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MALAYSIA  
  

Abstract:- The problem of optimum stratification on the auxiliary variable y  for Neyman allocation has been 
considered. A Taylor Expansion rule of finding approximately optimum strata boundaries and general formulas for 
stratum weight, stratum mean and variance mean depending on Neyman Allocation have been suggested for Beta 
distribution. A numerical investigation into the boundaries stratum and variance mean of Neyman allocation with 
respect to optimum allocation has also been made for different values to the parameter Beta distribution. 
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1 Introduction 

 
For a given method of allocation, the variance is 
clearly a function of the strata boundaries. Dalenius 
[1950] first considered the problem of determining 
optimum strata boundaries, i.e., optimum stratification. 
By minimizing the variance of the estimate, sty  sets 
of equations were obtained, solutions to which gave 
optimum strata boundaries for Neyman allocations. 
These equations involved population parameters, 
which were functions of the optimum strata 
boundaries. Subsequently, various authors gave 
methods of obtaining approximations to the exact 
solutions of the minimal equations. For an excellent 
account of these investigations, reference may be made 
to Cochran [1977]. He has given a set of sufficient 
conditions under which the optimum strata boundaries 
for the general case reduce to the optimum strata 
boundaries for the case when the strata are necessarily 
intervals. In most of these investigations of the problem 
of optimum stratification, both the estimation and the 
stratification variables are taken to be the same. Since 
the distribution of the estimation variable y is rarely 
known in practice, we consider the problem of 
optimum stratification on the variable y.  Since these 
equations cannot be solved easily, various methods of 
finding approximations to the exact solutions have 
been given. The results for Neyman allocation come 

out as a special case of the results. The paper concludes 
by comparing approximate solutions with the exact  
solutions for certain populations also 

5
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with 
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2  Procedures  
 

The suffix h  denotes the stratum and i  the unit within 
the stratum. The following symbols all refer to 
stratum h . 
 

hN         Total number of units in stratum h . 

hn          Number of units in sample from stratum h .  

hiy         Value obtained for the ith  unit from 
stratum h . 

h
h

NW
N

=  Stratum weight which is in proportion to the 

population size attributable to stratum h . 
h

h
nf
N

=   Sampling fraction in the stratum h . 

1
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  True mean of stratum h . 

1

hn

hi
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h
h

y
y

n
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     Sample mean of stratum h . 

 
When a population of N units is to be stratified into L 
strata and the samples from each stratum are selected 
with simple random sampling, 
An unbiased estimate of population mean for the 
estimation variable y, is given by    
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=
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where in the ( 1,2,..., )h h L=  th stratum hy   is the 

sample mean based where    
1

L

h
h

n n
=

=∑  units and  hW   ( 

stratum weight) on hn  is the proportion of population       
 units falling in that stratum. If the finite population 
corrections are neglected in each stratum, the estimate in 
(1) has the variance    
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where 
2

hσ  is the variance of y in the hth  stratum. 

For the Neyman allocation method where for all h 
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Let a y= and Lb y=  be the smallest and largest 
values of y in the population. By differentiating with 
respect to the stratum boundaries. We get the minimum 
variance. ( )Ney stV y  with respect to hy  since hy  

appears in the sum only in the terms h hW σ and 

1 1h hW σ+ +  . 
Hence we have the formula for finding the optimum 
stratum [Cochran, 1977].  
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Where      1, 2,3,..., 1h L= −  
   These equations are difficult to solve, since hμ and 

hσ  depend on hy .so we must use the iterative method 
to solve them by using computer program such as  C++. 
 
 
3   The construction of strata:    

 
The choice of a sample size depends on the size of the 
population in stratum h , the variance of population in 
stratum h  and the cost of taking the sample in the 
strata h  denoted by hC .The simplest cost function is the 

form   Total cost ∑
=

+==
L

h
hhnCCC

1
0  

The question of how strata are made will now be 
considered. The basic consideration involved in the 
formation of strata is that the strata should be internally 
homogeneous. For example, if units are to be selected at 
random from within strata, strata variances for the 
character under estimation should be as homogenous as 
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possible. This can be achieved by allocating units 
believed to be similar to the same stratum. The ideal 
situation is that in which the distribution of y  is 
available. Then the strata would be created by cutting 
this distribution at suitable points. Let the distribution of  
y  be continuous with the density function, 

( )f y ,a y b< < in order to make L strata, the range of 
y  is to be cut up at points 1 2 3 1... Ly y y y −< < < < . 
The relative frequency hW , the mean hμ  and the 

variance 2
hσ of the hth  stratum are given by     
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The mean of population as the following  
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 4-Aproximated using Taylor expansion 
  
Taylor Expansion defined as the following         
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Where [ ],c a b∈ and ( ) ( )kf c  denoted for k 
derivative where k =0, 1, 2,..  

