3rd WSEAS International Conference on APPLIED and THEORETICAL MECHANICS, Spain, December 14-16, 2007 7

A Two-Dimensional Mixed Boundary-Value Problem by Boundary
Element Method

NECLA KADIOGLU
Istanbul Technical University
Faculty of Civil Engineering

Maslak 34469 Istanbul, TURKEY

SENOL ATAOGLU
Istanbul Technical University
Faculty of Civil Engineering

Maslak 34469 Istanbul, TURKEY

Abstract: A fundamental solution for the plane problems of linear elasticity is introduced. The reciprocal identity,
gives an integral equation, is written between the fundamental solution and the problem to be solved. This integral
equation has been solved by boundary element and algorithm of the BEM solution is explained on a sample, mixed
boundary-value problem. The formulation is valid for the first, second and mixed boundary-value problems. The

formulation does not involve any singularity.
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1 Introduction

In the presented study, a two-dimensional mixed
boundary value problem is solved by boundary ele-
ment method for a linear, homogeneous and isotropic
material. In the mixed boundary value problem, the
surface tractions were known on a part of the bound-
ary while displacement components on the other part.
Reciprocity theorem is the starting point of the bound-
ary element method. It is known that the reciprocal
theorem gives an integral equation which relates two
different elastostatic states of the same body. The first
elastostatic state in the expression of the reciprocal
theorem, represents the problem to be solved, whereas
the second one expresses the displacement and stress
field in an unbounded medium due to an application
of a point load. The second state is also named as a
fundamental solution. The aim of the boundary el-
ement method is to reduce the problem to a system
of linear algebraic equations. Boundary is idealized
as a collection of segments. End points of these seg-
ments are named as nodal points. On each segment,
any unknown function is selected as a certain func-
tion passing from the end points. Then the unknowns
of the problem are reduced to the values of the dis-
placement/stress components at nodal points. 2N in-
tegral equations, each one of them corresponding to
a singular loading at a nodal point in one direction
can be written. In these integral equations, integrals
over the boundary are transformed to the summation
of the integrals over the segments. The construc-
tion and the unknowns of this system are different for
the first, second and mixed boundary-value problems.
There is no problem for the first boundary-value prob-

lems because it is easy to place the dominant terms
on the main diagonal in the construction of the co-
efficient matrix of the system of the linear algebraic
equations mentioned above. For a mixed boundary
value problem, the order of the equations and the un-
knowns should be arranged so that dominant terms are
on the main diagonal of the coefficients matrix. The
number of unknowns is twice times of the number of
nodal points for the first and second boundary value-
problems, but in the mixed boundary value problem, it
is less than the twice of number of nodal points. In the
boundary points on which the values of surface trac-
tion in one side and displacement on the other side are
known, an additional equation can be written between
the components of the unknown surface traction vec-
tor due to symmetry of stress tensor. The construction
of the system and the unknowns have been explained
on a sample, mixed boundary-value problem which is
a thick and wide concrete column subjected to a sin-
gular and eccentric normal force. The displacement
components on a part of the boundary and the surface
tractions on a second part of the boundary have been
determined. Results have been compared by finite el-
ement solution of the same problem.

2 Basic Formulation

The definition of an elastostatic state is summarized
below:

A region B with interior volume V' and boundary S
is considered. The ordered triple S[u(x), 7(x), f(x)]
defines an elastostatic state on V, where V is the clo-
sure of V', u(x) is displacement vector and x denote
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the position vector of a point, 7 () is the stress tensor
and f denotes body force. They satisfy the following
relations:

Tkjj + fi=0 (D
Tij = Adijekk + 2p€i 2
1 8’LLZ 6uj

€i = — + 3
Y 2 (8.1’ 5 8952 ) ( )
where ¢;; is the strain tensor, J;; represents Kro-
necker’s delta, A and p indicate Lamé’s elastic coeffi-
cients having the following relation between them

A 2u

01— 20

here v indicates the Poisson’s ratio.

