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Abstract: The problem of the Robust Stability of Schur Polynomials is investigated.
Recently, a new approach based on Rouche's theorem of the classical complex analysis has
been adopted for the solution of this problem. In this paper, an improvement of this
solution is presented. This is the optimum solution of the Robust Stability problem of
Schur Polynomials and is obtained by solving a minimization problem. and it is better than
all the other methods in the robust stability literature.

[. INTRODUCTION

In linear, time invariant (LTI), discrete time systems we must be interested not only
in whether the polynomial (system) is stable but also whether the polynomial (system) will
remain stable in the presence of system parameter deviations. This is the problem of the
robust stability Over the last two decades, this problem has attracted much attention by
scientists and engineers working in the area of analysis, synthesis, simulation, reduction,
modelling of physical and artificial systems.

One of the basic robustness problems was to determine the robust stability of a given
family of characteristic polynomials. The most notable result is Kharitonov's theorem and
its various genaralizations H[J7]. According to Kharitonov's theorem, a whole class of
polynomials is stable if and only fbur special, well-defined polynomials are stable. In
other words, the problem of robust stability of the polynomial is reduced to the problem of
the stability of a whole family of polynomials which is further examined by considering the
stability of four "corner” polynomials of the family. So, the problem is solved by examing
only four polynomials with respect the stabilty. Many recent elegant results of the
literature concerning the robustness of LTI, (discrete time or continuous time) systems
can be found in the book of Barmish [13].

In [8], [9], [12] and [13], a different robust stability problem is stated and discussed.
This problem could be called as the inverse Kharitonov's problem since here the starting
point is only the particular given polynomial instead of a family of many polynomials.

A simple formulation of this problem in the case of LTI, discrete time systems is as
follows, [12].
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N
Supposéhat the polynomialf(z) = Zai ¥ witha, OR, zOC  is Schur

stable that isf(z)#0 for |7<1. Find the supremumR (R>0) such that all the

N
polynomialsg(z) = Zﬁi [ with B, O(a, ~R,a + R, i=0,1,...n to be Schur stable.
In this paper, we find a better result than those in the literaturd9[,1[12], [13].
To this end we use Rouche's theorem, [10].
Rouche's theorenif the two functionsf (z) andg(z) are analytic in a regio® and

9(2- f(7)<[ (3 (1)

holds at every point of the boundand G of G, then the two functiond (z) and g(2)
have the same numbers of zero&in

We will consider asf (z) the original given polynomial andf (z)= o( 2- f( 2

the perturbation under which the new polynongé) is obtained fromf (z). Here, the

main result is derived in Section Il where we achieve a better (bigger) radius of stability
than in [12] as well as a more convenient result than the relevant results of [13].
Furthermore, in Section I, three illustrative examples support the obtained result.

[I. ANALYSIS
Consider the Schur stable polynonii@)

N

f(z):;ai 5 witha, OR, zOC (2)

the robust stability of which is examined under variation of the (real) coeffi@enihe
polynomial

N
Af(z2) = Ag 2 withAa OR, zOC (3)

represents the "perturbated(z). The problem in question is to determine necessary

conditions under whicly(z) (whereg(z)= f(z)+Af(2) ) is also Schur stable. For this

reason, (1) is rewritten 8&f (2)| <| f(2)| or

at (@) <[ (2 ()

At this point, one could notice that this method can be also applied for LTI, continuous
time systems too since, it is known one can assumetBas the unit circle since this is
always possible via an appropriate conformal mapping (Riemann's theorem, [10]). In the
case of the transition of the continuous time to the discrete time system this is achieved via
a bilinear transformation.



In (4), we substitute z=¢€®, 0<0<2m. Then after some algebraic
manipulation one finds

f(z)f(z‘l){j & ZZ aa, }m (5.1)

22( Ak

ZZ Ay

as well as
Af(z)Af(z‘l)z{ZAaz 2ZAQA@1 ---2§A§A§k|---|2AgAra}E: (5.2)
where
T
cosB
€= co;ke (5-3)
_co;ne_

So, if one uses the usual trigonometrical relation

coije):%{(z co@)j—%(z coe)j_2+%[j;3)(2 ccﬁéj_“—%[j;l)(z c8y °+ }

j=1...N;
thenc can be written as a multiplication of one rectangular matrixith the vectorx as
follows.

c=TI[X (6)

where x' =[1 x x* --- X“] with x=cos. Matrix T depends on the "length" af As an

example, forN, =5, (6) is written as



1 ] [1 O 0 o0 o] 1 ]
cos@ O 1 O 0O O Of]| cose
cos20| |-1 0 2 0 0 Oflcoge
= 1l (7)
cos36 0O -3 0 4 0 O0|[coso
cos46 1 0 -8 0 8 O0||cogn
cos58| |0 5 0 -20 O 14 [cos @]

Substituting (5.1) and (5.2) into (4) and using (6) one finally obtains the relation

