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Abstract: In this paper, a new H” -control technique is proposed. in order to attcnuate changes in
the prime mover torque which degrade the performance of synchronous electric machines. The
proposcd technique relies on multiratc-output controllers. Its main feature consists in reducing the

original problem., to an associate discrete H” -control problem for which a fictitious static statc
fecedback controller is to be designed. The effectiveness of the method is demonstrated by scveral

simulation results.
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I Introduction

After its original formulation in [1]. the H” -op-
timization problem has drawn great attention [2]-
[13]. Scveral approaches have been reported in
order to solve this important design problem for a
varicty of svstems types. In particular, the H” -con-
trol problem for discrete-time and sampled-data
singlerate and multirate systems has successfully
been treated in the past in |7]-[13]. Generally spea-
king. when the state vector is not available for feed-
back. the H" -control problem is usually solved, in
both the continuous and the discrete-time cases, by
the use ot dynamic mcasurement feedback. This ap-
proach, however, requires the solution of two cou-
pled algebraic Riccati equations, which 1s, in gene-
ral. a hard task. On the basis of these two Riccati
cquations. it 1s plausible to compute a dynamic con-
trotler that achicves the desired design requirement
[ 10]. Nevertheless, a complete characterization of
all controllers satisfving the design requirements is
not as vet available.

Recently, a new technique is presented, for the
solution of the H™ -disturbance attenuation problem
in | 13]. This technique is based on multirate-output
controllers (MROCs). MROCs contain a multirate
sampling mechanism with different sampling period
to cach system mcasurcd output. The technique
proposed in [ 13]. in order to solve the sampled-data

H" -disturbance attenuation problem relies mainly
on the reduction, under appropriate conditions, of
the original H" -disturbance attenuation problem,
to an associated discrete H™ -control problem for
which a fictitious static state feedback controller is
to be designed. cventhough state variables are not

available for feecdback. This fact has bencficial
impact on the theoretical and the numcrical comp-
lexity of the problem. since using the technique
reported in [13], only onc algebraic Riccati cqua-
tion is to be solved. as comparcd to two algebraic
Riccati equations needed by other well known H™ -
control techniques. Another key feature of the ap-
proach proposed in [13] is the ability of choosing.
under appropriate conditions. the dynamics of the
MROC arbitrarily. Thus. here. strong stabilization
is assured without imposing the parity intcrlacing
property requirement in the svstem under control.

In this respect. in the present paper. the tech-
nique reported in [13] is uscd to trcat the H™ -dis-
turbance attenuation problem in synchronous clee-
tric machines. Our design objcctive here. is to re-
duce the effect of the load disturbance (change in
the prime mover torque) on the controlled outputs
of the machine, which arc the torque angle. the
machine spced. the cxcitation voltage, the prime
mover torque, the prime mover valve sctting and
the generated ficld voltage. to an acceptable level.
In particular. in the present paper. we consider both
unsaturated and saturated synchronous machines
[14]. Various simulations of the proposed technique
are performed and their results show the cffective-
ness of the proposcd method. In particular, it 1s
shown in the paper that the less disturbance atte-
nuation level we want to achicve (and thus the less
the effect of the disturbances on the controlled svs-
tem outputs). the larger must be the value of the
control law. Moreover. it is shown that thc mini-
mum achievable disturbancc attcnuation level is in-
crcased whercas the control cffort is decreascd. if
the fundamental sampling pcriod is incrcased.



2 H”-Control using MROCs
Consider the controllable and observable linear
statc-spacc system of the form
x(t) =Ax(t)+Bu(t)+Dq(t) . x(0)=0 (la)
Y. (1) = Cx(t)+Ju(t), y (t)=Ex(t) +J,u(t) (1b)
where, x(1) e R". u(f) e R™, q(1) e LY, ya()e
R” . y.(1/)eR"™ arc the state, the input, the

exter-nal disturbance, the measured output and the
con-trolled output vectors. respectively. In (1), all
mat-riccs have rcal cntries and appropriate
dimensions.
The following dcfinition is useful in the sequel.
Definition. For an obscrvable matrix pair

(A.C).with €' =[¢/ e} - ¢ Jandec,i=l.