The expression of the reciprocity theorem
which is written between two elastostatic states
S§*u (@), (), f*(2)] and S[u(z), T (), f(z)]
of the same body is [1,2,3]

/T-u*ds+/ Fourdv
S \%

— [ uas+ [ £ ouav @

*
Ti=mjn; , T

= T/51n; 5)
T and T™ are surface traction vectors in two states,
respectively, m is the outward normal of the sur-
face S. It will be considered that an elasto-
static state S[u(x), T(x), f(x)] represents a prob-
lem to be solved on the region B of volume
V' bounded by surface S.  This problem can
be a first, second or mixed boundary-value prob-
lem [4]. The body force f will be neglected
in the formulation. The second elastostatic state
S*[u*(x), 7*(x), f*(x)], represents the displace-
ment and stress fields in an unbounded elastic medium
due to a singular point load f*. The elastostatic state
Sk[uF(x,y), 7% (x,y), f*(x,y], which have been
given here, will be used as S*[u*(x), 7*(x), f*(x)]
in Eq. (5) for the solutions of plane elasticity prob-
lems.

3 A Singular Elastostatic State for
the Solutions of Plane Elasticity
Problems

A body force in an infinite elastic medium having the
same material with the problem to be solved is defined
as

F(xy) =dz—y)ex (6)

where & and y represent the position vectors of an
arbitrary point and a specific point of volume V, re-
spectively. e (k = 1,2) represents a base vector in
Cartesian coordinates. §(x — y) is a generalized func-
tion, which is known as Dirac delta function satisfying
following property for an infinite volume V':

/V hMzx)d(x —y)dVy = h(y) foryeV

=0 foryé¢V @)

The displacement field w*(z,y) due to this body
force can be represented as

uf(z,y) =
1 ) xh
(38— 4v)dyln(r) — TET 8
where
T =T — Yk , T =\/TiX) )

Using Eq. (3), the (ij)th component of strain tensor
can be written as
1 )
k k

o S R ol
6@] (93, y) 87_‘_#0(1 _ V) |: 1 r2 +

/ ’ waw;
(1= 2)[0—3 + 8 3] +2-5 ] (10)

And substituting Eq. (10) in Eq. (2), the (i7)th com-
ponent of the stress tensor, 7¥(x, y), can also be ob-
tained as

/

/
k _ Tpe o Tig
Tz y) = C4r(1-v) {(1 —2w)[ - 7251] + 72%
! zhala!
0]+ 27 (1

The expression of reciprocal identity (Eq. (4))
which is written between S[u(x), 7(x), f(x)] and
Skuk(x,y), 7% (x,y), fF(x,y)] is reduced to the
following form:

/u?(ac,y).ﬂ(:c)dS—i—/ uf(z,y). fi(x)dV
S \%

—/ TF (@, y).us(x)dS (12)
S
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It is clear that if the boundary values of T'(x) and
u(x) are known on the boundary .S displacement vec-
tor at an inner point y can be determined using Eq.
(12). Besides the stress components can also be cal-
culated at this point using Eq. (12) and Eqgs. (2) and
(3). This expression is given below:

ru(y) = [ uf!(@.y).T@)ds,
+ /V (2, y).fi(@)dV,

— /S T (@, y)nj.ui(z)dS, (13)

where

w' (@, y) = 47r(11— v)

/ /

x ZE LL’.T x
[(1—2u)[5ikr—§+5ﬂr2 Okt 2]+2 P2k l} (14)

7

kl( 27(1 —v)

x,Y) =

1 1 1
[ = (1= 40800 + (1 = 20)[Budj— + Gundju—]

! ! xhx
+2(1—2u)[5ij@ St =

/
T T Okl r4j]+

'z x'x) zha) )
Fied] 7%k k
2V[5ik | + i | +5ﬂ A +5]k o ]
T
fg%} (15)
T

4 Sample Problem

A vertical concrete column under an eccentrical nor-
mal force P = 1000 kN is considered acting at a
point ys as shown in Fig. 1. The body force will be
neglected and the Poisson’s ratio, v is 0.2. The prob-
lem is considered as a plane stress problem. The third
dimension of the column is 0.4m.

X,
A 1000 kN
|
K ‘ %
D ¢

I0.04m |
| |
| |
| |
| |
| |
| |
| |
: : 3m
| |
| |

‘_OQOn_L:_Q.SQm_‘ :
|
. l
| |

|
A (0] {B ;
7z, - X .

