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Fuzzy models of the dynamic systems for evolution of populations
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Abstract. - The fuzzy models of evolution of isolated population and also coexistence of two populations
are built on the basis of fuzzy logic using the algorithm of Takagi-Sugeno. The partial cases of
degeneration of new models in the simplest models are considered.
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1 Introduction

The modeling of the dynamic systems of evolution of
populations is deeply enough studied and described by
the methods of differential equations, which are built on
the basis of laws of conservation of mass, energies and
other. Besides the simple linear models of evolution and
coexistence of populations, such as Malthus models and
Verhulst model, plenty of models based on quazylinear
and nonlinear equations are built [1, 5, 8, 9, 11]. The
solutions of such problems in a greater or smaller
measure are studied and investigated on stability in other
branches of science, in particular in theoretical physics,
hydromechanics and others.

The dynamic systems are less studied using of fuzzy
logic, but now this direction of researches develops
rapidly. We will calls certain works devoted to
researches of dynamics of processes by construction of
fuzzy models [2, 3, 4, 6, 12, 13]. It is necessary to take
into consideration that properties of dynamics of
populations are mostly studied on the basis of statistical
data and that is why application of fuzzy logic is
reasonable. Approaches, at which outputs data appears
poorly formalized, allow to presents statement and
solution of problem by a natural language, here they are
universal and effective. At the same time, there is some
subjectivity in forming of fuzzy rules and electing of
function of membership that can be partly corrected by
correction of the system parameters in the process of
work.

On this time a few algorithms of obtaining of fuzzy
conclusions, which are based of knowledge of
specialists of subject domain as the aggregate of
predicate rules, are exist, such as, algorithms of
Mamdani, Tsukamoto, Takagi-Sugeno, Larsen [7, 16].
There are also different approaches in adduction to un-

fuzzy, in particular, centroid approximation,
approximations of the first and middle maximum,
criterion of maximum, and others. Practical
applications of methodology of Takagi-Sugeno to
construction of the fuzzy systems are in article [14]
presented, and in [15] the fuzzy dynamic systems
obtained on the basis of linear function of
membership. In this article the generalization of the
systems is done in the case of arbitrary function of
membership for the models of evolution of isolated
population and coexistence of two populations.

2. Review of biological models.
Models of dynamics of one population. The simplest
model of population’ growth (model of Malthus) is
given by equation

dx

— =ax

dt

(M

where X is quantity of population, t is time, @ is the
difference of coefficientsof birth-rate and dying off.
The solution of equation (1) submits to the exponential
law, here at a>0 andt > o X(t) > o, and at

a<0 and t— o Xx(t) > 0. Equation (1) is the

equation of natural growth, application of such model
is limited as growth of population can take place only
on condition of unlimited resources of environment.
The next model of logistic growth satisfies condition
of boundedness of quantity of population

%: a(x)x

dt
)
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where coefficient a(X) depends on the quantity of
population. So, Verhulst proposed linear dependence
a(x) = a — px, then

dx

—=(a - X.
ot (a = pX)
3)
The solution of equation 3) is
X(t) = a/p , thus C=1- d , SO at
1-Cexp(—at) L X(0)

t — oo the quantity of population sent to the finite
value X(t) > a/ . We will specify, also, the law of

dynamics of population under the condition of co-
operative interests

X _ (i1 - exp(-ax)] - D(x))
@)

thus a birth-rate submits to the law of Poisson
1 —exp(—ax), and D(X) is arbitrary function of dying
off.

Models of coexistence of populations. The simplest
model of coexistence of two kinds (model of Volterra)
is

dx

H - px

jt — (4 30y
)

where X is quantity of victim population, Yy is
quantity of predator population, &,y are coefficients

of natural increase, f,0 are coefficients of

interspecific coexistence.
The model of mutual interspecific competition of
two kinds generalized the model of of Volterra

dx
(a allX a'12 y)X

dt
d
dil =(b- ayX—2ay,Yy)y
(6)
which can be the generalized by Kolmogorov’ model
o foeyx.
dt
dy _
ot =9(Xy)y
(7
where, f(X,y) and g(X,y)are of functions

differentiable on both the variables, the signs of parts
derivative  determine the relations between
populations.

Model of Volterra of coexistence N of kinds is in
the form
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n
:(ai_zyijijXi i=1n.
j=1
8
General equations of balance [10], which describe the

streams of mass and energy between producers,
substrates and consumers

& (Fi-Di)x —Zn:“ijyj +Zp:Wikzk R,
dt =1 k=l
i=Lm,
dy. —
d_tjz( - ) ZVerr =Ln

)

kaj y] zwkl XI

where Xi (I :l’m), Y (J :l’n)a % (k =1, p) are
biomasses of producers, substrates and consumers

F., F, D,

dzk k=1p

y are coefficients of natural increase

Uips Vs Wy, Wy, Ve

and dying off; 1’ U’ are speeds of

consumption, transformation and production of
i

biomasses; is coefficient of transformation of

light.

