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Abstract: Here we present a performance evaluation of three versions of a primal-dual interior point filter line
search method for nonlinear programming. Each entry in the filter relies on three components, the feasibility,
centrality and optimality, that are present in the first-order optimality conditions. The versions differ in a set of
acceptance conditions that are used to consider a trial iterate to be acceptable to the filter. Performance profiles
are used to compare the obtained numerical results in terms of the number of iterations and the number of the

optimality measure evaluations.
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1 Introduction

The filter technique of Fletcher and Leyffer [4] is used
to globalize the primal-dual interior point method for
solving a nonlinear constrained optimization problem.
This technique incorporates the concept of nondomi-
nance to build a filter that is able to reject poor trial
iterates and enforce global convergence from arbitrary
starting points. The filter replaces the use of merit
functions, avoiding therefore the update of penalty pa-
rameters that are associated with the penalization of
the constraints in merit functions.

The filter technique has already been adapted to
interior point methods. For example, Ulbrich, Ulbrich
and Vicente in [9] define two components for each en-
try in the filter and use a trust-region strategy. The
two components combine the three criteria of the first-
order optimality conditions: the first component is a
measure of quasi-centrality and the second is an opti-
mality measure combining complementarity and criti-
cality. Global convergence to first-order critical points
is also proved. The filter methods in [1, 11, 12, 13]
rely on a line search strategy and define two compo-
nents for each entry in the filter: the barrier objective
function and the constraints violation. The global con-
vergence is analyzed in [11].

The algorithm herein presented is a primal-dual
interior point method with a line search approach but
considers three components for each entry in the filter.
Primal-dual interior point methods seem adequate to
the filter implementation as the feasibility, centrality
and optimality measures in the first-order optimality

conditions are natural candidates to the components
of the filter. The algorithm also incorporates a restora-
tion phase that aims to improve either feasibility or
centrality. In this paper, a performance evaluation is
also carried out using a benchmarking tool, known as
performance profiles [3], to compare three sets of con-
current trial iterate acceptance conditions.

The paper is organized as follows. Section 2
briefly describes the interior point method and Sec-
tion 3 is devoted to introduce the filter line search
method, including the three sets of acceptance con-
ditions under study. Section 4 describes the numerical
experiments that were carried out in order to define
the performance profiles, and the conclusions make
Section 5.

2 The interior point method

For easy of presentation, we consider the formulation
of a constrained nonlinear optimization problem as
follows:

mingegn F(x) o
s.t. h(z) >0
where h; : R — Rfori=1,...,mand F : R" —
R are nonlinear and twice continuously differentiable
functions.

The primal-dual interior point method for solving
(1) uses nonnegative slack variables w, to transform



(1) into

1> Tog(w)

=1

mianR",wERm Wﬂ(xﬂu) = F(J:‘)

s.t. h(z) —w =0,

2
where ¢, (x, w) is the barrier function and y is a posi-
tive barrier parameter. The first-order KKT conditions
for a minimum of (2) define a nonlinear system of n +
2m equations in n + 2m unknowns

VE(x)— ATy =0
—uWle4y=0 3)
h(z) —w =0

where VF' is the gradient vector of F, A is the Ja-
cobian matrix of the constraints h, y is the vector of
dual variables, W = diag(w;) is a diagonal matrix,
and e is a m vector of all ones. Applying the New-
ton’s method to solve (3), the following reduced KKT
system

e o N[5 [2] o

Aw = p~ W2 (y, — Ay), )

are obtained to compute the search directions
Az, Aw, Ay, where

and

H(z,y) = V*F (x

Z yi V2 hi(

is the Hessian matrix of the Lagrangian function and

o =VF()— ATy, 7=p+p W2y,
’yw :/,LW_le—y, p:w—h(aj)

Once the search directions have been determined,
the algorithm proceeds iteratively from an initial point
xg, wo > 0, yg > 0 choosing a step length «y, at each
iteration, and defining a new estimate to the optimal
solution by

Tra1 = Tk + apAxy
Wit1 = Wi + apAwy,
Yk+1 = Yk + e Ayg.

The step length ay, is chosen to ensure the nonnega-
tivity of slack and dual variables. In the algorithm, the
procedure that decides which trial step size is accepted
is a filter line search method.

Our algorithm is a quasi-Newton based method
in the sense that a symmetric positive definite quasi-
Newton BFGS approximation, By, is used to approxi-
mate the Hessian of the Lagrangian H, at each itera-
tion k [7].

6th WSEAS International Conference on SYSTEM SCIENCE and SIMULATION in ENGINEERING, Venice, ltaly, November 21-23, 2007 19

To compute p at each iteration, a fraction of the
average complementarity

u:%%% 6)

is used, where §, € [0,1). We refer to [8, 10] for
details.

