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Abstract: A class of (N+1)-species ratio-dependent predator–prey stochastic models, which consists of one preda-
tor population andN prey populations (orN subpopulations of a prey metapopulation), is considered. The influence
of a fluctuating environment on the carrying capacities of prey populations is modeled as a dichotomous noise. The
study is a follow-up of a previous investigation of the aboveclass of models subjected to a colored-noise with low
intensity [Physical Review E74, 021101 (2006)]. Relying, in case the growth rates of prey and predator are widely
different, on the mean-field approach, the self-consistency equations for prey-populations mean abundance and
predator-population abundance are derived. In some regionof system parameters, the variations of noise ampli-
tude or correlation time can cause transitions of the mean field from a globally asymptotically stable equilibrium to
the stable limit cycle as well as in the opposite direction. The conditions for the occurrence of such a phenomenon
are found and illustrated by a phase diagram.

Key-words: Stochastic dynamics, predator–prey models, functional response, ratio-dependent, dichotomous noise,
limit cycle, slow-fast cycles, noise-induced transitions.

1 Introduction
One of the key issues in ecology is how environmen-
tal fluctuations and species interactions may deter-
mine the oscillations in population sizes displayed by
many organisms in nature as well as in laboratory cul-
tures [1]-[6]. Ecologists have mainly been interested
in the dynamical consequences of population inter-
action, often ignoring environmental variability alto-
gether. However, the essential role of environmen-
tal fluctuations has recently been recognized in the-
oretical ecology. Noise-induced effects on population
dynamics have been subject to intense theoretical in-
vestigations [7]-[11]. Moreover, ecological investiga-
tions suggest that population dynamics is sensitive to
noise correlation time (noise color) [11]-[16]. In spite
of the obvious significance of this circumstance, the
role of nonequilibrium fluctuations (colored noise) of
environmental parameters has not been investigated
much in the context of ecosystems [15]-[17].

The most popular (without fluctuations) model
for predator–prey dynamics, in its classical form, can
be written as [2],[18]

dx
dt
= x f (x) − αg(x, y)y,

dy
dt
= y[βg(x, y) − d], (1)

where x and y are densities of prey abundance and
predator abundance, respectively,f (x) is the per
capita rate of increase of the prey in absence of pre-
dation, andd is food-independent predator mortal-
ity, assumed to be constant. The functionαg de-
scribes the amount of prey consumed per predator per
unit time, whileβg describes predator production per
capita. The quotient of the two constantsβ andα is
the conversion efficiencyβ/α.

During the past decade a lot of studies have been
devoted to the understanding of the consequences of

Proceedings of the 3rd WSEAS International Conference on Mathematical Biology and Ecology, Gold Coast, Queensland, Australia, January 17-19, 2007         12



assuming either a prey-dependent,g = g(x), or ratio-
dependent,g = g(x/y), predator functional response
(a trophic function) in predator–prey models [19]-
[22]. Differing from the prey-dependent predator–
prey models, the ratio-dependent predator–prey sys-
tems have two principal predictions: (i) equilibrium
abundances are positively correlated along a gradi-
ent of enrichment [22] and (ii) the ”paradox of en-
richment” [23] either completely disappears or enrich-
ment is linked to stability in a more complex way
[24]. Based on a trophic function of the Michaelis-
Menten-Holling type, the ratio-dependent predator–
prey model (1) has recently been studied by several
researchers and very rich dynamics has been observed
[18],[24]-[28]. From the mathematical point of view,
ratio-dependent models can display original dynamic
properties that have never been observed in earlier
simple two-dimensional predator–prey models. For
example, the origin (x = 0, y = 0) can be a node si-
multaneously attractive and repulsive, thus shedding
new light on ecological extinction, particularly in the
context of biological control. Coexistence of several
dynamic regimes with the same set of parameters can
also be observed [18],[24]-[27]. These are realistic
features since those behaviors have been observed ex-
perimentally [29].