[ n-1 n-k n-n
Floa,,...0a, x)=[ (2 -[at( 4 =Y & 25 aa ‘---22 aa ‘ 25 a4 }EFEX
| =0 1=0 =0 1=0
n n-1 n-k
-{ZAaZ ZZAaAaﬂ ---ZZAaAa+k |20 g0 g }EFEX

n

:{Zqz —iAa,z

1=0 1=0

Zin aa - N A %HDD 0
(8)
where one verifies that the differenEéAal,...,Aan X is a polynomial inn+1 variables
ANa ,...Aa, ,x. Considering now that
|Ag|< R i=0,1,..n (9)

n-k n-k
2y aa -2 A3 ‘
1=0 1=0

n-1 n-1
2% aq, -2y Aaha, ‘
1=0 1=0

the problem in question is to find the optimé&nfior which (8) holds and consequently the
polynomial in (2) remains stable under the considered coefficients' deviation. Now, (8)
yields

n-n X
2% ag, ]T . >
1=0 :

X

n-1 n-k
2% 33y [[2) 3y
1=0 1=0

50

1=0

RIn+1 2n 2An-13 .. Z]T:X (10)



For R=0, (10) holds for any with -1<x<1 sincef(z) is Schur stable. Theupremum
R? for which (10) holds for everx (-1< x< 1) is the minimum value of the fraction:

1

n n-1 n-k n-n X

{zaf 2% a3. [ [2) dd«||2) ad, }T :

1=0 1=0 1=0 1=0 :

alx) = L
[n+1 2n 2An-1 .. 77|
Xn

(11)

Therefore the supremum &, and consequently the supremumRyfis found by the
following one-variable minimization problem

minimize 4
over X (12)
(-1=sx<1)

If we denote the solution of the above minimization problera*aghen the supremum of

R which will be denoted aR* will be equal tova*.
In (11), one should notice that the numerataa(ef is positive for-1< x<1, since it

corresponds td (z) which is a Schur stable polynomial. In additional, the denominator is

positive or 0 since it corresponds to the polynomiakt...Z' which hasn roots on the
unit circle. Thereforea(x) is positive or+o for —1< x<1. Therefore the minimum of
a(x) over the closed interval [-1,1] is meaningful.
Remark:Generalizing the above formulated problem one can give various weights to
the coefficients variations in a way to have

|Aa| <A R i=0,1,..n (13)

instead of (9). In this case, after the usual algebraic manipulation, we have to solve the
same problem



minimize 4

over x (14)
(-1=sx<1)
with ;
n n-1 n-k n-n X
{zaf 2% a3, |2y aa||2) aa, }T :
1=0 1=0 1=0 1=0 :
a(x) = X
|:n 5 n-1 n-k n-n X
i 2 )\i)\i+ |2 )\i)\i+ - 2 )\i)\im T.
_Xn

One should note that these results are better, more elegant and simpler with respect the
computation than those in [13]. They are also an apparent improvement with respect to
the results of [12].

[ll. NUMERICAL EXAMPLES
To compare the results with the results of [12], the same examples are examined. Also

A =10i=01..n.
(i) Consider the polynomial (z) =(z-2)( z-=3 = 2-5 # 6 We have to find the "radius"
R such that all the polynomialg(z) with coefficients in the intervals ®;1+R), (-5-R,-

5+R), (6-R,6+R) to be Schur stable. Therefore, one has to solve the following one-variable
minimization problem

minimize 4
over X
(-1=sx<1)



100 1
We have that T={0 10 and x=| x|. So finaly one finds
-10 2 x?

a(x) = 50— 70x + 24¢

1+4x+ 48
numerically. So, one finds its minimum>atl and the minimum value & =4/ 9 which
yieldsR*=2/3=0.666.

Therefore the coefficients of the polynomié(z)= Z-5z+6 i.e. 1,-5,6 can be

varied in the intervals (1-0.666,1+0.666), (-5-0.666,-5+0.666), (6-0.666,6+0.666) and the
resultant polynomial to be Schur stable. So, the supreRtutnincides with that in [12].

The above one-dimensional minimization problem is solved

(i) f(2)=(z-2)(z=3(z1+ J( #1- j= 4- 3% 2%+ 2% 12 Here, one

finds a(x) = 238+ 250« 224 - 27X+ 984. The minimization of this fraction yields

1-4x -4 + 168+ 16X
a* =88/ 25 andR*=1.8762. This is a "better" supremwthan that of [12] where one

hadR*=1.513

(iy f(z2)=(z-3)(z+3)(z+3 = 2+ 32+ 9 2 27 Here, we obtain that

_ 80+ 48+ 45¢ + 2%
a( X) - 2 3
X*+ X

R* than that of [12] wher&*= 5.

. Similarly one findsR*=10 which is a better evaluation of

V. CONCLUSION

In a recent publication, [12], a result concerning the problem of Schur polynomial
stability has been obtained. In this paper, an improvement of this result i.e. of the radius of
the robust stability is achieved. Since, in all steps of the procedure we actually have
necessary and sufficient conditions, it is obvious that the present evaluation of th&radius
is the optimumthat can be achieved. As the one-variable minimization problem of an
easily determined rational function is quite easy to be solved (even by plotting it over the
interval [-1,1]), our approach is better, more elegant and simpler with respect the
computation than those in [13]. Also, it is better than that of [12].

The extension of this result in the case of characteristic polynomial of continuous
systems is possible via the well known Mdbious (bilinear) transformation. In the robust
control theory, the above result may be a useful contribution.
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