3 Filter line search method

To simplify the notation, we introduce the vectors:

u=(z,w,y), A=(Az,Aw,Ay),
ul = (z,w), Al=(Az,Aw),
u’ = (w,y), A= (Aw,Ay),
ud = (z,y), A3 =(Az,Ay).

The methodology of a filter as outline in [4] is
adapted to this interior point method. Three compo-
nents for each entry in the filter are defined. The first
component measures feasibility, the second measures
centrality and the third optimality. Based on the opti-
mality conditions (3) the following measures are used:

Lo
05(u') = llplla» Oc(w?) = l1lla - Oop(u?) = 5 lloll;
After a search direction A has been computed,
a backtracking line search procedure is implemented,
where a decreasing sequence of step sizes

ag; € (0,00™],1=0,1, ...,

with lim; ay; = 0, is tried until a set of acceptance
conditions are satisfied. Here, [ denotes the iteration
counter for the inner loop. «;'** is the longest step
size that can be taken along the direction before vio-
lating the nonnegativity conditions u > 0. Assuming
that the starting point ug satisfies Uo > (, the maximal
step size o ** € (0, 1] is defined by

> (1—e)up}
%

2™ = max{a € (0,1] : uj + aA}

for a fixed parameter € € (0,1).

In the initial version of the algorithm, the trial
point ug (o) = ug + a1 Ay is acceptable by the fil-
ter, if it leads to sufficient progress in one of the three
measures compared to the current iterate,

>

rlug(an)) < (1—n,) Of(up) or
Oc(uz () < (1—16,) Oc(uf) or (8)

(
Oop( 2 ag)) < tgop(uk) 7909f(ullg)

where ¥g,, 4., 70, € (0, 1) are fixed constants.



However, to prevent convergence to a feasible but
nonoptimal point, and whenever for the trial step size
ay, 1, the following switching conditions

mk(ak,l) < 0 and
[—mk(ak,l)]‘% [ahl]l—so >0 [Qf(ullf)]sf and
(= ()] [ana) =% > 6 [0e(u})] ™
&)
hold, with fixed constants 6 > 0, sy > 1,5, > 1,
So > 1, where

my(a) = aV@op(uz)TA?’,
then the trial point must satisfy the Armijo condition

Oop(ud (rg)) < Oop(ud) + momi(any),  (10)

instead of (8) to be acceptable. Here, 1, € (0,0.5) is
a constant.

According to previous publications on filter me-
thods (for example [11]), a trial step size v is called
a 0,),-step if (10) holds. Similarly, if a 6,,-step is ac-
cepted as the final step size oy, in iteration k, then k is
referred to as a 0,,-type iteration.

In order to prevent cycling between iterates that
improve either the feasibility, or the centrality, or the
optimality, at each iteration k, the algorithm main-
tains a filter that is a set F;, that contains values of
0, 0. and 0,,,, that are prohibited for a successful trial
point in iteration & [9, 11, 12, 13]. Thus, a trial point
ug(ay ) is acceptable, if

(0 (ug(ok)), Oc (Ui (), Oop(ui (any))) ¢ F.
The filter is initialized to

FoC {(07,0000p) € R®: 0 > 07,
Oc > 027, 00p > 055 1

11

for some positive constants 6, 07** and 0;,, and
is updated using the formula

Frp1=FrU{(0f,0c,00) € R?:
9f > (1 — "ygf) Hf(ui) and 6, > (1 — ’)/gc) Gc(u%)
and HOP > 90}’(“%) - 7909feas(ullc)}

(12)
after every iteration in which the accepted trial step
size satisfies (8). On the other hand, if (9) and (10)
hold for the accepted step size, the filter remains un-
changed.

Whenever the backtracking line search finds a
trial step size «; that is smaller than a minimum de-
sired step size aznm (see [2] for details), the algorithm
reverts to a restoration phase. Here, the algorithm tries
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to find a new iterate uy4; that is acceptable to the cur-
rent filter, i.e., condition (8) holds, by decreasing ei-
ther the feasibility or the centrality.

Our interior point filter line search algorithm for
solving constrained optimization problems is as fol-
lows:

Algorithm 1 (interior point filter line search algo-
rithm)

1. Given: Starting point x, u% > 0, constants
0P € (Bp(up),00); 62 € (fe(up), o0l
0(1’)1;93.}{ € (Qop(ug),oo]; V055 V0es V0, € (071);
>0, s >1;5.> 15, > 1, m, € (0,0.5];
et K 1,6 €(0,1); 6, € [0,1).