Fig. 1. Sample problem

Then body force f will be defined as
f=0 (16)

The boundary conditions of the problem are as fol-
lows:

The surface tractions on the BCDKA part of the
boundary can be defined as

T =—-Pé(x—ys3)ex (17)

The displacement components on AB part of the
boundary can be written as

ui(x) = ug(x) = 0forxze = 0,21 € [—0.3,0.3] (18)

Since the problem is a plane problem, volume V' and
surface S came out to be a planar area and the summa-
tion of plane lines, respectively. And the integrals over
boundary are reduced to line integrals. BCKA and AB
parts of the boundary are named as L; and Lo, respec-
tively. The surface tractions are known on L; while
displacements are known on Ls. Because of these,
problem is a mixed boundary-value problem. From
now on, S{u(x), 7(x), 0)] will represent the problem
mentioned above. Substituting Egs. (16) to (18) in
Eq. (12), the following two integral equations given
below are found:

(s )P+ [ ul(e.y) D)L

— | TF(z,y)u(x, t)dL, =
Ly

uk(y)(if yisaninner point of BCK A plane
region) (k=1,2) (19)
0 (if yisoutsideof BCK Aplaneregion)
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From now on, it will be considered that point y is
outside the planar surface. Then the unknowns of the
problem become the surface traction vector 7T'(x) on
Lo and the displacement vector w(x) on L;. Besides
during integrations over the boundary, one must keep
the region on the left.

The procedure which will be used to solve these un-
knowns by Boundary Element Method has been ex-
plained below step by step:

The total boundary (L1 + Lo) is idealized as a collec-
tion of line segments which named as boundary ele-
ments. If the number of these line segments is v, the
number of the end points, named as nodal points, is
also n. The starting and end points of sth element are
xv and xe+n. It is assumed that the variation of any
displacement or stress component on the sth line seg-
ment has the following form.

w(s) = u()L = )+ w7 (k= 1,2) 0)

— 2]+ Te(m)[] (k=1,2) 1)

l(J)

Ti(s) = T(1)[1

l(J)

where s is the distance from (s) to any point between
(1) and x(5+1). After these definitions the unknowns
of the problem will be reduced to the nodal values of
displacement components on L and the surface trac-
tion vectors on Lo. Both BC and KA lines have been
divided to ni intervals while CK and AB divided to ne.
Then the number of the nodal points becomes n=ani+2n2.
And point B is selected as the last nodal point having
the nod number ~. After this selection the nodal num-
bers of C, K, A points become i, (ni+n2) and (avi4n2)
respectively, (Fig. 2).

NI+N2 K C Nl

2N1+N2-1 1

2N1+N2 A B 2NI+2N2

2N1+N2+1
2N1+2N2-1

Fig. 2. Nodal points
Depending upon these, the numbers of the un-
knowns and their order can be expressed as follows:

First (vi+n21) unknowns are the horizontal displace-
ment components on nodal points of L; starting from

u1(1). The following (2ni+n2-1) unknowns of the prob-
lem are the vertical displacement components on
nodal points L starting from uy(1). The third group
of unknowns will be the horizontal component of the
surface traction vector on nodal points on Ly. The val-
ues of this quantity are equal to zero for this problem
at both A and B points. Then the first and last elements
of this group, having n>1 unknowns, will be T} (anisx2+1)
and T (2v1e2x21). The last group of 2«1 unknowns are
the vertical components of the surface traction vector
on nodal points on Ly starting from 7% (2x1+x2). And the
total numbers of the unknowns becomes M = antsan2-.
To determine these unknowns m equations is neces-
sary. Any of these equations can be written selecting
loading point y to be any nodal point (1) and k being
equal to 1 or 2 in Eq. (19). But (1) is a boundary
point of the planar region. Because of this an artificial
boundary including all of the line segments but not the
nodal point (i), will be defined for a singular loading
on that nodal point. Around (i) a small circular arc
L., with radius € which leaves this nodal point outside
the region is added to complete this artificial boundary
[1,2], (Fig. 3).

x(I+1)

\

n(+)

(1+1)

