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Abstract — A theoretically attractive and com-
putationally fast algorithm is presented for the
determination of the coefficients of the deter-
minantal polynomial and the coefficients of the
adjoint polynomial matrix of a given 2—-D state
space model of Fornasini—-Marchesini type. The
algorithm uses the discrete Fourier transform
(DFT) and can be easily implemented on a dig-
ital computer. !

INTRODUCTION

During the past two decades there has been extensive
research in multidimensional systems. This is due to
the extensive range of applications, especially in signal
and image processing, geophysics etc., [1]-[3]. State
space techniques play a very important role in the anal-
ysis and synthesis of 3-D systems. An interesting the-
oretical problem is to determine the coefficients of a
transfer function from its state space representation
and vice versa. In going from the transfer function to
state space model a various number algorithms have
been proposed. In the case where a state space model
is available the Leverrier, Vanderlmode matrices or the
DFT algorithms can be used [4]-[7]. The DFT has
been used for the evaluation of the transfer functions
for multidimensional systems of the Roesser type [8].

In this paper a computer implementable algorithm
is proposed, using the DFT, for the computation of
the 3-D transfer function for the Fornasini-Marchesini
3-D state space models [9]. The proposed algorithm
determines the coefficients of the determinantal poly-
nomial and the coefficients of the adjoint polynomial
matrix, using the DFT algorithm. The computational
speed of the method could be improved using the Fast
Fourier Transform.

Three-dimensional (3-D) state space models of the
Fornasini — Marchesini type have the following struc-
tures [9]:
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First F-M model

z(iv+ 1,02+ 1,i5+ 1) = Ajz(iy + 1,i0,1i3)
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Second F—M meodel
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C,"L.(ila i?a z3)
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y(i13i27i3) =

where, x(il,ig,i3) e R, U(il,iQ,i3) e R™,
y(i1,12,13) € RP, Ay, By for K =1,2,3 and c, are real
matrices of appropriate dimensions.

Applying the 3-D z;, (Vi =1,2,3) transform to the
systems (1) and (2), with zero initial conditions, their
transfer functions respectively become:

Tl(Zl,Zz,Zg) = CI [1212223 — A1z1 — AzZz — A3Z3]_1b

3)

and

Ts(z1,22,23) = ¢ [Iz12223 — A1z1 — Aszy — Aszzg)

X (b121 + byzo + b323) (4:)

In the following section an interpolative approach
is developed for determining the transfer function
T(z,22,23), given the matrices Ay, By, for k = 1,2,3
and c, using the DFT. For the sake of completness a
brief description of the DFT follows.



3-D DFT
Consider the finite sequences X (ki,k2,ks) and

X(rl,rg,rg), KiyA\i = 0,---,M;, Vi=1,23. In or-
der for the sequences X (k1, ko, ks) and X (r1,72),73),
to constitute a 3-D DFT pair the following relations

should hold [10]:

My M> Msj

X(riyrasrs) = Y % Y Xk ko, ks)

k1=0 ko=0 k3=0
Wfklrlwszrzwfkaw 5
x 1 2 3 (5)

My Mz Ms

X(kl,kg,kg) = %T§OT§OT§0X(TI7T27T3)
% Wlklrl W2’€27‘2 W?fﬂara (6)
where,
3
R=][(M+1) (7)
i=1
W; = eCm)/(Mith) "y =123 (8)

X, X are discrete argument matrix valued functions,
with dimensions

1=1,...,p

X [mihimia];
X = [iihiz,is]v J=1...,m

FIRST F-M: ALGORITHM

The transfer function of the first Fornasini — Marchesini
3-D state space model (1) has the structure,

N(Zl,ZQ,Z3)
T =~ 9
(21722723) d(Zj,ZQ,Zg) ( )
where,
N(z1,22,23) = c' adj [Lz1, 29,23
—A1z1 — A2Z2 - A323]b (10)
d(z1,22,23) = det [Iz1, 22,23

—A1z1 — A22‘2 — A323] (11)