41
_..p1. the ith row of the matrix C, a collection of

p, intcgers {n,, n,, -, npl} is called an observa-

hility index vector of the pair (A,C) , if the fol-

lowing rclationships simultancously hold
Py
n.=n
(B

l‘zlxlk[("]" (/\"‘)nl ]c'l" P (A'l')"m’lcT

P P =n

The following multirate sampling mechanism is
applied to system (1) Assuming that all samplers
start simultancously at t=0. a sampler and a zero-
order hold with period T, 1s connected to each plant

input u (1).1=1.2,....m. such that

u()=u(kT,) . te[kT,. k+DT,)
while the ith disturbance q, (t) i=1,....d. and the
ith controlicd output y (t). i=l....,p,, are detec-

ted at time kT, . such that for t e[kT“, (k + I)TO)
q(V=q(KT,) . y.(kT,) = Ex(kT, ) +J(kT,)
The ith measured output y . (1), i=1.....p,. is
detected at every T, | such that for p=0,... N, -1
Voo (KTy + 1T ) = ¢ (KT, + 1T, ) +(J,) u(kT,)
where, (Jl). 1s the ith row of the matrix J, . Here,
N, € Z" arc the output multiplicities of the samp-
ling and 7 € R arc the output sampling periods
having rational ratio. i.c. T, =T, /N, i=1.....p,.
The sampled values of the plant measured out-
puts obtained over [k'ﬂ,.(k +l)T()). are stored in

thu N’ -dimensional column vector
7(KT,) [yml(kT“) Y1 (KTy + (N, = DT,)

o (KT) o (KT + (N, = DT, )]r

P
(N"=>"N, ), that is uscd in the MROC of the

1=1
form

u[(k+ )T, ]=L,u(kT,) - L 7(kT,) ()

where L, e R™™ L, € R™™ In the sequel. let

H, (8.), (®,),
H=| : 0, = : ®,= :
. ©).] @)
cl(AlN )7] c,ﬁI N +(Jl)]
H, = (®.), =
c,A,’] cll}l‘] +(Jl)]
cif)i N
(®q). - A
¢.D
o,
A, =exp(AT). (B,..D,, )= [exp(AX)(B.D)dA
0
fori=1.....p,and forp=1... N, As it has been
shown in [13], for an observable pair. undcr the
assumption that
. A D Cned .
ran C Opl,d =n+ (3)

then matrix [H ®q] has full column rank for

almost every sampling period T, . if

N, 2o, ,1=1.2,....p,
where, o, are positive integers. which comprisc an
observability index vector of thc matrix pair
(A*,C*) . where

. A D .
A {0 odJ . C :[C OM]

dxn

Moreover, if L, and L, are chosen such that
LY[H ®q]:[F 0,.] . L,=L,©&. (4
then, for almost every sampling period T,. the

control law of the form (2). is cquivalent to a static
state feedback control law of the form

u(kT,)=-Fx(kT,) . k=1 (5)
Finally, as it has also been shown in [13]. when
L, is desired to take a prespecified valuc L

J, =0 and

kA B b d 6
ran C 0 0 =n+m-+ (6)

pPy~m P

usp



then, matrix [H 0, ®q] has full column rank
if
N, 2B, .1=1.2.....p,

where 3, comprise an obscrvability index vector of

the obscrvable matnix pair (K é) where

A B D
A0 0 0

m-n m-m m-d
0

0 0 d-d

. C:[C Om’m ()P|"d]
d-m

In this particular casc. (2) is cquivalent to (3). if
L., 1s chosen such that

11
LY[H e, (~)] [F L. ode] 7N

d-n

The H" -disturbance  attcnuation  problem
treated in this paper. is as follows: Find a MROC
of the form (2), which when applied to system (1),
asvmptotically stabilizes the closed-loop system and
simultancously achicves the following design requi-
rement

[To @), < ®)
z)| is the H" -

norm of the proper stable discrete transfer function
T, (#). from sampled-data external disturbances

S . ' AY ' r a) Al
for a given y € R' . where HTqyc(

q(kT,) ¢ Y\ to sampled-data controlled outputs
y, (KT, ). dcfined by

"I““t (Z) q(kI“ el Hq H

sup o [Tqu (c 10 )] = sup c.