Fig. 3. Artificial boundary

It is assumed that any displacement component is be-
ing equal to ug(x(1)) and any component of surface
traction vector is zero over this circular arc. As a con-
sequence of the definition of the artificial boundary,
when the loading point is (1), right side of Eq. (19)
becomes zero because (1) is not a point in the region
bounded by this artificial boundary. After necessary
calculations, the radius e will be shrunk to the nodal
point x(1). The first assumption on circular arc, L,
means that any displacement component at a nodal
point is single valued. The second assumption is that
there is not a singular force acting at that nodal point.
Then if a singular force exists at a point of the bound-
ary, this point must not be selected as a nodal point
either. After these Eq. (19) takes the following form
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TF(x,x()).u
Ly

lin( | TG, ().

i(2(1))dLe)

_ /L (@, 2()) Ti(@)dLy = — Puk(ys, z(1)) (22)

Where k represents the direction of the loading and
when k£ = 1 this direction coincides with the direction
of 1 axis while £ = 2 indicates the loading direc-
tion to be the direction of x5 axis. As it is mentioned
above, m equations, each of these corresponding to a
singular loading at a nodal point in any direction, are
necessary. The order of these loadings is as below:

For the first (avisn2-1) equations, loading points are
the nodal points on L and the loading index k is one
and for the second (anin2-1) equations, loading points
are the same but index k is two. For the following
(n2-1) equations, k is one and the loading points are the
nodal points on Lo except A and B points. And in
the last (n2+1) equations, loading points are the nodal
points on L either but including A and B points and
k is two.

After writing the necessary m equations and sub-
stituting Egs. (5), (11), (20) and (21) in Eq. (22), the
following system of linear algebraic equations, given
in partitioned form, is obtained.

|:AM><(4N1+2N2-2) BM ><(2N2):|XK><] — "M (23)

Where A, B and C are constant matrices. The com-
ponents of these matrices are given as follows:

A(l, J) = 5UAD11(1)+

/ {78 (2, 2 (1))ni[1 — <)]}ds

(1) S
[ e il s

I(m)

A, o) = 0y AD12(1)+

/ (7L (0, 2 ()il — =]V ds

10)

1(J—1)
+ [ e el ds

Loy
A(l+2N1+N2-| , J) = (SUADQI(I)—i-

10
S ds
lo

{rfi (@, 2(1)ni[1 —

-y
+ [ @ el ds

lan

A(monine , monine1) = 0y AD22(1)+

o
[ Bl - Spdst
0 lo
la-1 9
[ @l 1y ds
0 -1
for (=1 to awimei, 1=t to NieN21) 24)

where 9y, is the Kronecker’s delta. Additional matri-
ces AD11, AD12, AD21 and AD22 which corre-
spond to the second term in Eq. (22) can be expressed,
in terms of #; and 6> angles are shown in Fig. (3), as

ADIL() = s P(1 = )02 = 01) = mi ()
(1) (o)]
AD12() = ~ s = ma(na() + nafus)na(es)
AD21() = s mOm ()~ mi ()i (1)
AD22() = —M(ll_y)[g(l V)62 — 01)+
m(ing() = 1 (1)ma(10)] (5)

The remaining terms of the matrix A are given as fol-
lows:

10)

{7 (2, 2 (wavine) Y [1 — —<]} ds

14(I+4N1+2N-27 J) —

10)
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+/ (- {7'11(33 CU(I+2N1+N2))TLZ[ ]}dS

( 1)

A(I+4N1+2N2—2 5 J+2N1+N2—1) —

/ {79: (2, 2 (vax1on2) Y [1 — T )]}ds

1(3-1)
+ /0 {Tgi(w,m(mmm))ni[ﬁ]}ds
for (=1 to w1, =1 to awie1) (26)
A(raniane3 1) / {le(a: & (ranien21) )0 [1 — 0 )]} ds

1(3-1)
_|_/0 {7-121(;(3 :]2(1+2N|+N21)) [ ]}ds

( 1)

A(I+4Nl+3N2-3 5 J+2N1+N2-l) —

[ @ ot - 2y
| Ami(@ wlevaea))n; 0 s

1(11) s
+ / (72 (@, @ (1omionon) [ < ds
0 l (J-l)
for (=1 to w1, 3=t to anin1) 27
The elements of the matrix B are
[(J+2N1+N2)
Bo)=- [ {ul@ a0 - s
0 Laani+N2)
1(J+2N1+N2-1) 1 S
- @) s
0 (J+2N1+N2-1)
[(J+2N1+N2) s
Bliomimor,s) = — / (w2 (z, 2()[1 —
0 La+ani+N2)

i (@, 2 () [——]}ds

Lasanten2-1)