Taking into consideration that

n = degzl [N(217Z2723)] = degzz[N(zl’227z3)]
= deg, [N(21,22,23)]
and
n = deg, [d(z1,22,23)] = deg,,[d(21,22,23)]

= degzg [d(zla 22, 23)]

where, deg, [ ], deg_,[ |, deg_,[ | denote the degrees
with respect to z1, 22, and z3, respectively. Equations
(10) and (11) can be written in polynomial form as
follows:

Z Z Z Poauzizz (12)

N(Zl, Z2, 2’3) =
k=0 A=0 p=0
n n n
d(z1,22,23) = Z Z Z Geapzizazl  (13)
K=0 A=0 =0

where, Py », are matrices with dimensions (p x m),
while g, are scalars.

The numerator polynomial matrix N(z1, 22, 23) and
the denominator polynomial d(z1, 22, z3) can be numer-
ically computed at R = H?:1(Mi + 1), points, equally
spaced on the unit 3 — D space. The R points are
chosen as

W; =W =)/ (M) "y =123 (14)

The values of the transfer function (9) at the R points
are its corresponding 3-D DFT coefficients.
Moreover, we define

vi(r) =ve(r) =vs(r) =W", Vr=0,...,n (15)

Denominator polynomial
To evaluate the denominator coefficients (gx ), de-
fine,

det [I’Ul (il)vg(i2)v3(i3) (16)
—Av1(iy) — Agva(iz) — Azws(iz)]

iy yinyiz =

Therefore using equations (13), (16) yield

iy ig,is = d[v1(i1),v2(i2), v3(i3)] (17)

Provided that at least one of a;, j,,i; 7# 0.
Equations (13), (15) and (17) yield

Wiy imiy = Z Z Z qu,lLW—(im%-izH-isu) (18)

K=0 A=0 =0

Using equations (18) and (5) it is obvious that,
[@iy.in.i5]> [r,x,p] form a DFT pair. Therefore the coef-
ficients g x,, can be computed, using the inverse 3—D
DFT, as follows:

Qe = E Z Z Z ai1,i2,i3W(zln+22)\+zgu) (19)

11=0i2=0 i3=0

where, kK, \,u =10,...,n



Numerator Polynomial

To evaluate the numerator matrix polynomial Py x .,
define

F c adj [Ivl (il)UQ (ig)v3 (13) (20)

—Aqv1(i1) — Asvz(i2) — Agus(is)]b

i1,12,13

Provided that at least one of Fy, 4, ;, # 0.
Therefore using equations (10),(20), yields

Fi17i27i3 = N[vl (i1)7U2(i2)7v3 (23)] (21)
Equations (12), (15) and (21) yield

n n n
Fi inis = Z Z Z PMA,HW*(’.WHMHW) (22)

k=0 r=0 r=0

Using equations (19) and (5) it is obvious that,
[Fii is.is]> [Pea,p] form a DET pair. Therefore the co-
efficients P, » , can be computed, using the inverse 3—D
DFT, as follows:

1 o e & o
P’iy)‘ﬁl = E Z Z Z Fi17i27i3W(“E+Z2>\+lgu) (23)

11 =0 i12=0 i3=0

where, kK, \,u =0,...,n.
Finally, the transfer function sought is,

N(Zla 22, Z3)
T(z1,29,23) = ———= 24
( 1,42 3) d(21,22,23) ( )
where,

n n n
N(z1,22,23) = ZZZPKA,lLZfZ%ZéL (25)

K=0 A=0 p=0
d(z1,22,23) = YYD Geanriza (26)

K=0 A=0 p=0

SECOND F-M: ALGORITHM

The transfer function of the second Fornasini—
Marchesini 3-D state space model has the structure,

N(Z17227 Z3)

T(z1,22,23) = ETS (27)
where,
N(z1,22,23) = ¢ adj[lz1,22,23 — A121 — Agzy
—A3z3]
X (b1z1 + bazo + b3z3) (28)
d(z1,22,23) = det [lz1,20,23 — A121 — Aszo
—Ajzs] (29)