(»«[n ’7(] |7 1

yL kTo ”

o

[Tqyc (Z)]

where, m“[Tq‘ ] 1s the maximum singular

valuc of T, (z). and where use was made of the

standard dcfinition of the #, norm of a discrete
signal s(kT,)
LSS (KT (k)

T,)
k 0

Our attention will now be focused on the

Js(k

solution of the above H™ -control problem. To this
end. the following assumptions on system (1) are
madc:

Assumptions.

(a) The matrix triplets (A, B, C) and (A, D. E)
arc stabihizablc and dctectable.

(b) Rclation (3) and/or (6) hold.

©[E 2]z, 1,,]

(d) There 1s a sampling period T,. such that the
discrete-time system
X[ (k + )T, ] = ®x(KT,) + Bu(kT, )+ Dq(kT, )

¥ (kT,) = Ex(kT,) + J,u(kT,)

!ll
@ = exp(AT, ). (B,D) = [ exp(AL)(B.D)dA
9
is stabilizable and obscrvable and docs not have
invariant zeros on the unit circle.

From the above analysis. it becomes clear that
the procedure for H™ -disturbance attcnuation
using MROCs. essentially consists in finding a
fictitious state matrix F. which cquivalently solves
the problem and then. cither determining the MROC
pair (K, Lu) by (4) or choosing a desired L., and
determining L, by (7). As it has been shown in [8].
matrix F has the form

A ~ I~
F=(1+B'PB) B'PO

wherc P is an appropriate solution of the Riccati
equation

P-E'E+®'PO-0"PB(1+B'PB) '"Bro

+PD (1+D/PD,JD/P . D =y 'D (9
Once matrix F is obtained. the MROC matrices
L., and L, (in the casc where L is free). can be
computed according to the following relations
L, =[F om_d]HM\(lN - ~[H ©,n)

Lu:{[F 0, JA+A(. - —[H @q]ﬁ)}(—)“

where ﬁ[H ®q]:l and AcR”" is an

arbitrary specified matrix. In the casc where
L, =L, .wchave

L, =[F L,, o, d]ﬁ

+>:(1N._N. -1 e, @Q]ﬁ)

where ﬁ[H o, ®q]:l and TeR" Y s ar-

bitrary.

3 Synchronous Machine Model

In the present paper. we consider both unsa-
turated and saturated synchronous clectric machines
that supply power through a stcp-up transformer
and a transmission line to an infinitc grid. The
model describing the system has been discussed
before in [14]. wherein a lincarized state space
model of the form (1) for the svnchronous machine
is obtaincd. In particular, assuming that the resis-
tances of the system are neglected. we obtain
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where, 6 1s the torque angle, o is the machine
speed. E, is the excitation voltage, T, is the prime
mover torque. X is the prime mover valve setting,
ki 1s the generated ficld voltage. ug is the governor
mput. uyy 1s the voltage regulator input. Ty is the a
perturbation of the prume mover torque (load distur-
bance). K. 1=1.....6, arc constant cocfficients, M is
the incrtia cocfficient. D is the damping coefficient,
T 1s the thyristor time constant, G is the thyristor
gan, T 1s the turbine time constant. R is the speed
rcgulation duc to governor action and T is the time
constant of the speed governing mechanism. Note
that K., 1 1.2.4.5.6 havc the same valucs for both
saturated and unsaturated machine. while K; is
given by
l\';";b 77777 "LL K X.C+Xd ’

NoF X m(x, +x4)+(x; —xy)

for the cascs of the unsaturated and the saturated
machine, respectively, where, x. is the scries reac-
tance of the transmission svstem. x4 is the d-axis
synchronous reactance. x; is the d-axis transient

rcactance and m 1s the d-axis saturation factor.

4 Simulation Study

In this Scction, the multirate H” -disturbance at-
tenuation technique proposed in Section 2 is applied
to several specific machine models.

As a first casc. we next consider the unsaturated
machine modcl with K,=1.3307, K,=1.3843. K;=
04113, Ky= 1.0839, K=0.0984. K:=0.4724. M=

[0 sec. D=3, T=0.05 scc. G=100. T.~1 scc. R-
0.04 pu.. Tg=0.1 sec. The proposcd MROC based

H" -control technique can be applicd to the above
model. since the conditions and assumptions listed
in Scction 2 arc satisfied. In the scquel. the propo-
sed technique is simulated for several values of v
and T().

