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Abstract: The purpose of this study isto apply an integrated algorithm for knowledge structure analysis. The
integrated agorithm includes Item Response Theory (IRT) and Fuzzy Structural Modeling (FSM). The
authors use the psychometric model IRT for calculation the ability of task-takers. Based on original response
data and item-concept matrix, the individualized fuzzy subordinate matrix is acquired. FSM is applied in the
fuzzy subordinate matrix so that individualized knowledge structures is depicted by the hierarchical graphs.
According to the empirical data analysis of mathematics test, it shows that the integrated algorithm is an
effective methodol ogy for knowledge analysis and cognition diagnosis.
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1 Introduction

Knowledge representation is one purpose of
psychometric research field. It had been discussed
abundantly in recent years [13] [15]. Whether it’s
an expert system or a computer vision system, all
are currently experimenting with knowledge-base
approaches [1]. One way of knowledge
representation is to display knowledge structures
by visual system, such as hierarchical graphs [5]
[9]. Therefore, the knowledge structure anaysis
is a complexity system methodology [8] [14] [18].
Among the complexity system analysis,
Interpretive Structural Modeling(ISM) developed
on the basis of graph theory is considered as an
effective way to construct structural models of
complex systems [2] [5]. However, the constraint
of binary relation among elements decreased the
application [3] [19]. The binary relation among
elements can not indicate the rea situation in

system [7].

Fuzzy Structural Modeling (FSM) was
proposed by Tazaki and Amagasa [3]. FSM can
organize hierarchy for severa complex problems.
FSM is based on fuzzy sets theory and it could
replace the binary relation among elements in
complex system with fuzzy relations. As for
overview on the related research FSM, FSM could
be applied to solve complex problemsin systems of
varied fields [3] [19] . However, little is known
about its application on education measurement
and psychometrics [6] [17]. On the other hand,
knowledge structures vary with persona
knowledge storage and usage [11]. Therefore,
individualized knowledge structure anaysis is an
important psychometric methodology [16].

In this study, the authors will apply the Item
Response Theory (IRT) for data analysis so that
individualized ability and item-concept attribute
matrix could congtitute individuaized fuzzy
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subordinate matrix. Therefore, the authors could
use FSM to analyze the hierarchical knowledge
structure of each task-taker.

The authors provide the empirica data
analysis of Equality Axiom Concept Test. The
authors implement FSM software and analyze the
results and IRT analysis [4]. Consequently, the
structural graph is made and the hierarchical
features are discussed for cognition diagnosis.

2 Theoretical Background

2.1 Generating Fuzzy Subordinate Matrix

For atest which measures several concepts, we can
get the information about item response probability
and correct probability on concepts given ability of
task-takers. Suppose M (m=12,---,M ) express
the number of items in a test which measures L
( 1=12,---,L ) concepts. Besdes, there are
K task-takers (k=1,2,---,K) who take this test.
The item-concept matrix is denoted by
A=(@n)vx - @uy =1 means item m exactly
measures concept | ; otherwise a,, =0 means
item m could not measure concept | . Let

M
SA=(D_an )1 =(ay)s. be amatrix and represent
m=1

the number concepts in which each item measures.
With response data matrix X = (X,,)n.m and

under two-parameter logistic IRT model analysis,
the ability of task-taker kis 6, and his correct

response onitem m is

Pm(ek)zm 1)

Where «, means item discrimination
parameter and B is the item difficulty
parameter [10]. Then the degree of master on

each concept for task-taker k could be denoted as
following matrix [4] [6]

MAG) = (Po0 )l 3 Tt
=[mey (6, )]
Let ¢, =ma(0,) and o; =1-ma;(6,), with

the definition of fuzzy logic model of perception [2]
[12], then B, (6,) represents the probability for

concept i being precondition of concept j and
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(oo}
co; +(1-¢)(-o0;)
ma; (9, )[1—maj (6, )]
ma; (6,)[1—ma; (0,)] +[1—ma; (6, )Ima, (6,)
We get the fuzzy subordination matrix
D(0,)=[R;(6)].. on al L concepts for

task-taker k. This matrix is the original data
matrix for FSM.

Pij (Gk) =

©)

2.2 Algorithm of Fuzzy Structure M odeling

2.2.1 Basic Definition

Before the procedure of structural modeling
algorithm, some properties with respect to fuzzy
subsets and fuzzy relations are shown as
mathematical preliminaries[3].

The fuzzy complement of A, denoted by A,
is characterized by the following relation

pg = (L= pa) [+ Aptp) (4)

Where a parameter A is a red number in
—l<A<w.