3. Fuzzy models of

evolution.

Construction of the simplest fuzzy model of evolution
of population is based on some statistical or
experimental data about the parameters of the system.
In particular, such data can be got quantity of

population for the separate segments [X,,X,],
[Xi» Xyl (i=1,n=1) and [X ] the proper

values to the coefficient of its growth a; with the

population’

nl’n

function of membership z;(X) (] :O,_n), which is

considerate of weighting coefficient. The sum of
weighting coefficients for every value X must satisfy

n
the condition Z u(x)=1.

j=0
From models of population evolution (1) -(4) based
on the theory of ordinary differential equations,
follows, that, consequently, it is possible to get the

(j=0,n) for the

system of fuzzy rules II,

coefficient of population’ growth
dx

IT,: If Xe[X,, %], then L =a,.
X

dx
I1,: If X €[X,,X,], then d—)z:al.



dx
IT;: If Xe[X;_;,X,,], then d—)z=ai i=Ln-1.

dx
. dt _
IT, :If Xe[X,_,,X,], then ;_anfl.

dx
IT,:If X€[X, ,X,], than L =a .

X
Let’s give the function of membership, which

determines the degree of validity of the rule IT; or

value a; as the coefficient of growth of population, in

the form
1 X=X,
X 0
Hy(X)=11-¢ Xe (X, %],
Xl 0
0 X &[X,,% ]
go[m] X e [X|—1 , X| ]
Xj = Xiy
X=X
4 (X) = 1‘?(—'J xe(X,X,] (11)
Xi-¢—1_Xi
0 XE[X %]
i=1,n-1,
X=X,
Xe[X, X,
/un(x): gD[Xn_xn1] [”1 ] >

0 X &[X, X, ]
where a function @(«) is determined on an segment
[0,1], thus @(0)<<1 (or @(0)=0) @(0)=1. In

obedience to individual exits from rules HJ-

(J=0,n) it is possible to define value of conclusion

as the weighted-mean value accordingly the algorithm
of Takagi-Sugeno [16]

n

& Z:uj(x)aj
= (12)

S 41,0
=0

Substitution of formulae (11) in expression (12) for
4;(X) gives the simplified expressions on separate

intervals
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& X=X X=X,
& {1 - (p(—'l ﬂail + (o(—'l jai ,
X Xi =Xy Xi = Xig

XE[XHin]a |=1;_n 5

or

LA P X751 @ —a ) |x
dt i-1 (0 Xi_xi,l i i-1

Xe[X %], 1=1n.

(13)

If all values to the coefficient of population’ growth
are equal each other, then the fuzzy model degenerates
in the Malthus model (1) for arbitrary function of
membership.

Partial case, when the function of membership is
determined as linear dependence

pla)=c

is considered in article [15].

For the linear function of membership the model of
Verhulst (3) turns out from an fuzzy model (13) at
8 -8 _8,-8 _ _.zan_anflz_ﬂ and
X=Xy X=X Xn = Xn

a,=a.

4. Fuzzy models of co-operations and

coexistence of population.

For construction of fuzzy model of coexistence of two
populations it is needed to define the value of
coefficients of growth of populations in some region
of values of quantity of these populations. We will

designate a;, and b, (] =0,n, r=0,m) as the
value of coefficients on rectangles [X,,X;; Y,,Y,].
[Xos X5 Ve Vit 1 [Xiits X3 Yoo Vi,
[Xicis X Yiers Yool [Xnois %05 Yonts Yol
(i=Ln-1, k=1,m-1).

Let’s formulate the system of fuzzy rules II;, for the

coefficients of growth of populations

1_IOO: If (Xa Y)E[Xoaxl;yoa y1]a
dx dy
then L=a, L=h,.
X

Iy s IE (X, Y) €[X0, X5 Vi Vi d s
i, 3
i t
then ; = aOk —= bOk

1_IiO : If (Xa y) € [Xi_1axi+1;yoa yl],
£, 2
then £ =a, L =D
X i0 y i0

29
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I, I (X, y) €[

Xo> X325 Yirs Yia 15

dx dy
then & y L=a, *=b,
IT, I (X, Y) €[X 15 X005 Yo» Va1
dx dy
then L =a, L=b,
X y

dx L
then =3, *=b,
X y

an: If (X,y)E[Xn 1> n’yk 17yk+1]
dx dy

then L =a L=
X nk y nk
Hlm:If (X,y)E[Xiil,xnl;ym,]:ym])
P
then L =a L=,
X im y m
Hnm:If (X7y)€[xl’] 1° n’ym l’ym]
i, 3
then L =a %L =b .
X nm y nm

