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Approximation method in finding optimum stratum depending on Neyman
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MALAYSIA

Abstract:- The problem of optimum stratification on the auxiliary variable y for Neyman allocation has been

considered. A Taylor Expansion rule of finding approximately optimum strata boundaries and general formulas for
stratum weight, stratum mean and variance mean depending on Neyman Allocation have been suggested for Beta
distribution. A numerical investigation into the boundaries stratum and variance mean of Neyman allocation with
respect to optimum allocation has also been made for different values to the parameter Beta distribution.
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1 Introduction

For a given method of allocation, the variance is
clearly a function of the strata boundaries. Dalenius
[1950] first considered the problem of determining
optimum strata boundaries, i.e., optimum stratification.

By minimizing the variance of the estimate, y ., sets

of equations were obtained, solutions to which gave
optimum strata boundaries for Neyman allocations.
These equations involved population parameters,
which were functions of the optimum strata
boundaries. Subsequently, various authors gave
methods of obtaining approximations to the exact
solutions of the minimal equations. For an excellent
account of these investigations, reference may be made
to Cochran [1977]. He has given a set of sufficient
conditions under which the optimum strata boundaries
for the general case reduce to the optimum strata
boundaries for the case when the strata are necessarily
intervals. In most of these investigations of the problem
of optimum stratification, both the estimation and the
stratification variables are taken to be the same. Since
the distribution of the estimation variable y is rarely
known in practice, we consider the problem of
optimum stratification on the variable y. Since these
equations cannot be solved easily, various methods of
finding approximations to the exact solutions have
been given. The results for Neyman allocation come

out as a special case of the results. The paper concludes
by comparing approximate solutions with the exact

solutions for certain populations also Cumf %
Dalenius and Hodges (1959) suggested Cumf 2 which

4
gives the equation V. (yst)— V)

= 2 where
12nl

k(y)=cumf ” = j f %2(y)dy . Al-Kassab and Al-

Taay (1994) suggested method Cum f %, which gives

_ M 3 y
VNey (ySt):—12n(I2) where

M (y)=cumf % = j f%(y)dy . Al-Haso (1996)

suggested the methods cumf % and cumf %, which
give these equations respectively:

=\ _H(y)

VNey(yst): onl? where

H(y)=cumf % = If %(y)dy and

C*(y)

Vi (V)= 12017
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with C (y) =cum f % = jf % (y )dy
2 Procedures

The suffix h denotes the stratum and i the unit within
the stratum. The following symbols all refer to
stratumh .

N, Total number of units in stratumh .

n, Number of units in sample from stratumh .
Yii Value obtained for the ith unit from
stratumh .

N
W, =—" Stratum weight which is in proportion to the

population size attributable to stratum h .

n
f,= N—h Sampling fraction in the stratumh .

Np
ZY hi

Y ==L True mean of stratumh
N h
N
i z Yhi
y, =—=——  Sample mean of stratumh .
r']h

When a population of N units is to be stratified into L
strata and the samples from each stratum are selected
with simple random sampling,

An unbiased estimate of population mean for the
estimation variable y, is given by

_ L _
(1) yst:z :“h:‘uh
h=1
where in theh(h =12,...,L) th stratumyh is the

L
sample mean based where Znh =n unitsand W, (
h=1

stratum weight) on n, is the proportion of population

units falling in that stratum. If the finite population
corrections are neglected in each stratum, the estimate in
(1) has the variance

(2) \ (yst):iwhzghz/nh

2
where O, is the variance of y in the hth stratum.

For the Neyman allocation method where for all h

(3) n,=n M,
ZW hOh
h=1

h=12,..,L

The variance in (2) reduces to

1 < 2

4) VNey :H(ENhUh)

h=1

Let a=y and b=y, be the smallest and largest
values of Yy in the population. By differentiating with
respect to the stratum boundaries. We get the minimum

variance. V., (y,) with respect to y, since Y,

appears in the sum only in the terms W, o, and
Wh+1o_h+1 .