Although deterministic ratio-dependent predator–
prey models are useful in modeling many real eco-
logical communities, there is almost nothing avail-
able either on qualitative analysis of multispecies in-
teraction or on the effect of environmental fluctua-
tions in models based on a ratio-dependent approach
[17],[28]. It is of interest, both from theoretical and
practical viewpoints, to know whether the transitions
from equilibrium states to oscillatory regimes (and
the opposite way) sometimes occurring in ecosystems
[1]-[6] could be regarded as induced by environmental
nonequilibrium fluctuations.

Recently we have considered a broad class of
(N + 1)-species ratio-dependent predator–prey mod-
els that consist of one predator population andN prey
populations with fluctuating carrying capacities [17].
Notably, in the framework of the mean field theory it
is shown that the dynamical system for the mean prey
abundance and predator abundance exhibits Hopf bi-
furcations with respect to the noise correlation time.
However, this work is based on local stability analysis
with the assumption that noise dispersion (or ampli-
tude) is very small. As a consequence, for the exis-
tence of the phenomenon of noise-induced Hopf bi-
furcations the control parameter (prey capturing rate)
must be located very near the bifurcation pointαcr
of the corresponding deterministic model. Moreover,
in the case considered in [17] the trivial equilibrium
(x = 0, y = 0) has its own basin of attraction, even if

there exists a nontrivial stable or unstable equilibrium
(with a stable limit cycle). Hence, the appearance
of noise-induced Hopf bifurcations is very sensitive
to small variations of system parameters and initial
conditions. Consequently, the question (very impor-
tant in an ecological context), whether environmental
colored fluctuations with a finite amplitude can cause
globally asymptotically stable limit cycles in ratio-
dependent predator–prey systems is still open.

Thus motivated, we have written the present pa-
per, considering the class of (N + 1)-species ratio-
dependent predator–prey models, represented in our
previous work [17]. Differing from [17] we con-
sider here that region of the system parameters space
where the corresponding deterministic model is char-
acterized by a nontrivial globally asymptotically sta-
ble equilibrium. Since one of the characteristic quan-
tities of an ecosystem, perhaps the most fundamental
one, is its average species density [30] (

∑N
i=1 Xi/N),

whereXi is the population density of theith species),
we consider the average species density of preys as
one of the two state parameters of an ecosystem, the
other state parameter being the density of predator
abundance. We study the model using a mean field
approach, focusing on colored-noise-induced transi-
tions. The effect of a fluctuating environment on the
prey populations is modeled as colored fluctuations of
the carrying capacities. For the sake of mathematical
simplicity, we confine ourselves to the case where the
noise is a dichotomous Markovian noise, also known
as the random telegraph signal [31].

The main contribution of this paper is as follows.
In predator–prey systems in which the growth rate of
the predator is much smaller than the growth rates
of preys, we establish colored-noise-induced transi-
tions from a globally stable equilibrium to the sta-
ble limit cycle (with some oscillations of popula-
tion abundance) as well as in the opposite direction.
Furthermore, the transition is found to be reentrant,
e.g., if the noise amplitude is greater than a thresh-
old value then the limit cycle appears above a crit-
ical value of the noise correlation time, but disap-
pears again through reentrant transition to the equi-
librium state at a higher value of the noise correla-
tion time. Particularly, in the case of the Michaelis-
Menten-Holling type ratio-dependent trophic function
and logistic self-regulation of preys we give the nec-
essary and sufficient conditions for the appearance of
such effects. We emphasize that contrary to the case
described in [17], here the limit cycles rather occur at
moderate or great noise amplitudes than at very small
ones.

The structure of the paper is as follows. Sec-
tion 2 presents the basic model investigated in this
work. A mean-field description of the model is
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given and the corresponding self-consistency equa-
tions are found. Section 3 analyzes the behavior of
the self-consistently determined mean field. The phe-
nomenon of colored-noise-induced relaxation oscilla-
tions of prey and predator densities is established, and
the conditions for such an effect are illustrated with
the help of a phase diagram in the noise parameters
space. Section 4 contains brief concluding remarks.