/Z<J+2N1+N21)
0

[(J+2N1+N2) S
B, ) = — /O (ul(@, z()[1 — [}ds

l(J +2N1+N2)

[(J+2N1+N2)
B (N, i) = —/ {u%(m,zzz(l))[l —
0

B /l(J+2N1+N2-1) {u%(m’ m(l))[ s ]}ds
0

l(J+2NI+N2—1)

S

lasan1ang)

lasaniena-n)

[(J+2N1+N2-1) S
[ )]s
0

(28)

for (=1 to N1, 3=t o N21)

S

[(2N14N2)
Buw) == [ {ub@ ()l - = ]}ds

loNieng)

S

J}ds

lantNg)

l(2N1+N2)
B(rontn1,n) = 7/ {u%(:c, x(1)[1 —
0

[(2N1+N2-1)
Blow) == [ {ub(@,20) [ }ds

LN

[(2N1+2N2-1)

B(1+2N|+N2.1,2N2) = —/ {U%(xax(l))[

0 lN1aN2- 5}

|}ds

(29)

for (=1 to mienet)
B (ranione2, 1) =

[(2N1+N2+]) s
_ / b, @(omme))[1 — 7 ——]}ds
0

(J+2N1+N2)

S

[(2N1+N2+]-1)
_ / @, @ (i) ) [ — ] }ds
0

(J+2N1+N2-l)
B(I+4NI+SN2-2, J) —

[(2N1+N2+]) s
—/ {u%(ac, & (ranin2) ) [1 — li]}ds
0

<J+2N1+N2)

S

[(2N1+N2+]-1)
_ / (2 (@, (1)) |}
0

(J+2N1+N2-l)

.B(I+4N1+2N2-27 J+N2) —
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[(2N1+N2+]) s
—/ {u%(m, & (ranin2) ) [1 — li]}ds
0

(J+2N1+N2)

S

[(2N1+N2+]-1)
_ / b, @ (i) ) [ — ] }ds
0

(J+2N1+N2-l)

B(I+4Nl+3N2-2’ J+N2) —

[(2N1+N2+)) s
—/ {ug(a:, :B(l+2N1+N2))[1 — 7]}d8
0 l(J+2N1+N2)
[(ON1+N2+]-1) s
_ / (ud(@, @ (i) [——]}ds
0 l (J+2N1+N2—I )

for (=1 to w21, 31 to Not) 30)
B (1antion2, n2) =

[(2N1+N2) s
- / (ud(@, 2 (o)) [1 — [}ds
0 l(2N1+N2)

B(I+4Nl+2N2-27 2N2) -

[(2N142N2-1) s
- / {(ul(, @ (o)) [——]}ds
0

(2NI+2N271)
B(I+4N]+3N2-27 N2> —

l(2N1+N2) s
- / [ (@, (o) [1 — 7~ ]}ds
0

(2N1+N2)
B(l+4NI+3N2—2, 2N2) —

S

[(2N1+2N2-1)
_ / (02(@, @ (romime)) [——]}ds
0

(2Nl+2N2-1)

for (=1 to w) 31)
B(misna2, 1) =
L(2N1+N2+]) s
_ / (02 (@, 2 (mi))[1 — ——]}ds
0 l(ZNl+N2+J)

[(2N14+N2+]-1) s
- / [, @) [;——]}ds
0

(2N1+N2+J—1)
B<4N]+3N2-27 J+N2) =

[(2N1+N2+]) s
_ / (1@, x(ono)[1 = 7 ———]}ds
0

(ZN 14+N2+J )

[(2N1+N2+J-1) s
_ / [, wv))[;——]}ds
0

(2N1+N2+J»1)
B(4N1+4N2—2, J) =

L(2N1+N2+]) s
_ / (@, @) [1 = 7——]}ds
0

(2N1+N2+J )

S

[(2N1+N2+]-1)
_ / (0 (2, (10)) [——]}ds
0

(2N1+N2+J-l)

B(4N1+4N2—2, J+N2) —

L(2N1+N2+)) S
—/ {ud(z, x(nvean2) ) [1 — li]}ds
0

(2N1+N2+J )

