Since eV =—em2p Y ® 0
dt t® ¥

The inequality (29) can be written in a form that
satisfies the H* tracking performance criterion .
Integrating in theinterval [0, T]yields
T N N
V(T)- V(0 £ - 1C};Qedt +=r 2(‘jNTWdt
Since V(T)3 0, onegets

lTAT A

ECP Qedt £V(0) +r 2(‘jNTWdt
0

where

V(0) —12; (0O Pe(0)

||X( O)IF - qr (O)qf (0) +—eof (0)
29, 2

Thus
TAT A

13 oedteLe (0)PH0)
2@ 2

||x(2(0))||2 q:(0)qs (0) + 2—eof (0)

1 J;
2\T

r O/vwdt

This is the H¥ tracking performance condition
sought.

Remark : The critical point in the proof of the H¥
tracking behavior is Assumption 1 which implies
that the system’s dynamics are sow enough (all the
components in the system dynamics show dower
variations with respect to the loop sampling speed)
and thus the randomly initialized fuzzy system can
foIIowthechang&sof f.

.

Fig. 2 The observer-based adaptive fuzzy
H¥ control architecture

4 Simulation results

4.1. The control problem of a dc-motor
The transfer-function of the dc-motor is given by

An(S) _ K
Vi(s) s(d+st)d+sty)

where K=K;/bR;, and t;=L;/R;,
t,,=J/b aretime constants. The corresponding
state-space equations are

(30)

g € u é u

&y go 1 0 UYg,.uéeou (31)
& U_ a,é

gl\.lm@'_é'o 01 K 1+tm)t§l\/m"+‘:e Q E}/f ©

Gl D - Bl &0

?mg g tit, uitm 4 gtnl

where q,, isthe angular position, w,, is the angular
gpeed and g,, isthe angular acceleration. However
under normal operation conditions some of the
parameters of the above motor model , specifically
the moment of inertia J or the friction coefficient
b are not known or can be time varying. Thus a
robust control scheme is required in order to
compensate this parametric uncertainty.

The above model can be viewed as a sub-case of the
genera nonlinear modd :

X = (%X, X D) + (X, X, oo, XYY U+ d



i) f isanunknown but bounded function ,and

ii) gisthe system’s gain which is assumed to be a
known constant (or , equivalently it is assumed that
the uncertainty concerning gis included in
disturbanceterm d) .

Furthermore it is assumed that the last dtate
variable g,, of the motor model is not directly

measurable, whereas the second state variable w,,

can be caculated via the derivative w,, »%.
Therefore the problem reduces to that of controlling

the system

d A(n-1) . A(n-1)
EX =f(XX%.....x )+g-u+d,
y=X (8)

Thus, the adaptive fuzzy H* control methodology
developed for systems described by (6) can also be
applied to control the dc-motor.

4.2. Simulation tests

The simulation code was written in C++. The fuzzy
rules of the fuzzy approximator are of the form :

IE X isPSAND x isNSand X isNS

THEN f is G'
where G' is one of the fuzzy subsets in which the
output universe of discourse is divided, i.e

{NL,NM,NSZE,PSPM,PL}" . All G's are
initially chosen to be ZE (zero) and through the
adaptation phase the fuzzy system finds the
appropriate G's for each rule. Each variable in the
antecedent part of the rule is analyzed in three fuzzy
subsets. Taking al the possible combinations
between theinput fuzzy sets, 27 rules are derived.

The solution of the algebraic Ricatti equation for the
calculation of the matrix P was done with the use of
Matlab's aresolv( ) function. The matrix Q was

selected to be the unity matrix |,. The learning rate
of the adaptive fuzzy system was set tog, =01 and

the parameter r in the Ricatti equation was set equal
to 1. To increase the system’s robustness the fuzzy
inference-based agorithm described in Section 2.2
was used and the resulting r  was found to be

1.1312 . The random choice of the parameters g,
and r might cause intensive oscillations at the first

" NL = Negative Large, PS = Positive Small , etc.

stages of the training process. To minimize this
effect, the selection of the above parameters by the
application of genetic algorithms can be useful .

The first setpoint function used in the simulations
was the sinusoidal signal

50830, Sty =p- coxzp -
X4(t) =5+05dn(2p SCD)’ xdi(t) =p 500008(20 500)

and 1,0 =-2p ) )
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Fig. 5 State variable x, converges to the reference
sgna X, 4 (solid line : actual value, dashed line :
reference)
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Fig. 6 Observed state variable x3 converges to the
actual state variable x; (solid line : observed state
, dashed line : actual state)
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The smulations tests showed a very satisfactory
trgjectory tracking (see Fig. 3) . The control signal
and state variables fluctuation was quite smooth
except from the initial stage of adaptation (see Fig.
5-7). However this is normal because no prior
information about the plant’s model was taken into
account in the initialization of the fuzzy rule base.

5 Conclusions
In this study the control of a class of nonlinear

systems was examined, namely.
. A(n-l)
X" =f(xX,..,.x )+g-u+d

Furthermore the last state of the state vector

(x,k, ..... XYY was assumed not  directly
accessible and had to be reconstructed via a state

observer. The observer used is of theintegral type
A(n-1) t A . A(n-1)

x O=gfxx..x )+g- uldt
0

where the approximation f of the function f is

produced by an adaptive fuzzy system. Using
Lyapunov’s stability theory, under the assumption
that the plant has dow dynamics, it was shown that
the closed-loop system (which consists of the plant,
the adaptive fuzzy H¥ controller and the state

observer) satisfies the H¥ tracking condition.

Additionally, an algorithm based on fuzzy logic was
developed for the sdection of the optima

H¥ controller . The agorithm performs a fuzzy
search to find the value of the attenuation level r

that provides the maximum robustness.
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