Proceedings of the 11th WSEAS International Conference on COMPUTERS, Agios Nikolaos, Crete Island, Greece, July 26-28, 2007

456

On Lagrange multivariate interpolation problem in generalized
degree polynomial spaces

CORINA SIMIAN
Babes Bolyai University of Cluj Napoca

DANA SIMIAN
"Lucian Blaga” University of Sibiu

Faculty of Mathematics and Informati€sculty of Sciences, Dep. of Computer Science

1 Kogalniceanu Str., Cluj-Napoca
ROMANIA

Abstract: The aim of this paper is to study the Lagrange multivariate interpolation problems in the space of

|. Ratiu Street 5-7, Sibiu
ROMANIA

polynomials ofw-degreen. Some new results concerning the polynomial spacas-dégreen are given. An
algorithm for obtaining thev-minimal interpolation space is presented.

Key—Words: Lagrange multivariate polynomial interpolatiom- homogeneous polynomial spaces, Generalize

degree.

1 Introduction

The Lagrange interpolation is the most frequently
used type of interpolation. It supposes an approxi-
mation of an unknown function using only the values
of this function on a set of points. The interpolation
function matches the values of initial function on the
set of given points. Letb® = {#;,...,0,} C R a
set of arbitrary points an > II? a set of functions
which includes polynomials. The Lagrange interpola-
tion problem is to find a polynomial subspa@esuch
that for an arbitrary functiory € F there exists an
unigue polynomiap € P such that

f(ei):p(ei)v ViE{l,...,TL} (1)

In this case the paii©, P) is called correct. In [11] is
proved that the measure of the set of knots for which
the Lagrange interpolation has not unique solution is
zero and the Lagrange interpolation is almost always
possible. In[1], C. de Boor proved that the correctness
of the pair(©, P) is equivalent with the equalities:

dim P = #(©) = dim P|e, )

with Ple = {fle | f € P}.

One of the difficulty encountered by the multi-
dimensional Lagrange interpolation is the so called
"loss of Hair”: for every finite dimensional linear
spaceV of continuous functions oi¢,d > 1 there
are sets of point® c R? such thatdim V =
#(0) > dim V|e. More, for a givenn andd > 1
there is not aa-dimensional correct polynomial space
for every sets of points having cardinality

Another difficulty is given by the fact that the set

of dimensions of polynomials id variables does not
cover the entire set of natural numbers:

n—+d

d
More, there are many polynomials drvariables, lin-
ear independent, with the same total degree.

There are many studies of Lagrange multivariate
interpolation for rectangular and triangular grids of
points. For these configurations the tensor product
method is successfully used (see [9]). Other authors
look for set of points9, such that the paifo, I1¢)
be correct (see [8], [10], [11]). These methods are
not working when the points are given and can not be
modified in the interpolation process.

C. de Boor and A. Ron found a minimal interpo-

lation space for a given set of poirisc R? (see [1]).
They called this spacHg:

dim T1¢ = ( (3)

(4)
(5)

The Lagrange interpolation is an ideal interpola-
tion scheme be cause

e = (Ezpe)l= span{gl; g € Expe}

Expo = span{ey; 0 € ©},

ker © ={p elllp(d) =0,V 0 € O} = Ig

is a polynomial ideal.

Multivariate ideal interpolation schemes are
deeply connected with H-bases. Any ideal interpo-
lation space with respect to a set of conditignsan
be obtained like a space of reduced polynomials mod-
ulo a H-basis of the idedter(A). The definition of
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Assuming thaty; < ... < s, theI'- homoge-

grading decomposition of the polynomial spaces and neous terny,, is called the leading term or the maxi-

of the inner product used in the reduction process.
We studied,in [21], in the case of bivariate poly-

mal part of f, denoted byf@™ 1.
In order to prove that the-degree induces a grad-

nomials, a generalized degree, introduced by T. Sauer ing, we introduce the followings sets:

and namedv-degree.
The aim of this article is to study the Lagrange
interpolation problem in the space of polynomials of

w-degree, by using the connection between interpo-

lation and reduction modulo a H-basis of the ideal
ker ©. We want to find, in the space of polynomi-
als ofw-degree a minimal interpolation space for the
conditions®.

In order to do this, in section 2 we present some
notions and results related to thedegree and in sec-
tion 3 we present the main results of this article. Con-
clusions are given in section 4.

2 Thew-degree grading

In [17], T. Sauer introduced the-degree of a
monomial:

Definition 1 Thew-degree of the monomiaf* is
d
(@) =w- -a= sz’ " Qg
=1

Vae N, w=(w,...,wg) € N¢, x € R%.

This degree induces on the space of polynomials in
variable a grading, in the sense given in [19].
A T'-grading is defined as follows.