2. Initialize. Initialize the filter (using (11)) and the
iteration counter k < 0.

3. Check convergence. Stop if the relative measures
of primal and dual infeasibility are less or equal
1o €40l

4. Compute search direction. Compute the search
direction Ay, from the linear system (4), and (5).

5. Backtracking line search.

5.1 Initialize line search. Compute the longest
step length o using (7) to ensure posi-
tivity of slack and dual variables. Set
gy = o, [ 0.

5.2 Compute new trial point. If the trial step
size becomes too small, i.e., oy < alknin,
go to restoration phase in step 9. Other-
wise, compute the trial point uy (o, ;) and

recalculate 1 using (6).
5.3 Check acceptability to the filter. If
(0r (ug(arp)), Oc(ui (o)), Oop(up (ar,)))

€ F}, reject the trial step size and go to
step 5.6.

5.4 Check sufficient decrease with respect to
current iterate. If oy, is an 0,,-step size
((9) holds) and the Armijo condition (10)
for the 0, function holds, accept the trial
step and go to step 6.

5.5 Check sufficient decrease with respect to
current iterate. If (8) holds, accept the trial

step and go to step 6. Otherwise go to step
5.6.

5.6 Choose new trial step size. Set vy 41 =
ag/2, 1 — 141, and go back to step 5.2.

6. Accept trial point. Set ay, «— oy and g4y
ug (o).



7. Augment the filter if necessary. If k is not an
Oop-type iteration, augment the filter using (12).
Otherwise, leave the filter unchanged.

8. Continue with next iteration. Increase the itera-
tion counter k «— k + 1 and go back to step 3.

9. Restoration phase. Use a restoration algorithm
to produce a point uy that is acceptable to the
Jﬂter’ Le., (af(ullcﬂ)a Gc(uiﬂ), 0op(“z+1)) ¢
F'i.. Augment the filter using (12) and continue
with the regular iteration in step 8.

3.1 Restoration phase

The task of the restoration phase is to compute a new
iterate acceptable to the filter by decreasing either
the feasibility or the centrality, whenever the regular
backtracking line search procedure cannot make suf-
ficient progress and the step size becomes too small.
Thus, new functions are introduced

07 01) = 3 1ol 02.(0) = 3 Il

The restoration algorithm works with the steps
A' and A?, computed from (4) and (5), that are
descent directions for 6 s(u') and 65 .(u?), respec-
tively.

A sufficient reduction in one of the measures
62,5 and 03 . is required for a trial step size to be
acceptable. Additionally, we also ensure that the
value of the optimality measure at the new trial point,
Oop (U3 (1)), does not deviate too much from the
current value, Hop(u%). The reader is referred to [2]
for details.

3.2 Acceptance conditions

The acceptance condition (8) is a natural extension of
the condition in [4], in the sense that a sufficient re-
duction in just one component of the filter is imposed
for a trial iterate to be acceptable.

Here, we propose two other sets of acceptance
conditions. They are overall more restrictive than
the original (8) since sufficient progress is required
in some cases in two components. Based on perfor-
mance profiles, a comparative study is also carried out
to evaluate the efficiency of these versions of the filter
line search method. This is the main contribution of
the paper.

The first set considers the trial point uy(oy ) to
be acceptable if it leads to sufficient progress either in
both the feasibility and centrality measures or in the

6th WSEAS International Conference on SYSTEM SCIENCE and SIMULATION in ENGINEERING, Venice, Italy, November 21-23, 2007 21

optimality measure, i.e., if

(07 (up(ary)) < (1 - Yo, ) 0f(uy;) and
Oc(ui (o) < (1 —m)ec( ) (13)
or Gop(ud (1)) < Oop(uid) — 70,07 (ug)

holds. Thus, a new version of the Algorithm 1 is de-
fined with condition (8) replaced by (13).

The other set of conditions is still more restric-
tive and accepts a trial iterate if sufficient progress is
obtained in any two of the three proposed measures
compared to the current iterate,

(05 (up(omg)) < (1 —6,) 0f(uy) and
Oc(uj(ar)) < (1= 1p,) 0c(up))

(07 (up(ar)) < (1 —70,) 0f(uz) and
Do) < Oop(esd) =0, 05(u)) Y
(Oc(up(an)) < (1 —70.) fc(uf) and

Oop(uf (k1)) < Oop(uiy) — V0,07 (uy)) -

In this version of the interior point filter line search
method, condition (14) replaces (8). The original and
these two new versions of the Algorithm 1 are tested
with a well-known set of problems and compared us-
ing the performance profiles.

4 Numerical results

To analyze the performance of the three proposed ver-
sions of the interior point filter line search method
we used 111 constrained problems from the Hock and
Schittkowski test set [6]. The tests were done in dou-
ble precision arithmetic with a Pentium 4.

