Recent Researches in Automatic Control, Systems Science and Communications

On the Equivalence of Cost-Extended
Control Systems on Lie Groups

RORY BIGGS
Rhodes University
Department of Mathematics
PO Box 94, 6140 Grahamstown
SOUTH AFRICA
rorybiggs @ gmail.com

CLAUDIU C. REMSING
Rhodes University
Department of Mathematics
PO Box 94, 6140 Grahamstown
SOUTH AFRICA
c.c.remsing @ru.ac.za

Abstract: We consider the equivalence of cost-extended control systems corresponding to certain invariant optimal
control problems. We prove that two equivalent cost-extended systems have the same optimal controlled trajecto-
ries and the same extremal curves (up to a diffeomorphism). We also prove that equivalent cost-extended systems
are lifted (via the Pontryagin Maximum Principle) to linearly equivalent Hamilton-Poisson systems. A few illus-

trative examples are discussed.
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1 Introduction

We consider an equivalence relation on a certain class
of cost-extended control systems. Specifically, we
consider equivalence on the class corresponding to
left-invariant optimal control problems on Lie groups
with fixed terminal time, affine dynamics, and affine
quadratic cost. Formally, such problems are given by

g:g(A+u1B1+---+ung), (D)
g(0) =90, 9(T)=on (2)

T
7= / (u(t) — )T Q (u(t) — p) df — min. (3)
0

geaG

Here G is a (real, finite-dimensional) connected Lie
group with Lie algebra g, A, By, ..., By € g
where B, ..., By are linearly independent, u =
(u1,...,ug) € RY, p € RY and Q is a positive-
definite ¢ x ¢ matrix.

Such an equivalence (between two cost-extended
systems) establishes a one-to-one correspondence be-
tween the associated optimal controlled trajectories.
Likewise, it establishes a one-to-one correspondence
between the associated (normal) extremal curves.
Each cost-extended system can be lifted (via the Pon-
tryagin Maximum Principle) to a quadratic Hamilton-
Poisson system. If two cost-extended systems are
equivalent, then the associated Hamilton-Poisson sys-
tems are linearly equivalent.

A number of illustrative examples, pertaining
to the classification of cost-extended systems and
Hamilton-Poisson systems, are discussed.
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2 Preliminaries

2.1 The Lie-Poisson structure

Let g be a (real) Lie algebra. The dual space g* has
a natural Poisson structure, the (minus) Lie-Poisson
structure (cf. [13]). This structure is given by
{F,G} (p) = —p([dF(p),dG(p)]), p € g*, F,G €
C>(g*). (Here dF(p),dG(p) € g** = g.) The Pois-
son space (g*,{-,-}) is denoted by g*. A function
C € C>™(g*) is a Casimir function if {C,F} = 0
forall F' € C*(g*).

To each function H € C°°(g*), we associate
a Hamiltonian vector field H on g* specified by
H[F] = {H, F}. Two vector fields F' and G (on g*
and h*, respectively) are compatible with a smooth
map ¢ : g* — b* if Tp¢ - F(p) = G(é(p)) for
peg

A linear map ¢ : g* — b* is a linear Poisson
morphism if {F,G} o = {F o,G o} for all
F,G € C*(g*). Linear Poisson morphisms are ex-
actly the dual maps of Lie algebra morphisms.

2.2 Invariant optimal control

Invariant control systems on Lie groups were first con-
sidered in 1972 by Brockett [9] and by Jurdjevic and
Sussmann [12]. A left-invariant control affine system
> is a control system of the form

g=9E(1,u) =g(A+u By + -+ ueBy)

where ¢ € G, u € R
tion map =(1,-)

Here the parametriza-
: RY — g is an injective affine



Recent Researches in Automatic Control, Systems Science and Communications

map. The “product” ¢g=(1,u) is to be understood
as ThLy - Z(1,u), where Ly : G = G, h — gh
is the left translation by g. Note that the dynamics
Z:G x R = TG is invariant under left translations,
ie, Z(g,u) = g=(1,u). We shall denote such a
system by ¥ = (G, E) (cf. [5]).