Taking into consideration that

n = deg, [N(z1,22,23)] = deg,,[N(21,22,23)]
= degzg [N(Zl,22,23)]
and
n = deg, [d(z1,22,23)] = deg,, [d(21, 22, 23)]

= degzg [d(zl ) 22, Z3)]

where, deg, [ ], deg,,[ |, deg,,[ | denote the degrees
with respect to 21, 22, and z3, respectively. Equations
(28) and (29) can be written in polynomial form as
follows:

Z Z Z P, uzizzl (30)

N(Zla 22, Z3) =
k=0 A=0 p=0
n n n
d(z1,22,23) = YD) deauzizzh (31)
£K=0 A=0 =0

where, Py, are matrices with dimensions (p x m),
while gy, are scalars.

The numerator polynomial matrix N(z1, 22, 23) and
the denominator polynomial d(z1, 22, 23) can be numer-
ically computed at R = H?:o(Mi + 1) points, equally
spaced on the unit 3-D space. The R points are chosen
as

W, =W =2/ (M) gy =123  (32)

The values of the transfer function (27) at the R
points are its corresponding 3—-D DFT coefficients.
Moreover, we define

vi(r) =ve(r) =v3(r) =W", Vr=0,...,n (33)

Denominator Polynomial

To evaluate the denominator coefficients (gx ), de-
fine,

det [I'Ul (il)Uz(i2)U3(i3) - Alvl (Zl)
—Asvs(i2) — Azvs(is)] (34)

Therefore using equations (5) and (34) yield

iy yinis =

iy g, is = d[v1(i1),v2(i2), v3(i3)] (35)

Provided that at least one of a;, j,,i; 7# 0.
Equations (31), (33) and (35) yield

n n n
Wiy imiy = Z Z Z qu,lLW—(im%-izH-isu) (36)

£K=0 A=0 =0



Using equations (36) and (5) it is obvious that,
(@4, is,is]> [dr,x,u) form a DFT pair. Therefore the coef-
ficients gy, can be computed, using the inverse 3-D
DFT, as follows:

e = E Z Z Z ai17i27i3W(lln+12)\+13H) (37)

11 =0 i2=0 i3=0

where, kK, \,u =0,...,n

Numerator Polynomial

To evaluate the numerator matrix polynomial Py .,
define

F = c adj [Ivl (il)UQ(iQ)U3(i3) — A (Zl)
—Asvy (i) — Azvz(is)]

X (bl’l)l(il) +b2v2(i2) —f—b3’l)3(i3))

11,%2,13

Provided that at least one of Fy, 4, ;, # 0.
Therefore using equations (5) and (38), yields

Fi17i27i3 = N[vl (il)a U2 (iZ)a U3 (23)] (38)
Equations (30), (33) and (39) yield

Fiyinis = Z Z Z Pm)\’uW—(im%-izM-isu) (39)

k=0 r=0 r=0

Using equations (40) and (5) it is obvious that,
(@4, is,is)]> [dr,x,u) form a DFT pair. Therefore the coef-
ficients gy, can be computed, using the inverse 3-D
DFT, as follows:

1 & & L
Pm%u = E Z Z Z Fihizﬂaw(lmHz}\HgM (40)

11 =0 i12=0 i3=0

where, Kk, \,u =0,...,n.
Finally, the transfer function sought is,

N(Zl, 22, Z3)
T(z1,29,23) = ————= 41
( 1,#2 3) d(21,22,23) ( )
where,
n n n
N(Z17 22, 23) = Z Z Z PK,)\,HZ?Zg\Zg
K=0 A=0 p=0

X (b121 + b222 + b32’3) (42)
d(z1,22,23) = YYD Geawiz2y (43)

K=0 A=0 p=0

CONCLUSION

In this paper the well known DFT algorithm has been
used for determining the coefficients of a 3—D trans-
fer function from its 3—-D state space of Fornasini—
Marchesini type. The algorithms are theoretically at-
tractive and can be easily implemented. The results
presented here may be extended tothe multidimen-
sional case.
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