The algorithm is coded in the C programming lan-
guage and includes an interface to AMPL to read the
problems that are coded in the AMPL modeling lan-
guage [5].

The chosen values for the constants are: 9?3’( =
10* max {1,607 (up) } , 02 = 10*max {1,0.(ud)} ,
O™ = 104 max{l,@op(u%)} L0, = Vo = Vo, =
105,68 =1, s = 1.1, 8 = 1.1, 5, = 2.3, n, =
1074, g4y = 1074, 6, = 0.1 and € = 0.95.

Four experiments were carried out with each pro-
posed version. First, with the initial approximation
xq given in [6], the algorithm recomputes a better ap-
proximation, say T, as well as yg, by solving a sim-
plified reduced KKT (see (4)). Then, in the first ex-
perience, the initial matrix By is a positive definite
modification of V2F (Z() and in the second experi-
ence, By is set to the identity matrix.

The remaining two experiments consider differ-
ent initial primal and dual variables. They use the
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Figure 1: Performance profiles in a logy scale: num-
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Figure 2: Performance profiles in a logo scale: num-
ber of optimality measure evaluations

given zg and set yp = 1. The third experience sets
By ~ V?2F (zg), with guaranteed positive definite-
ness, and the fourth uses By = I.

For each version, we combine the results of the
four experiments and select the best result for each
problem. Then, we record the following performance
metrics: number of iterations and number of 0, eval-
uations.

To evaluate and compare the performance of the
three proposed versions for the interior point filter line
search method we use the performance profiles as out-
line in [3]. These profiles represent the cumulative
distribution function for the performance ratio based
on a chosen metric. A brief explanation follows.

Let P be the set of problems and C the set of codes
used in the comparative study. Let ¢, . be the perfor-

mance metric (for example, the number of iterations)
required to solve problem p by code c. Then, the com-
parison is based on the performance ratios

tpe
Tpe = : ,pEP,cel
PC min{t,.,c € C} b

and the overall assessment of the performance of a
particular code c is given by

1
pe(T) = n—size{p € P :logy(rpe) <1}
P

where np is the number of problems in the set P.
Here, we use a log, scaled of the performance pro-
files. "size" is the number of problems in the set such
that the log, of the performance ratio 7, . is less than
or equal to 7 for code c. Thus, p.(7) gives the proba-
bility (for code ¢ € C) that the log, of the performance
ratio 7, . is within a factor 7 € R of the best possible
ratio. The function p. is the cumulative distribution
function for the performance ratio.

To simplify the notation we denote the three
tested versions by:

filter-1 (filter method based on original con-
dition (8);

filter-2 (filter method based on the accep-
tance condition (13));

filter-3 (filter based on the acceptance con-
dition (14)).

Figure 1 shows the performance profiles for the
number of iterations required to solve the problems,
considering the convergence criteria of Algorithm 1,
of the three versions. The figure gives a clear indica-
tion of the relative performance of each code/version.

The value of p(7) for 7 ~ 0 gives the probability
that the code will win over the others in the set. How-
ever, for large values of 7, the p(7) measures the code
robustness. The code with largest p(7) is the one that
solves more problems in the set P.

We observe from Figure 1 that on this test set
the performance profile for code £ilter—1 (origi-
nal version) lies above the other two. By examining
p at the left side of the plot, one may conclude that
filter-1 is the most efficient, in terms of number
of iterations, on almost 83% of the problems. Ob-
serving the other end of the plot, we conclude that
filter-1 solves most problems to optimality (ap-
proximately 93%). Figure 1 also shows that each of
the codes fails on at least 7% of the problems.

Figure 2 shows the performance profiles for the
number of ¢,, evaluations. Similar conclusions can
be drawn from these profiles.



5 Conclusions

A primal-dual interior point method based on a filter
line search approach is presented. The new approach
defines three components for each entry in the filter:
the feasibility, centrality and optimality. We propose
three different versions for some of the acceptance
conditions for a trial iterate to be acceptable to the fil-
ter.

The versions are tested with a set of well-known
problems and compared using a benchmarking tool
with performance profiles. The used metrics were
the number of iterations and the number of optima-
lity measure evaluations. The numerical results show
that the original filter line search algorithm, based on
condition (8), is superior in terms of efficiency to the
other versions.

Thus, using more restrictive conditions to con-
sider a trial iterate to be acceptable to the filter than
condition (8), does not seem to be effective as far as
iteration and 6, counts are considered. We note that
the performance profiles reflect only the performance
of the tested codes on the data being used, so other test
sets with larger and/or more difficult problems should
be tested.
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