Hence we have the formula for finding the optimum
stratum [Cochran, 1977].

5) (y, _/Uh)2 +Gh2 _(y, _ﬂh+1)2 +Gh+12

Oy, Ohu

Where h=123,..,L-1
These equations are difficult to solve, since 1, and

o, dependon Y, .so we must use the iterative method
to solve them by using computer program such as C++.

3 The construction of strata:

The choice of a sample size depends on the size of the
population in stratum h , the variance of population in
stratum h and the cost of taking the sample in the
stratah denoted by C, .The simplest cost function is the

L
form Total cost =C =Cy + > Cyn,
h=1

The question of how strata are made will now be
considered. The basic consideration involved in the
formation of strata is that the strata should be internally
homogeneous. For example, if units are to be selected at
random from within strata, strata variances for the
character under estimation should be as homogenous as
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possible. This can be achieved by allocating units
believed to be similar to the same stratum. The ideal
situation is that in which the distribution of y is

available. Then the strata would be created by cutting
this distribution at suitable points. Let the distribution of
y be continuous with the density function,

f (y),a<y <b inorder to make L strata, the range of
y isto be cut up at points y, <y, <y,<..<Yy, ;.
The relative frequency W, , the meang and the

variance o, of the hth stratum are given by
Yh

©®  W,=[f(y)y
Yha

(7) u:—jwwm
hyhl

® o= [y vy - u
W hoyha

The mean of population as the following

©  u= EMMM—IW(WW

4-Aproximated using Taylor expansion

Taylor Expansion defined as the following
o PR

)  fx=>f <k>(c)—(X kIC)
k=0 -

Where ¢ e[a,b]and f “(c) denoted for k

derivative where k =0, 1, 2,..
Beta distribution defined as the following

(11) f (x):—wx“(l—x)“'x €(0,1)
Ja)B

Where «, f are the parameters of beta function.

Let the distribution of Yy be continuous with the

density function, f (y),a<y <b. In order to make

L strata, we expand the function using the Taylor
expansion to approximate the function f (y). The

range of Yy is to be cut up at points
Y, <Y,<Y,;<..<Y,,. The relative frequency W,
of the hth stratum are given by

Yh
(12) W, = [ f(y)dy

Yha
therefore

yjh {f O)+f Y@c)y —c)+

W= ] 120 -0 @)y —c)’
v T + 3l +...}dy
We found the derivatives f ,f @ f @ f® . for

beta distribution, and then substitute in the expression
and simplified until, we got the general formula for W,

as the following
(13)

i DlelDl(l)(_l)a 1\ B-1)(n+k
-z ZZZ{t+1 [nj(k](t ]
W n=0 k=0t=0 a+k4 1(1 C)ﬂk 1( t+1 -y, 1t+l)}

a&pfena&pfz1
Where D is the number of boundaries cut.
Similarly we got the W, ,,

(14)
& DlelDl(l)(l)alﬂln"‘k
Wi, = TTIB Zzz{t-l-l (nj[kj[t ]
n=0 k=0t=0 qu 1(1 C)ﬂk 1(yh t+1_yht+1)}

a&fena&pf>1
We got the mean 4, by using the formula

(15) u=—4yuww
h Yha
After expanding the function f (y) it become

f @c)x(x —c)?
2!

1 n {f Oc)x +f Y)x (x —c)+
W f ook

3!

+...Jdx

After simplified and substitute the derivatives, we got
the general formula of the mean stratum for beta
function
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(16)

D—k-1D-1D- ( D' ()" (-1 -1\ n+k
?Wl ZZZ t+2 (”)(k)[t j
ﬂ n=0 k=0t=0 a+k4 1(1—c)ﬂ’k’1(yh“2 -y, 1+2)}

a&fena&f>21

Similarly we got the 24, .,
17)