The image set I' = imZ (1, -), called the trace
of X, is an affine subspace of g. Accordingly, I' =
A+T% = A+ (By,...,B). Asystem X is called
drift-free if A = 0, homogeneous if A € TV, and
inhomogeneous otherwise. Also, 3 is said to have
full rank if its trace generates the whole Lie algebra
(i.e., the smallest Lie algebra containing I" is g).

The admissible controls are piecewise-continuous
maps u(-) : [0,7] — R’ A controlled trajec-
tory is a pair (g(-),u(-)) where g(-) : [0,7] — G
is an absolutely continuous curve such that ¢(t) =
g(t)=(1,u(t)) for almost every t € [0,7]. For
more details about (invariant) control systems see,
e.g., [2, 11,12, 14].

Two systems are detached feedback equivalent
if there exists a “detached” feedback transformation
which transforms the first system to the second (see
[6, 10]). Equivalent control systems have the same
set of trajectories (up to a diffeomorphism in the state
space) which are parametrized differently by admis-
sible controls. More precisely, let ¥ = (G,Z) and
¥ = (G, Z') be left-invariant control affine systems.
Y and Y/ are called detached feedback equivalent
(shortly D F'-equivalent) if there exists a diffeomor-
phism @ : GxXR! — G'xRY, (g,u) — (¢(g), o(u))
such that T,¢ -2 (g,u) = Z' (¢(g), ¢(u)) for g € G
and u € R’. Full-rank systems ¥ and ¥’ are DF-
equivalent if and only if there exists a Lie group iso-
morphism ¢ : G — G’ such that T3¢ -T' =T [6].

Now, consider an optimal control problem given
by the specification of (i) a left-invariant control sys-
tem ¥ = (G, E), (ii) an affine quadratic cost function
x : R® — R, and (iii) boundary data B(go, g1, 7).
consisting of an initial state gy € G, a target state
g1 € G and a fixed terminal time 7" > 0. Ex-
plicitly, we want to minimize the functional J =
fOT x(u(t))dt over the trajectory-control pairs of 3
subject to the boundary conditions (2). To such a
problem, we associate a cost-extended system (3, x)
via the boundary data B(go, g1,7T), and vice-versa.

The Pontryagin Maximum Principle is a neces-
sary condition for optimality. To an optimal control
problem (1)-(2)-(3), we associate, for each real num-
ber A and each control parameter v € R, a Hamil-
tonian function on 7°G = G x g* :

H) (€)= Ax(uw) +p (2(1,u)) .

Here ¢ = (g,p) € T*G. The Maximum Principle can

“)
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then be stated as follows.

Maximum Principle. Suppose the controlled trajec-
tory (g(-),u(-)) defined over the interval [0,T] is a
solution for the optimal control problem (1)-(2)-(3).
Then, there exists a curve £(-) : [0,T] — T*G with
£(t) € T;(t)G, t € [0,T), and a real number X\ < 0,
such that the following conditions hold for almost ev-
ery t €10,T]:

(A, €(1)) # (0,0) (5)
&) = Hy (€(1) (©)
Hé\(t) &) = max H) (£(t)) = constant.  (7)

3 Equivalence

Let (X,x) and (¥',x’) be two cost-extended sys-
tems. (X, x) and (X',x’) are said to be cost equiv-
alent (shortly C'-equivalent) if there exist a Lie group
isomorphism ¢ : G — G’ and an affine isomor-
phism ¢ : RY — R such that Tyo - Z(g,u) =
Z(é(g), p(u)) for g € G, u € R and x' 0 ¢ = ry
for some r > 0.

Remark 1 The “dynamics-preserving” condition is
just that of D F'-equivalence (on full-rank systems).
The “cost-preserving” condition is partially motivated
by the following. Each cost x on R’ induces a strict
partial ordering u < v <= x(u) < x(v). It turns
out that y and Y’ induce the same strict partial or-
dering on R’ if and only if x = ry’ for some 7 > 0.

The following result is easy to prove (cf. [5, 6]).

Proposition 2 (X, x) and (X', X") are C-equivalent
if and only if there exist a Lie group isomorphism ¢ :
G — G and an affine isomorphism o : RY — RY
such that Ty - =(1,u) = Z' (1, p(u)) and x' op =
rx for some r > Q.