Let (I, +) denotes an orderer monoid, with re-
spect to the total ordering, such that:a. < § =
Y+a<y+p5, Va,8,y €.

Definition 2 ([19]) A direct sum

=Py

vyel

(6)

is called a grading induced by, or a I'-grading, if
Va, el

fert ger=f.gerl,

(7)

The total ordering induced bk gives the notion

of degree for the components m(yr). Each polyno-
mial f = 0, has a unique representation

F=>fuw fn€PPs £ #0 (8)

i=1

The terms f.,, represent thel- homogeneous
terms of degree;.

A?l’w:{oaeNd\w-a:n}, we (N9 neN
(9)
Tnw = #(A] ) (10)
Ny={neN|JacA), } (11)
Proposition 1 The direct sum
=@ pPM (12)
YENA

is a N4-grading, in the sense given by the definition 2

Proof. The polynomial homogeneous subspaceef
degreen can be rewritten as:

H%,w: Z cat® | co € R, a € N¢
acAf

n,w

Letbea € A}, andg € A9, . Thew- degree of the
monomialz® - 27 is :

Sw(x® 2 =w (a4 8) = (w-a)+ (w- )

& 0 (2% - 2P) = 6,(2%) 4 6, (27)
This relation proves that if € IIY , andg € II

thenf g eIly .. O

We will name,w-degree grading, the grading ob-
tained by choosing in definition Z, = N4 with the
natural total ordering. The leading term correspond-

ing to this grading will be denoted bf/ 1.,

3 The interpolation problem

Let be

©={6;6; R i=1,...,n}

We want to obtain a space of minimaldegree for
the condition®.

We will use the following theorem:

Theorem 1 ([19]) Let be A C II' an ideal interpo-
lation scheme and{ a H-basis for the ideaker A.
Then, the set of reduced polynomials modul@{a
Py = I1_,,, is a minimal interpolation space for the
conditions® and the interpolation operator is the re-
ducing operator modul®{ - basis, that is

Lp, (q) =q —wn; g1l (13)
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For the reducing process modulofabasis we will to the inner product given in (14) and the-grading,
use the inner product then
o (03
< fps=EDIN0) = 3 D p(O)I'j f(0)7 O, = () kerqly (D)= e)w, (22)
acNd !l qEker ©
P—— A9 with
In our problem, the reducing operator modulo a . . .
H - basis(p1, . . ., pm), @ssociates to each polynomial (6 )w = (Ewpe)lw= span{glw; g € Emp@(}zg)
p, its reduced part, related to thev-grading. Every
polynomialp has an unique representation: Proof:(Ilg )., is aw- minimal interpolation space for
m 0. Using a proof as in [17] we obtain that
= - pr + 7, with 15
P2 um - N kergtu (D) = (o).
duw (k) + 0w (pk) < duw(p) and acker ©
Su() , The first equality results from theorem 1. ]
r= Z T, With (16)
n=0
TnLVn(plv---apm)- (17) .
o o 4 Conclusions
The orthogonalisation is made related to a given inner
product. In fact, the following algorithm is used in In this paper we discuss a Lagrange interpolation
order to calculate the reduced polynomial : scheme in the space of polynomials@degree. This
Reduction algorithm type of interpolation schemes appears in the practical
FO”} = w(p), ..., 0 problems in which the coordinates are dependent of
Forj=1,...,m _ time and the condition of minimal degree of the inter-
we calculate the polynomialg’ € Wy (p1,...,p;), polation polynomial is replaced with the condition of
given by w-minimal degree of the interpolation polynomial. Be
i cause Lagrange interpolation scheme are ideal inter-
n_ n o n 0 polation schemes, we can use the connection between
%G = kz_:lqjv’“ el G & s, o) (18) the interpolation and the reduction process modulo a
H-basis of the ideater ©. We found a form of the in-
such that terpolation polynomial in the space of polynomials of
w-degree. If we can construct the interpolation space,
fo T =4 L Wa(p1,...,pj), (19) we know the space of reduced polynomials. On the
where, firstf. _ other hand, we can e_lpply the algorithm f_or obtaiping
Wi b:[ . théw(p) D- ‘ the redyced polynomla_lls moqlulo a H-b_aS|s of the ideal
€ obtain the componen ker ©, in order to obtain the interpolation space.
m m The construction of they-minimal interpolation
roo= — no_ — no. space for some practical problems, the interpretation
n= Il ;qj Il ];k;q]’k Pt of the results and the comparison with the classical
(20) minimal interpolation space are our further directions
with r,, L Vi, (p1,- .., Dm)- of study.
The inductive reduction process is realized for ev- Acknowledgementthis work benefits from founding
ery w-homogeneous componentsyofoy choosing from the research grant of the Romanian Ministry of

. Education and Research, cod CNCSIS 33/2007.
m.J
fn—lzfn_rn_ZZQZk‘pk (21)
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