A fuzzy binary relation and its complement in a
direct product spaceof S and S arerespectively

characterizedby f, and f_ asfollows
fr:SxS—[0,1]
fe:SxS—[0,1]
Wheretherelationof f; and f. isgivenby
1- fr(s,s;
_ (- fa(s) ©
1+ A fr(s.8)))
The fuzzy semi-transtive law plays an

important role on the process of FSM. The
definition isasfollows

Let  my =vi(fr(s.5)Afr(s;,s))=p
for v(s,s;).(s;,s)eSxS(i# j=#Kk) When
fr(s,s)=2m, for any (s,s,) exists, the
relation is called fuzzy semi-transitive.

Let A beafuzzy subordination matrix among
the dlementsof Swhere S=1{s,s,,"--,s,} and

AzlaijJ' i,j=12--,n 0
Where A is a sguare nxn matrix and the
element a; of A is given by the fuzzy binary

©)

f=(s,s))

relation f, asfollows
a; = fr(s,s;)) 0<ag; <1 i,j=12---,n (8
g; displays the grade of which s is
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subordinate to s;. We set one parameter p as a

threshold by which we can determine whether S
is subordinate to s; or not. When the grade of
subordination is greater than p , s is
subordinateto s .

When the fuzzy semi-transitive law is satisfied
in a fuzzy subordination matrix, A is called a
fuzzy semi-reachability matrix.

2.2.2 Process of Sructural Modeling
The procedure of structura modeling algorithm is
given by the following steps.

Sep 1
Give a fuzzy subordination matrix A=|a; |

and let the fuzzy semi-reachability matrix A’
satisfying the fuzzy semi-transitive law from A.

Sep 2

Let S={s,S,,--,S,} isdividedinto level sets,
which consists of a top level set L(s), an
intermediate level set L, (s), a bottom level set
L,(s) and an isolation level set L (s) . The
definitions are defined as follows:

L(s)= {3 j\ilaij <ps j\flaji} )
L (s) ={sj k\ilakj >p, k\ilajk > p} (10)
L, (s) Z{S ].\:/laji <ps j\ilau} (11)
Lis(s) ={sj k\ilakj <p, |<Z1ajk < p} (12

We identify the level sets L, (S),L,(S)
andL(s) on the basis of A'. Further, determine
the subordination relation sets B(s) between
L(s) and L,(s) (s €L,(s) and the block sets
1Q,}. B(s) isasubsetof L(s) and

B(S)= {58 2 .5 eLy(9) 5, e L(9)f  (13)

Let Q; be a block set of L, (s)which is a
single hierarchy.

Sep 3
Eliminate all of the columns including elements

belonging to L,(s) and the rows and columns
including elements belonging to L (s) . The fuzzy

subordination matrix consisting of remaining rows
and columnsisreconstructed as A" [3].

Sep 4

From A" obtained in Step 3, congtruct the
single hierarchy matrix A" corresponding to

each block set Q; .

There exists
1O Regular row. YE;
There exmsts
Regular colutnn

Split the lowest order
Row into regular rows

No

|

Reduce A by

Reduce AV by
elimination of regular i

elimination of regular row.

Add connected index to
formmng graph

Add connected mdex to

forming graph

There exists row and column
which all components are
smaller than p

All rowrs are
elinmated

juLe]

Fig. 1. Flowchart for Graphic Construction

Sep 5

Set up a fuzzy structure parameter A and
identify the graphic structure concerned with each
single hierarchy matrix A" according to the
flowchart in Fig. 1. [3]

3 Research Design

The Equality Axiom Concept Test contains 13
concepts and 465 sixth graders participating in the
test. The contents of each concept are depicted in
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Table 1.

Table 1. The Contents of Equality Axiom Concept
Concept Contents

Recording the equation with symbolic
A  expressions which contain one unknown

number

Recording the equation with symbolic
A,  expression which contains two unknown

number

Viewing the eguation with symbolic
A expressons in the form of number-

symbol as a representation of the result of
multiplying the symbol by the number
Viewing the eguation with symbolic
expresson in the form of symbol /
number as a representation of the result of
dividing the symbol by the number

A;  Understanding the trangitivity of Equality

Comprehending the equivalence of
A;  equation when adding a number to both

side of the equal sign

Comprehending the equivalence of
A,  equation when subtracting a number from

both side of the equal sign

Comprehending the equivalence of
A;  equation when multiplying both side of

the equal sign by a number

Comprehending the equivalence of
A, equation when dividing both side of the

equal sign by a number

Using multiple-steps equation, reversal
A, agorithm, or other methods to solve the
equation with symbolic expressions
Solving the equation with symbolic
expressions which the unknown symbol is

randomly sampled and we process the integrated
algorithm mentioned above. The fuzzy subordinate
matrix A of thistask-taker is made as Table 2.