Corollary 3 If (X,x) and (X',%x') are
equivalent, then ¥ and Y are D F-equivalent.

C-

Corollary 4 Let ¥ = (G,E) and ¥/ = (G,Z)
be two full-rank systems. If ¥ and X' are DF-
equivalent with respect to a feedback transformation
o, then (3, x o) and (X', x) are C-equivalent for
any cost x.

The cost x of a system may always be trans-
formed into x(u) = w'w by “complicating” the
parametrization map.

Proposition 5 Any cost-extended system (X,x) is

C-equivalent to a system (X',x'), where G' = G,
0 =0T =T, and x'(u) = u'u
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Proof: Let x(u) = (u — pu)' Q(u — u). As Q
is symmetric and positive-definite, there exists (by
Sylvester’s law of inertia) a non-singular real matrix
R such that RTQR = I. Let Y R — RY
wr Ru+pandlet 2 : G xR - TG, Z/'(1,u) =
=(1,¢(u)). Then Tyidg-='(1,u) = Z(1,¢(u)) and
x(o(u)) = u" RTQRu = u"u. The result follows
by proposition 2. g

Let (g(-),u(-)) be a controlled trajectory, de-
fined over an interval [0,77], of a cost-extended sys-
tem (X, x). (g(-),u(:)) is a virtually optimal con-
trolled trajectory (shortly VOCT) if it is a solution for
the associated optimal control problem with bound-
ary data B(g(0),9(T),T). (g(-),u(-)) is a (normal)
extremal controlled trajectory (shortly ECT) if it sat-
isfies the necessary conditions of the Pontryagin Max-
imum Principle (with A < 0). Clearly, any VOCT is
an ECT. A map ¢ X ¢ defining a C'-equivalence be-
tween two cost-extended systems establishes a one-to-
one correspondence between their respective VOCTs
(and ECT5).

Theorem 6 Suppose @ ¢ X @ defines a C-
equivalence between (X,x) and (X',x'). Then
(9(-),u(-)) is a VOCT if and only if (¢og(-), pou(-))
is a VOCT. Likewise, (g(-),u(-)) is an ECT if and
onlyif (¢pog(-),pou(-)) isan ECT.

Proof: Suppose (g(-),u(:)) is a controlled trajec-
tory of (X2,x) and (¢ o g(-), o u(-)) is a VOCT
of (X',x’). Further suppose (g(:),u(:)) is not a
VOCT of (X,x). Then there exists another con-
trolled trajectory (h(-),v(-)) such that h(0) = ¢(0),
hT) = g(T), and J(v(-)) < J(u(-)). Hence (¢ o
h(-), o v(-)) is a controlled trajectory of (X', /).

(p(u(®))dt <
fo )) dt. However, this contradicts the fact
that ((;Sog() goou( )) isa VOCT of (X', x'). Thus if
(pog(-),pou(-)) isa VOCT, thensois (g(-),u(:)).
As &1 = ¢~ x o~ defines a C-equivalence be-
tween (X', x’) and (3, x), the same argument can be
used to show the converse.

Now assume (g(-),u(-)) is a controlled trajec-
tory of ¥ such that (¢ o g(-),» o u(+)) is an ECT
of (X',x’). The Hamiltonian functions (4), associ-
ated to (3, x) and (X', x’), are given by H,(g,p) =
P(E(L,u)) = x(u) and HL (g, p/) = p/(2/(1, ) —
X'(u), respectively (with A = —1). Recall that
E() : t = (g(t),p(t)) is an integral curve of ﬁA()
if and only if ¢(t) = Z(g(t),u(t)) and p(t) =
ad* Z(1,u(t))-p(t) (cf. [11]). Here (ad* A-p)(B) =
p([A, B]) for A,B € g and p € g*. Let () =

It is then easy to show that fOT

dog(-) and /() = poul). As (¢/().u/() is an
ECT, there exists a curve p'(-) : [0,7] — g* such
ISBN: 978-1-61804-103-6
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that ¢'(t) = (¢'(2),
(6), we have ¢'(t )

ad* Z/(1,4/(t)) -

p'(t)) satisfies (6)-(7). Also, by
= "(t),u'(t)) and p'(t) =
(t)