Beta distribution defined as the following  

 (11)
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Where ,α β  are the parameters of beta function.  
Let the distribution of  y  be continuous with the 
density function, ( )f y ,a y b< < . In order to make 
L strata, we expand the function using the Taylor 
expansion to approximate the function ( )f y .  The 
range of y  is to be cut up at points 

1 2 3 1... Ly y y y −< < < < . The relative frequency hW  
of the hth  stratum are given by     
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We found the derivatives 

(0) (1) (2) (3), , , ,...f f f f  for 
beta distribution, and then substitute in the expression 
and simplified until, we got the general formula for hW  
as the following   
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Where D is the number of boundaries cut. 
Similarly we got the 1+hW  
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We got the mean hμ by using the formula  
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After expanding the function ( )f y  it become  
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After simplified and substitute the derivatives, we got 
the general formula of the mean stratum for beta 
function  
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Similarly we got the 1hμ +  
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In addition, we got the mean variance as the following  
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After simplified and substitute the derivatives, we got 
the general formula of the variance mean for stratum h : 
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Similarly we got the general formula for the variance 
mean for stratum 1h + : 
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4   Result and discussion  
 
We compare the variance mean between the three 
methods of exact, 5

6Cumf  and alternative method 
using Taylor expansion. We reach to the general 
formulas, which we can calculate, the boundaries 
stratum by using the iterative method when we use 
equation (5). To get the variance mean we compensate 
the 2,h hW σ  in the equation (4). The following tables 
obtain the values of the variance mean for the three 
methods. The exact method,  5

6Cumf  and the 
alternative method by approximation using Taylor 
expansion. 
 
Table 1 
Simulation result comparing the variance mean between 
the three methods, exact, 5

6Cumf  and alternative 
method using Taylor expansion for different values 

Dc,,,βα  
 

2,1 == βα  
)( stNey xnV  

L  Exact 6
5

. fCum 
 

Taylor 
Expansion

2 0.0150 1.95 210−×    0.0150 
3 0.0069 8.65 310−×  0.0069 
4 0.0039 4.86 310−×  0.0039 
5 0.0025 3.11 310−×  0.0025 
6 0.0018 2.16 310−×  0.0018 
7 0.0013 1.59 310−×  0.0013 
8 0.0010 1.22 310−×  0.0010 

1,2 == βα  
)( stNey xnV  

L Exact 6
5

. fCum 
Taylor Expansion

2 0.0150 1.95 210−×    0.0150 
3 0.0069 8.65 310−×  0.0069 
4 0.0039 4.86 310−×  0.0039 
5 0.0025 3.11 310−×  0.0025 
6 0.0018 2.16 310−×  0.0018 
7 0.0013 1.59 310−×  0.0013 
8 0.0010 1.22 310−×  0.0010 
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2== βα  
)( stNey xnV  

Taylor ExpansionL Exact  6
5

. fCum  D=2 
C=0.5 D=3 

 
2 0.0150 1.99 210−×  0.0469 0.0150 
3 0.0069 8.86 310−×  0.0208 0.0069 
4 0.0039 4.98 310−×  0.0117 0.0039 
5 0.0025 3.12 310−×  0.0075 0.0025 
6 0.0018 2.21 310−×  0.0052 0.0019 
7 0.0013 1.63 310−×  0.0038 0.0014 
8 0.0010 1.25 310−×  0.0029 0.0011 

 
 
From the previous tables we deduce the following. 
When we increase the number of stratum, we got the 
minimum mean variance in the three methods. The value 
of variance mean for exact method less than, the 

approximated 6
5

. fCum method for all the values of 
βα , .Also the values of βα , increase and the number 

of boundaries cut decrease the mean variance is decrease 
for the suggested method by using Taylor expansion. 
When ( )1,2 == βα  and ( )2,1 == βα  the 

( )ney stnV y  are equal but, the boundaries stratum 
varies, since the function is linear equation and when we 
approximate any linear equation by using Taylor 
expansion since ( , ) ( , )β α β β β α=   (Beta function).It 
gives the same function so the approximate did not 
depend on the constant C. We observed that 

( )ney stnV y  by using Taylor expansion is more less 

from both methods exact and approximate 5
6Cumf  

when the βα ,  are increase and D is decrease. The 

( )ney stnV y  are equal for exact method and 
approximated method using Taylor expansion 
when 2+≤+ Dβα  for any values βα , .Finally we 
choose a suitable value for C to give minimum variance.   
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