Table 2. Fuzzy Subordinate Matrix (6, =1.45)
Concepts

A A A A A A A

Concepts

A 0.00 0.50 0.35 0.70 0.11 0.49 0.63
A, 0.50 0.00 0.35 0.70 0.11 0.50 0.64
A 0.65 0.65 0.00 0.81 0.19 0.65 0.76
A, 0.30 0.30 0.19 0.00 0.05 0.30 0.43
A 0.89 0.89 0.81 0.95 0.00 0.88 0.93
A 0.51 0.50 0.35 0.70 0.12 0.00 0.64
A 0.37 0.36 0.24 0.57 0.07 0.36 0.00
A 0.57 0.57 0.42 0.75 0.15 0.57 0.70
A 0.44 0.43 0.29 0.64 0.09 0.43 0.57
Ao 0.85 0.85 0.75 0.93 0.42 0.85 0.91
A, 0.99 0.99 0.99 1.00 0.96 0.99 1.00
A, 0.56 0.55 0.40 0.74 0.14 0.55 0.68
As 0.26 0.25 0.16 0.44 0.04 0.25 0.37
Concepts

ConCeS AT A Ay Ay An Ay
A 0.43 0.56 0.15 0.01 0.44 0.74
A, 0.43 0.57 0.15 0.01 0.45 0.75
A 058 0.71 0.25 0.01 0.60 0.84
A, 0.25 0.36 0.07 0.00 0.26 0.56
A 0.85 0.91 058 0.04 0.86 0.96
As 0.43 0.57 0.15 0.01 0.45 0.75
A, 0.30 0.43 0.09 0.00 0.32 0.63
A 0.00 0.63 0.19 0.01 0.52 0.80
A 0.37 0.00 0.12 0.00 0.38 0.69
Ao 0.81 0.88 0.00 0.03 0.82 0.94
A, 0.99 1.00 0.97 0.00 0.99 1.00
A, 0.48 0.62 0.18 0.01 0.00 0.78
As 0.20 0.31 0.06 0.00 0.22 0.00

A before the equal sigh by obeying the form
of Equal Axiom
Using Equality Axiom to solve problems
A in live situations
Solving the equation with symbolic
expressions which the unknown symbol is
As after the equal sigh in the form of Equal
Axiom.
4 Results

It is unfeasible to display hierarchical graphs of al
task-takers. We will only take one task-taker for
discussion. One task-taker with ability 6 =1.45 is

In Table 2, we get the fuzzy subordination
matrix  D(6,) =[P, (6x)]iz43 - The parameters

p=0.65 and A=-05 is chosen and fuzzy
subordination matrix is processed by FSM analysis.
FSM software is implemented by authors and this
software processes data matrix under the Windows
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XP persona computer system. The FSM graph is
depicted in Fig. 3.

Fig. 3. Graphic Structure for Task-taker with
Ability 6, =145 (p=0.65, 1=-05)

In Fig. 3, there are five hierarchies and each of
which consists of several concepts. The concepts
belong to each level, whichistop level set L, (A) ,

intermediate level set L;(A) and the bottom level
set L, (A) respectively, are depicted in Table 3.
Moreover, theisolation level set L ,(A) was ¢.

Table 3. The Contents of Each Level

Levels Concepts
L (A) A A A
A A A An A Ay
L (A) A
Ao: A5
Ly (A) Au

A, is consdered as the basic concept of
Equality Axiom Concept, and should be introduced
at the beginning of teaching. On the other hand,
A, A, A, are the most difficult concepts for
students to learn. Therefore, the individualized
concept structure help us easily understand the
knowledge structure of each task-taker.

5 Conclusions

The integrated algorithm of IRT and FSM could be
feasble methodology for purpose of cognition
diagnosis. The method will display individualized
concept structures. FSM had been used to analyze
structural  hierarchies in the field science,
engineering and management [17]. This research

provided an educational application of FSM, and
illustrated structural and hierarchical graphic which
can be used to explain the individual knowledge
structure of each test-taker with certain ability. To
sum up, it shows the integrated algorithm will be
prospective in the field of cognition diagnosis.
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