Let p() = 5 (T1¢)* - /() and &(t) =
(g(t),p(t)). (Here r > 0 is the constant specified
by X' o = rx.) We show that £(-) satisfies (6)-
(7). By assumption we have that g(t) = Z(g(t), u(t)).
Thus, to satisfy (6), we are left to show that p(t) =
ad*=(1,u(t)) - p(t). We have (for A € g*)

)
=g

((1)(A) = (T1e)" - §' (1)) (4)
(O (1,4(4)), Trg - A])
0 (O)(T10 - [E(L,u(t)), A))
= (ad"E(1, u(t)) - p(t)) (A).
Next we show that &(-) satisfies (7). Suppose
there exist @ € R’ and ¢ € [0,7] such that
H,5(g9(), p(t)) < Ha(g(t), p(f)). Hence
7 (Tie)™ - p' (1) - E(1, u(®) — x(u(®))
< (Tag)" ¥/ (1) - E(1,a) - x(a).

Using the available identities and simplifying we get
H;/(E) (¥'(£)) < H(0'(£)). However, this contra-
dicts the fact that &'(-) satisfies (7). Consequently, if
(pog(-),pou()) is an ECT, then sois (g(-), u(-)).
Again, the converse may be found by a similar argu-
ment (utilizing o1, O

Let (3,x) and (X,x’) be two cost-extended
systems (with identical dynamics). Let Ty be the
group of feedback transformations leaving 3. invari-
ant. More precisely, Tz = {p € Aff(RY) : F €
dAut (G), v -T' =T, ¢ -Z(1,u) = E(1,¢(u))}.
(Here Aff (RY) is the group of affine isomorphisms of
R’, Aut (G) is the group of Lie group automorphisms
of G, and dAut (G) = {T1¢ : ¢ € Aut(G)}.) The
following result is easy to prove.

Proposition 7 (X, x) and (3, X') are C-equivalent
if and only if there exists an element p € Ty, such
that X' = rx o ¢ for some r > 0.

4 Pontryagin lift

To a cost-extended system (X,y) we associate a
(lifted) Hamilton-Poisson system on g* , via the Pon-
tryagin Maximum Principle (cf. [2, 11, 15]).

Let g be an n-dimensional Lie algebra. Let
(Ei)i<i<n be an ordered basis for g and let
(E})1<i<n be the corresponding dual basis for g*.
For an element A € g, let A denote the correspond-
ing column vector in R™ with respect to (E;)1<i<n.
Similarly, for an element p € g*, let p denote the
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corresponding row vector with respect to (E)i<i<n.
Thus p(A) = P A. Also, for a linear map v : g* —
h* (assuming a basis for b has been fixed) let 12 de-
note the matrix associated with 1/1 (w1th respect to the
corresponding bases), i.e., 1) - b A= Q/JA

A positive-semidefinite quadratic Hamilton-
Poisson system is a pair (g°,Haq), where
Hug(p) = PA+pQp', A € g, and Q is a
positive-semidefinite n X n matrix. Two Hamilton-
Poisson systems (g*,G) and (h*,H) are said to
be linearly equivalent (shortly L-equivalent) if there
exists a linear isomorphism v : g* — §* such that
G and H are compatible with ).

Proposition 8 The following pairs of Hamilton-

Poisson systems (on g*, specified by their Hamilto-

nians) are L-equivalent:

(i) Hag ot and Hag, where ¢ : g* — g* s
a linear Lie-Poisson automorphism (the associated
vector fields are compatible with ) );

(ii) Haq and Hp g, where v > 0 (the associated
vector fields are compatible with the dilation 4y, :

prip);

(iii) Hag and Ha g+ f(C), where C' is a Casimir
function and f € C*(R) (the associated vector
fields are compatible with the identity map).

Let (X,x) be a cost-extended system with
parametrization map =(1,u) = A+ w1 By + -+ +
ugBy and cost x(u) = (u — p)"Q(u — u). An ap-
plication of the Pontryagin Maximum Principle yields
the following result.