Consider. first. the casc where y=2.5 and
To=0.1 sec. An observability index vector of (A"
C"). is {01.03,03}:{4.1.2}. Sctting N, = o, . i=
1.2,3. we obtain
-09758 16477 - 08834
20921 -35069 18534
02094 —-40333 -0.0084 01504
- 04339 87313 00154 -03247

[ 695047 01737
S| —1514299  — 04691
(L,)= 10836 x 10°

In Figurc 1. the maximum singular valuc of
T, (2) is depicted. as a function of the frequency

4
LY:l() x{

u

] max

o. Clearly, the design requirement ”T«m (x)H <25,

is satisfied. Morcover. as it can be casily checked
the poles of the closed loop system. lic inside the
unit circle. Therefore. the requirement for the sta-
bility of the closed-loop system is also satisficd.
Consider now the case where y =1 and all the

other parameters are as above. Then. we obtain
4 - 17974 30345 - 16264
L, =10" x

22701  -38072 20142

03854 —-74302 -00155 02771
- 04720 94687 00169  —03522

{ 1279928 03213
© 1641466 - 05026

(L,)=13573x 10°

Gmax
In Figurc 2. the maximum singular valuc of
T,y (2) is given as a function of the frequency w.
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Fig.1. The maximum singular valuc of T, (+) over
w. for the unsaturated machine and for y=2.5.
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Fig.2. The maximum singular valuc of T, () over
w. for the unsaturated machine and for y=1.
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Clearly. the design requirement H"l‘qyr (z)

satisficd. and the closcd-system is stable.

Note that. in the case of unsaturated machine the
H"-norm of the open-loop svstem transfer function
between disturbances and controlled outputs has the

. | . .
(‘(_|(ol - A) D| = 58.4513. whilc the mi-

g

value

nmimum achicvable disturbance attenuation level is
v, 09252

Consider now. as a sccond casc. a saturated
machine with d-axis saturation factor m=1.9. In this
casc. Ky 0.3002, and all the other parameters arc
as n the case of the unsaturated machine. Let y=1
and T, 0.1 sce. Since an obscrvability index vector
of (A".CT). is {01.03.03}= A * . if we set

*

C .1==1.2.3, then, we obtain

e @l S

{

13877
0.4730

- 74715

94865

- 00308

0.0427

-0.3549

02768 }

<

L= |r,,

(L,)=13616x 10°

In Figure 3. the maximum singular valuc of
T, (#) is depicted. as a function of the frequency

qy

oK

cma,\'

. Clearly. the design requirement ”T‘v‘( (/,)“ <l.is

satisfied. Morcover. as it can be casily checked the
closcd loop system is once again stablc. It is not
difficult to check that. in this casc. the H -norm of
the open-loop system transfer function between
disturbances and controlled outputs has the valuc

HC(jcol - A) ] DH = 66.5855_ whilc the minimum

10° N

10! O [C(jml —A) I D] —> }\

2 1 Q
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Fig.3. The maximum singular valuc of T,, (2) ovcr

qy,
w. for a saturated machinc with m=19 and fory 1.

achicvable disturbance attenuation level is vy

mt

0.9148, which. in the present casc. is less than the
minimum achicvable disturbance attcnuation level
obtained in the casc of the unsaturated machine.
However. this is not truc. in general. for all m. as it
can be casily realized by Figurc 4. where the varia-
tion of y, . with respect to the variation of the d-
axis saturation factor m is depicted.

We repeat in the sequel the design of an H™ con-
troller. for the casc of the saturated machine with
all the parameters as above. except for the sampling
period Ty which now has the valuc T\=0.2 sce. In
this case. as it can be casily checked the design re-

quircment ’T‘m (x)” <1 cannot be satisticd. since

for the attcnuation level y=1. the Riccati cquation
(9) docs not admit a positive definite solution. As it
can be casily checked. in this casc. the minimum
achievable disturbance attenuation level is vy
=1.209 and the respective controller is given by
1 — 09752 16780 09310
L, =10" x )
07639 - 13110  0.7252
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. for the unsaturated machine and for y=1.
Clearly. the design requirement HTqyr (Z)Hl <L s

satisfied. and the closed-system is stablc.