We will give the function of membership 4 (X,Y)

(] =0,n, k= O,_m) which determines the degree of
validity of the rule TT; and b; as

coefficients of growth of populations as product of
functions

ﬂjr(xa y):ﬂj(x)ﬂr(Y) (15)
thus the function of membership ;(X) is given by

or values a;,

formulae (11), and function 77,(Y) analogously in a
form

1 Y=Y
ye(¥, Y] s

0 Y €[Yo, Y]

V/(&] yelye Y.l
Ye = Yiu

Ur(y)= I_V/(&j ye(yrayﬁ—l]
Yea = Yr

0 ye[yr—lﬂyrﬂ]

y— ym—l
L — ye
Um(Y): (ym_ymll
0 y 3 [ym—l ’ ym ]
where a function () is determined on an segment
[0,1], thus w(0)<<1 (or w(0)=0) w(d)=1. In

from rules II

[ym—l > ym]

b

obedience to individual exits

jr

(J=0,n, r=0,m) it is possible to define the values
of conclusion, as the weighted-mean values

dx Zzﬂ’jr(xs y)ajr

dt __ r=0 j=0

S 3)WNCRY

j=0

NgE

Il
(=]

r

(17

dt

D3 W NCRY

r=0 j=0
or taking into account formulae (1 1), (15) and (16) for

(X, ¥) €[Xi;» wyklsyk]('—ln k=1,m)
dx —X. _
ﬂz{l_w[ X=Xy J}{l_w[ Y=Y j:|ai—1 o+
X Xi = Xy Ye = Yia
+¢( X=X j I_W[ Y=Y j a, , +
Xi = Xy Ye = Yia
+ 1‘@( X=X j l//( Y=Y jailk +
Xi = Xy Ye = Yia
+(P( X=X ]l//[ Y=Y jai )
Xi - Xi—l yk - yk—l

dy z ” Oﬂjr(xa y)bjr
r=0 j=

b

(18)
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dy ¥ _
&+ = 1_(0[—)( Xi ] I_W[‘y Yo J biy i +
y Xi — Xy Ye = Yia
+(P( X=X ] 1"/’( Y=Y j bi o+
Xj = X Yo = Yea
+ 1_(0( X=X J ‘//( Y=Y Jbilk +
Xi = Xy Ye = Yia
X=X —
=Y
Xi - Xi—l yk - yk—l

After transformations we get formulae for

(X, Y) €[Xiy5 %5 Yiers Vil
X _da g XN (@, —an, )+
dt i-tk-1 T & X -, . i k-1 i1 k-1

+ V/{uj(ail K~ i ke )+

Y = Yia
X=X — Y-
R ks
’ (19)
d X—X,_
d_i/ = y|:b|1 k-1 T (P[ X — Xi—ll ](b. k-1 b. 1k 1)+
Y=Y
' V/[ Vi - ykk_ll ](b“ L

X=X Y=Y
+¢ 7 O R R
[Xi_xi—lj (yk_yk_lj( k 1k k-1 1k1)

It is possible to get models which are based on the
theory of differential equations from an fuzzy model
(19). In particular, if the multipliers of function of

membership A, (X,Yy) are linear functions and are
equal, the model of Volterra (5) turns out from an
fuzzy model (19) at

Ay — Q¢

alr_aOr:azr_alrzm= =—5,

X, =X, X, =X, X — X
q, =,

bjl_bjO :bjz_bjl _ =bjm_bj m-1 -5

YVi=Yo VoY Ya Y ’
by =7 -

Analogously it is possible to get a model (6) et al. This
algorithm allows to generalize a model (9) to build the
general fuzzy models of coexistence of producers,

substrates and consumers, at the case of such
parameters are known: experimental and statistical
data of coefficients of natural increase and dying off,
speeds of consumption, transformation and production
of biomass and coefficient of transformation of light
for the fixed values of quantity of all populations of
the multiple system.

5. Conclusions.

The fuzzy logic extends possibilities of construction of
new fuzzy dynamic models which take into account
stochastic processes and are based on statistical and
experimental information. In particular, on the basis of
fuzzy logic after the algorithm of Takagi-Sugeno the
fuzzy models of evolution of isolated populations and,
also, models of coexistence of two populations are
created. In partial case the new models degenerate in
the known models of Malthus and Volterra.
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