Theorem 9 Any ECT (g(-),u(-)) of (£, x) is given

—T
by §(t) = E(g(t),u(t)), u(t) = Q" BT p(t) .
Here B = {B\l B\g:| is a n x ¢ matrix and
p(-) : [0,T] — g* is an integral curve for the

Hamilton-Poisson system on g* specified by

Hp)=p(A+Bum+3pBQ'B 5. @
Proof: The Hamiltonian (4), with A\ = —%, is given
by Hu(p) = pA+DBu—§(u—p)" Q(u— p).

Now, 2u(p) = pB — (u — )" Q. By applying the

maximum condition (7), we get u' =pBQ ' +pu'.
Hence the maximized Hamiltonian is given by

Hp)=pA+pB(Q 'B'p +p)
~3PBQ'QQ BT’
=p(A+Bp)+3pBQ 'BTp.
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The conditions (6) and (7) then yield the result. O

Accordingly, the study of ECTs of a cost-
extended system may effectively be reduced to the
study of the associated Hamilton-Poisson system (8).

Theorem 10 If two cost-extended systems are C-
equivalent, then their associated Hamilton-Poisson
systems, given by (8), are L-equivalent.

Proof: Let (X, x) and (X, x/
tems with parametrization maps given by Z(1,u) =

A+ Bu and T'(1,u/) = A+ B, respectively.
The associated Hamilton-Poisson systems on g* and

(¢/)%, are given by H(y,\(p) = P (j_i_ Bu) +

) be cost-extended sys-

1 7B QlBT TandH(E, @) = (A +
B i)+ 3$pB (Q)! (B)' pT, respectively. Sup-
pose ¢ X ¢, o(u) = Ru + pg, R € R’ defines

a C-equivalence between (X, y) and (X', x’). Here
X o ¢ = ry for some r > 0. A simple calculation
yields

Tip- A=A +B oy Ru+po=p
Ti¢-B=BR RQ'RT =1(@)™".
Hence (Hs,) o (T19)")(p) = b (A" + B'p') +

=P B/ (Q)"' BT pT. Thus the vector fields asso-
ciated with Hsy,n and Hx y o (T1¢)", respec-
tively, are compatible with the dilation §,. (by propo-
sition 8). Moreover, the vector fields associated with
H(s ) o (T1¢)* and H(x ), respectively, are com-
patible with the linear Poisson isomorphism (73¢)*
(again by proposition 8). Consequently (71 ¢)* de-
fines a L-equivalence between ((g')*, H(sy,)) and
(9*7 H(E,X))' o

S Examples

The Euclidean group SE (2), the Heisenberg group
Hs, and the rotation group SO (3) are (real) con-
nected matrix Lie groups. The respective standard
bases for their Lie algebras have commutator relations

’ H se(2) | b3 |5o(3) ‘
[Es, E3] Ey | By Ey
[Es, E1] FEs 0 Ey
[E1, Es] 0 0 E3

Let (EY, E5,E3) denote the respective dual bases.
Anelement p = p1 E] + p2 T + p3E5 will be writ-
ten as p = [pl P2 pg]. The equations of mo-
tion of a Hamiltonian H (on each of the respective
associated Lie-Poisson spaces) takes the form p; =
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Example 11 Any full-rank two-input drift-free cost-
extended system (3,x) with homogeneous cost on
SE(2) (ie, Z(1,u) = wB; + ugBy and x =
u' Qu)is C-equivalent to (X1, x1), where

E1(1,u) = ur By +us B3, x1(u) = u? +ul.

The associated Hamilton-Poisson system on se (2)*
is given by Hi(p) = 3 (p3 + p3)-

The system > is D F'-equivalent to the system
Y1 = (SE(2),Z1) (cf. [8]). Moreover, the feed-
back transformation ¢ for this equivalence is linear.
Thus, by corollary 4, (X,x) is C-equivalent to a
cost-extended system (X1,x’) for some X' : u
u' Q' u.