Note that. in the casc of unsaturated machine the
H"-norm of the open-loop svstem transfer function
between disturbances and controlled outputs has the

value (‘,(j(,x)l - A) ID] = 58.4513. while the mi-

nimum achicvable disturbance attenuation level is

v, 09252,

Consider now. as a sccond case. a saturated
machine with d-axis saturation factor m=1.9. In this
case. Ki#0.3002. and all the other parameters are
as m the case of the unsaturated machine. Let y=1
and Ty, 0.1 sce. Since an obscrvability index vector

of (A*‘(‘*). is {c .Gw.G;}:A * . if we set
* =1.2.3. then, we obtain
T zZ )
Il ov. ()],
03877 - 74715 -00308 02768
04730 94865 00427 —03549

LG

(L,)=13616 x 10°

In Figure 3. the maximum singular valuc of
Ty, (2) 1s depicted. as a function of the frequency

m1\

o. Clearly. the design requirement ‘Tqyr (/.)H < 1.1

satisfied. Morcover. as it can be casily checked the
closed loop system is once again stable. It is not
difficult to check that. in this casc. thc H -norm of
thc open-loop svstem transfer function between
disturbances and controlled outputs has the valuc

HC(joal - A) l DH = 66.5855. whilc the mimimum
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w. for a saturated machinc with m=1.9 and fory 1.

achievable disturbance attenuation level s v

0.9148, which. in the present case. is fess than the
minimum achicvable disturbance attenuation level
obtained in thc casc of the unsaturated machine.
However. this 1s not truc. in general. for all m. as it
can be easily realized by Figurc 4. where the varia-
tion of y, . with respect to the variation of the d-
axis saturation factor m is depicted.

We repeat in the scquel the design of an H' con-
troller. for the casc of the saturated machine with
all the parameters as above. except for the sampling
period Ty which now has the value T.=0.2 scc. In
this case. as it can be casily checked the design re-

CLvr(7)” <1 cannot be satisficd. since

for the attcnuation level y=1. the Riccati cquation
(9) docs not admit a positive definite solution. As it
can be casily checked. in this case. the minimum
achievable disturbance attenuation level 1s v
=1.209 and the respective controller is given by
-09752 16780 -09316

Ly =10° x
07639  — 13110 07252
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Fig. 4. Minimum achicvable disturbance attenua-
tion level vy, versus d-axis saturation factor m.

02423 -78200 01290 —09269
01885 61599 - 01015 ().7263}
|| 325846 ().3146}

T 411423 - 03014

O (L, ) = 10396 x 107
Finallv. consider the casc where Ty=0.02 sec. In
this case. the minimum achievable disturbance
attenuation level 1s v o =0.8158. Notc that. the

controller achieving the disturbance attcnuation le-
vely 1L has the value

. m,xlﬂo_ono 15008 -0.7616
' | 26999 44347 22358
01717 —07743 00002 00002
05011 23030 0.0006 ~0‘0005}

L {21_8466 0.2441}
) 870616  —07777]

Gm:n (L/ ) - 64654 X l()7

From the above two simulations, it can be casily
reccognized that the sampling period of the multirate
mechanism is an important factor of the design pro-
cedure, since both the achievable disturbance atte-
nuation level and the control cffort arc crucially
affected by T,

Remark 4.1. It can be casily checked that. in all
simulations presented above. the cigenvalues of the
respective matrices Ly lic outside the unit circle.
Morcover. it 1s not difficult to check that. here.
condition (6) cannot be satisfied for both cases of
saturated and unsaturated machine models. That s,
matrix L, cannot be arbitrarily sclected as a stable
matrix and thercfore, strong stabilization cannot be
achicved. in our casce. simultancously to H* distur-
bance attenuation.

S Conclusions

An H" -control technique based on multirate-
output controllers. has been proposed. in order to
attenuate load disturbances which degrade the
performance of synchronous clectric machines. As
it has been shown by various simulations. the less
disturbance attenuation level we want to achicve.
the larger must be the valuc of the control law.
Morcover. it has been shown that the control cffort
in attenuating disturbances is decrcased it the
sampling period related to the multirate mechanism
ts incrcased and vice versa.
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