LN1+N2+J-1) S
_ /0 {u%(w, w(2N|+2N2)) [l(i]}ds

2Nl+N2+J-l)

for (=1 to wo1) 32)
B(4N|+3N2.z, Nz) =
l(2N1+N2) s
_ / (ud(z, 2(mi))[1 — ——|Vds (33)
0 l(2N1+N2)
B(4N1+3Nz.z, 2Nz) =
l(2N1+2N2-1)
- / (@, @ (m10))] [}ds (34)
0 l(2N1+2N2—1)
B(4N|+4N2.z, Nz) =
L(2N1+N2+]) s
- / (02 (2, (1) )[1 — ——]Vds
0 l(2N1+N2)
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B(4Nl+4N272, 2Nz) =

L@N1+2N2-1) 9 S
_/0 {u2($,$(2N1+2N2))[l7]}d5 (35)

(ZN 1+2N2-1 )
where

X)) =wui(1) fori=1,mume
X (vonina1) = ug(1) for 1= 1,21
X (ranione2) = T (vanvisw2) for 1= 1, N2
X (1ananz2) = To(waniene1) for 1=1,nma  (36)
C() = —Puy(ys, z())
Climinr) = —P (s, (1)
for 1=1, N2 37
Cwaninon) = — P ud(ys, @ (1avi))
for 1=1,n1 (38)
C(1anienas) = — P u3(ys, z(1onimen))

for 1=1,nu 39)

Performing the integrals, the entries of A and B con-
stant matrices are calculated. But it must be indi-
cated that there are singular terms during calculation
of these integrals on the boundary elements having
the numbers 11 and 1 for a loading point x(1). Inte-
grals over these elements are analytically calculated to
eliminate these singularities. The singularities which
arise in the integrals of uf(a:, y) functions have the
type of

S = lir%sln(s) (40)

which is zero. But the singularities arising in the inte-
grals of T!; (x,y) functions have the types of

Sy = liII(l] In(s) (41)

but the singular terms having this form eliminates
each other during construction of the entries of the

matrix A. Then, a system of linear algebraic equa-
tions, whose unknowns have been defined in Egs.
(36), is found.

The variations of the horizontal and vertical
components of surface traction and displacement
vectors are given in Figs. 4-11, for different lines.

T: (Nem®)

—FEM
BEM 80

100

120
140

Fig. 4. Variation of the horizontal com-
ponent of surface traction vector on line AB

800

T2 (Nem?)
700

—FEM
BEM
500

401
300
200

100

Fig. 5. Variation of the vertical compo-
nent of surface traction vector on line AB

xz (cm)

Fig. 6. Variation of the horizontal com-
ponent of displacement vector on line AK

300

Xz (cm)

250

200

Fig. 7. Variation of the vertical component of
displacement vector on line AK
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Fig. 8.  Variation of the horizontal com-
ponent of displacement vector on line CB
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5 Conclusions and Discussion

A solution method of plane problems of linear elastic-
ity has been explained on a sample mixed-boundary
value problem for a specific material. The reciprocity
theorem provides a relation between displacements,
traction components and body forces for two load-
ing states of the same body and this relation gives a
boundary integral equation for unknown fields on the
boundary, complementary to the applied fields. This
integral equation has been solved numerically. The
selected approximations for unknowns are linear and
the integral equation is reduced to a system of alge-
braic equations. Of course, higher order polynomi-
als can be selected for a better approximation but it
must be emphasized that dominant terms of the co-
efficients matrix are heavily dependent to the constant
additional matrices AD11, AD12, AD21, AD22,
and the constant terms in approximation polynomi-
als while the effects of linear terms are secondary.
The same elastostatic problem has also been solved
by FEM (ANSYS 10.0) for checking.

Results are nearly the same for displacements
while element numbers are quite different. In BEM,
28 elements are used while 38 elements(PLANES&?2)
and 147 nodes in FEM. Relative errors are calculated
by equilibrium equations. And the relative errors are
0.003868 and 0.00947 in horizontal and vertical direc-
tions respectively for BEM while 0.0086 and 0.0122
in FEM. The increment of the element number slightly
affects the error after 28 in BEM. As an example, rela-
tive errors are 0.003499 and 0.00227 for 38 elements.
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