The group of Lie algebra automorphisms
Aut (se (2)) is given by

iy s; :j} x,y,v,w € R, ¢ =+£1
- 2 2
0 0 x*+y* #0

It turns out that Aut (se(2)) = dAut(SE(2)). We
now calculate the group 7y, of feedback transforma-
tions leaving X; invariant. Let ¢ € dAut(SE(2))
such that ¢ - I'y = I'y. Then v - (E9, FE3) =
(E9,E3) and so y = v = 0. Now suppose ¢ :
[ul] — {al GQ] [ul] + [Cl] is a feedback trans-
ug bi bz [u2 C2

formation such that ¢ - Z1(1,u) = Z1(1, p(u)), i.e.,
(cxu1+wU2)E2—|—(§u2)E3 = (a1u1—|—a2u2+cl)Eg—|—
(biug +bous+c2) E'3. By equating the coefficients (of
E5 and Ej3, and then of u; and ug) we get that Ty,
is (a group of linear isomorphisms) given by

{uH[gg ?}u:x#O,weR,g:il}.
ai

1 2%

!/ a
Let Q' = [b [0 11] €
Ts, and (X 0 ¢1)(u) = u' diag (a1, az — %) u. Let

2—? and let o = diag(\/%, 1) € Ts,.
Then (X' © (1 0 ¢2))(u) = dhu’ u = ajxa(u).
Consequently, by theorem 7, (3, x) is C-equivalent
to (X1, x1)-

Similarly, we have the following classification of
a class of controllable cost-extended systems on Hs.
Any system on Hg withtrace I' = A+ (By,..., By)
is controllable if and only if B, ..., B, generates b3

([15D.

Example 12 (cf. [7]) Any controllable two-input in-
homogeneous cost-extended system on Hs is C-
equivalent to exactly one of the cost-extended systems

b
. N =
a2] oW ¥1

ah = ag —
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(X1, X1,a), where

51(1, u) =F1+ui By +usEs
X1a(u) = (w1 — a)® +u3.
>

Here « 0 parametrizes a family of (non-
equivalent) class representatives. The associated
Hamilton-Poisson systems on (h3)* are given by

Hio(p) =p1+ap2+ 3 (p§ +pd).

Remark 13 The Hamilton-Poisson system specified
by Hialp) = p1 + aps + 3 (p3+p3) is L-
equivalent to a system specified by Ha(p) = p3 + p3
or Hs(p) = p2 + p% + pg. In particular, this shows
that the converse of theorem 10 does not hold.

Various classes of quadratic Hamilton-Poisson
systems have been studied in the last few years (see,
e.g., [3,4, 16, 1]). We discuss L-equivalence on some
classes of Hamilton-Poisson systems.

Example 14 Any homogeneous Hamilton-Poisson
system ((b3)*,Hq) is L-equivalent to one of the
Hamilton-Poisson systems on (h3)* specified by

Ho(p) = 0, Hi(p) = p3, and Hs(p) = p3 + p3.

The group of linear Poisson automorphisms of (h3)*
is given by

= z,y, 2 € R?
b Yize #F Y221 [

Note that C(p) = p; is a Casimir function.
Let Hg(p) =pQp', where

0 Y1 Yo
0 Z1 Z92

Y1z2 — Y221 T1 $2]

aq b1 b2
Q= |b1 ay b3
by b3 as

Suppose a3 = 0. The 2 x 2 principle minors of
Q@ are then ajay — b%, —b%, and —bg. As @ is
positive-semidefinite, the principle minors are non-
negative. Thus bs = b3 = 0. Assume ag = 0. Then
b1 = 0 and so Hg(p) = a1p? = a1C(p)?. There-
fore the system specified by H¢g is L-equivalent to
the one specified by Hy. Now suppose az # 0. Then

Py i p = ply,

1
“ve 00 —g 0
U, =] 0 1l o 1 o0
0 - o|l]lo o 1

Jaz

is a linear Poisson automorphism such that (Hg o
12

1) (p) = (2% C(p)2+p2. Thus the system spec-

az

ified by Hg is L-equivalent to the one specified by
H, (by proposition 8).
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Suppose a3 # 0. Then

_ b2
as
_ b3
a3

1 0
Yo iprrpUy, Wy= [0 1
0 0 1

is a linear Poisson automorphism such that

b3 )
ay — 2 b1—b%% 0 .
(Hgoto)(p) =p bl—% -2 0[P -
0 0 as

Similar computations show that the system specified
by Hg is L-equivalent to one specified by H; or
Hs.