( 1)( 1) [a ]j[ﬂ 1j[n+kj
+IB D-k-1D-1D-1
unﬂ:j%ﬁ,wl ;;;‘{ t+2 Ln k|t
h+1 a+k4 1(1 C)ﬂ k l(yh t+2 t+2)}

a&pfena&f>1

In addition, we got the mean variance as the following

1 Y
(18) o,* == [ y*f (y)dy - u,’
W h oy
v, Q)Y Z+E Py (y —c)+
o’ =5~ | £2@)y2(y —oy
h yh—l 2|

+ Xy -2

After simplified and substitute the derivatives, we got
the general formula of the variance mean for stratum h :
(19)

Wl D4<1D1D1(1)(1) a-1 /31 n+k )
b b R
a+k—t 1(1_C)ﬁ—k l(yht+3 yh t+3)}

a&pfena&f>1
Similarly we got the general formula for the variance
mean for stratum h +1:

(20)
Mm ) () (1Y B-LY n+k
N i Ity
AP | S sag gy, 12y

a&Pfena&f>21

4 Result and discussion

We compare the variance mean between the three
methods of exact, Cumf % and alternative method
using Taylor expansion. We reach to the general
formulas, which we can calculate, the boundaries
stratum by using the iterative method when we use
equation (5). To get the variance mean we compensate
the Wh,ah2 in the equation (4). The following tables

obtain the values of the variance mean for the three
methods. The exact method, Cumf % and the

alternative method by approximation using Taylor
expansion.

Table 1

Simulation result comparing the variance mean between
the three methods, exact, Cumf % and alternative
method using Taylor expansion for different values
a,p,c,D

a=1p=2
r]VNey (Yst)

L | Exact % | Taylor

Cum.f Expansion
210.0150 | 195%x1072 |0.0150
310.0069 |gpE5%x10° | 0.0069
410.0039 |486x10° | 0.0039
510.0025 |311x10° | 0.0025
6| 0.0018 | 216x10% | 0.0018
710.0013 |159x10°% | 0.0013
810.0010 | 1.22x10° |0.0010

a=2,=1

r]VNey (Yst)

L | Exact cum. f 5 | Taylor Expansion
21 0.0150 | 195%x1072 | 0.0150
310.0069 | gg5x102 | 0.0069
410.0039 | 4.86%x10°% | 0.0039
510.0025 | 3.11x10°% | 0.0025
6 | 0.0018 | 2.16x1073 | 0.0018
710.0013 | 159x10° | 0.0013
810.0010 | 1.22x10°% | 0.0010
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a=p=2

Ve, (X4t
L | Exact cum. f % | Taylor Expansion

D=2 | D=3
C=05

210.0150 | 1.99x102 | 0.0469 | 0.0150
310.0069 | gggx102 | 0.0208 | 0.0069
410.0039 | 408x10°% | 0.0117 | 0.0039
510.0025 | 3.12x10°® | 0.0075 | 0.0025
6| 0.0018 | 221x10® | 0.0052 | 0.0019
710.0013 | 163x10°® | 0.0038 | 0.0014
810.0010 | 1.25%x10°® | 0.0029 | 0.0011

From the previous tables we deduce the following.

When we increase the number of stratum, we got the

minimum mean variance in the three methods. The value

of variance mean for exact method less than, the
5

approximated Cum.fAmethod for all the values of

a, [ Also the values of «, f increase and the number

of boundaries cut decrease the mean variance is decrease
for the suggested method by using Taylor expansion.

When (¢=2,8=1) and (e¢=14=2) the
nV,., (yy) are equal but, the boundaries stratum

varies, since the function is linear equation and when we
approximate any linear equation by using Taylor
expansion since f(a, ) = S(f,a) (Beta function).It

gives the same function so the approximate did not
depend on the constant C. We observed that

nv ., (y,) by using Taylor expansion is more less
from both methods exact and approximate Cumf %
when the «,f are increase and D is decrease. The
nv ., (y,) are equal for exact method and

approximated method using Taylor expansion
whena + <D +2 for any valuese, 5 .Finally we
choose a suitable value for C to give minimum variance.
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