Likewise, we have the following results for
quadratic Hamilton-Poisson systems on se (2)* and
50 (3)%.

Example 15 (cf. [1]) Any homogeneous Hamilton-
Poisson system (se (2)*, Hg) is L-equivalent to one
of the Hamilton-Poisson systems on se (2)* specified
by Ho(p) =0 Hi(p) = p5, Haz(p) = p3, and
H3(p) = p; + 3.

Example 16 Any homogeneous Hamilton-Poisson
system (so(3)*,Hq) is L-equivalent to one of the
Hamilton-Poisson systems on so0(3)* specified by
Hy(p) = 0 and Hi4(p) = p; + aps. Here 0 <
a < 1 parametrizes a family of distinct equivalence
representatives.

Remark 17 In the three foregoing examples one
would need to verify that no two of the equivalence
representatives are L-equivalent in order to obtain a
classification.

A number of quadratic Hamilton-Poisson systems
on three-dimensional Lie-Poisson spaces have been
shown to be L-equivalent to the relaxed free rigid
body dynamics (see [16])

p1 = (V3 — v2)paps3
P2 = (V1 — v3)p1p3
p3 = (V2 — v1)p1p2

pE Rg, vi,l9,v3 € R,

These dynamics correspond to a Hamilton-Poisson
system (so0 (3)*, H,), where H,(p) = v1p? +vop3+
1/3])?)). We may assume that v, 15,73 > 0 (by adding
a constant multiple of the Casimir function C(p) =
p? + p3 + p?). Then (so (3)*, H,) is L-equivalent to
one of the above specified Hamilton-Poisson systems
on s0(3)*.

ISBN: 978-1-61804-103-6

65

References:

[1] RM. Adams, R. Biggs and C.C. Rems-
ing, Quadratic Hamilton-Poisson Systems on
se (2)*, submitted.

A.A. Agrachev and Y.L. Sachkov, Control The-

ory from the Geometric Viewpoint, Springer-
Verlag, 2004.

A. Aron, C. Dianiasa and M. Puta, Quadratic
and homogeneous Hamilton-Poisson system on
s0(3)*, Int. J. Geom. Methods Mod. Phys.
4(7)(2007), 1173-1186.

A. Aron, M. Craioveanu, C. Pop and M. Puta,
Quadratic and homogeneous Hamilton-Poisson
systems on A3g ., Balkan J. Geom. Appl.
15(1)(2010), 1-7.

R. Biggs and C.C. Remsing, A category of con-
trol systems, An. St. Univ. Ovidius Constanta, in
press.

[6] R. Biggs and C.C. Remsing, On the equivalence
of control systems on Lie groups, submitted.

(2]

(3]

[4]

[5]

[7] R. Biggs and C.C. Remsing, Control affine sys-
tems on solvable three-dimensional Lie groups,
I, submitted.

[8] R. Biggs and C.C. Remsing, Control affine sys-
tems on solvable three-dimensional Lie groups,
II, submitted.

[91 R.W. Brockett, System theory on group man-

ifolds and coset spaces, SIAM J. Control

10(2)(1972), 265-284.

B. Jakubczyk, Equivalence and Invariants of

Nonlinear Control Systems, in Nonlinear Con-

trollability and Optimal Control (H.J. Sussmann,

ed.), M. Dekker, New York, 1990, pp. 177-218.

V. Jurdjevic, Geometric Control Theory, Cam-

bridge University Press, 1997.

V. Jurdjevic and H.J. Sussmann, Control systems

on Lie groups, J. Diff. Equations 12(1972), 313-

329.

P. Libermann and C-M. Marle, Symplectic

Geometry and Analytical Mechanics, Kluwer,

1987.

C.C. Remsing, Optimal control and Hamilton-
Poisson formalism, Int. J. Pure Appl. Math.
59(1)(2010), 11-17.

Y.L. Sachkov, Control theory on Lie groups, J.
Math. Sci. 156(3)(2009), 381-439.

[16] R.M. Tudoran, The free rigid body dynamics:
generalized versus classic, preprint.

[10]

[11]

[12]

[13]

[14]

[15]