2 A stochastic ratio-dependent
predator–prey model

2.1 Model
As was mentioned in the introduction, the present
model is based on a generalization of the ratio-
dependent model for predator–prey dynamics (1) to
the case of one predator population andN prey popu-
lations [17]:

dXi

dt̃
= fi(Xi)Xi − α̃g

(

x̄
y

)

y
x̄

Xi,

dy
dt
= β̃g

(

x̄
y

)

y − d̃y, (2)

where Xi(t̃) (i = 1, . . . ,N) is the density of theith
prey population at the timẽt, y(t̃) is the density of the
predator population, and ¯x(t̃) = (1/N)

∑N
i=1 Xi(t̃) is the

average of the prey population densities. The posi-
tive constants ˜α, β̃, andd̃ stand for the prey capturing
rate, maximal predator growth rate, and predator death
rate, respectively. Here we have assumed that for con-
sumers (predator), all prey populations are equivalent,
so that the function ˜αg(x̄/y)·Xi/x̄ describes the amount
of the ith prey consumed per predator per unit time.
Model (2) is biologically meaningful if the functional
responseg is bounded, non-negative and increasing,
and equal to zero at zero [22]. More precisely, we
assume that

0 ≤ g(u) ≤ 1, dg(u)/du > 0,

0 ≤ u < ∞, g(0) = 0. (3)

The following analysis applies to concave increasing
functionsg(u) with

g(u)
u
≤ 1, 0 ≤ u < ∞. (4)

Convex functions (e.g. sigmoid or with a threshold)
require a specific analysis but they do not lead to any
important property qualitatively different from those
that will be examined in the rest of the paper.

The function fi(Xi) describes the development
of the ith species without any interaction with other

species. A typical mechanism for self-regulation in
ecosystems includes, for example, territorial breeding
requirements and the crowding effect caused by com-
petition for resources [30]. These are taken into ac-
count by applying the generalized Verhulst model

fi(Xi) = δ

[

1−
( Xi

Ki

)c]

, (5)

wherec > 0 andδ are constants, andKi is the carrying
capacity of theith species.

Random interaction with the environment (cli-
mate, diseases, etc.) is taken into account by introduc-
ing a colored noise infi(Xi). From now on we shall
use fluctuations of the carrying capacity

Ki = K[1 + a0Zi(t̃)], (6)

where colored noiseZi(t̃) is assumed to be a dichoto-
mous Markovian stochastic process [31]. A dichoto-
mous process is a random stationary Markovian pro-
cess consisting of jumps between two valuesz =
−1, 1. The jumps follow in time according to a Pois-
son process, while the values occur with the stationary
probability 1/2. The mean values ofZi(t̃) and the cor-
relation function are

〈Zi(t̃)〉 = 0, 〈Zi(t̃)Z j(t̃
′)〉 = δi j exp(−ν|t̃ − t̃′|), (7)

whereδi j is the Kronecker symbol and the switching
rate ν is the reciprocal of the noise correlation time
ν = 1/τc.

Obviously, model (2) with Eqs. (5) and (6) is bi-
ologically meaningful only if

a0 < 1. (8)

It is practicable, by applying the properties of the di-
chotomous process, to convert the termK−c

i in Eq. (5)
to the form

K−c
i = γ[1 + aZi(t̃)] (9)

in which we have introduced

γ =
1

2Kc(1− a2
0)c

[(1 + a0)c
+ (1− a0)c], (10)

and the amplitude of the fluctuations

a =
(1+ a0)c − (1− a0)c

(1+ a0)c + (1− a0)c
. (11)

By substituting identity (9) into Eqs. (5) and (2) and
applying a scaling of the form

t = δt̃, ν =
ν̃

δ
, α =

α̃

δ
, β =

β̃

δ
, d =

d̃
δ

(12)
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we get a dimensionless formulation of the dynamics

dXi(t)
dt

= Xi(t)
{

1− γ[1 + aZi(t)]X
c
i (t)

− αg
( x̄
y

)y
x̄

}

,

dy
dt
= y

[

βg
( x̄

y

)

− d

]

, i = 1, . . . ,N, (13)

whereZi(t) is a dichotomous noise with an amplitude
1 and a switching rateν. We emphasize that Eqs. (13)
are mathematically equivalent to the initial system (2),
(5), and (6) and have been derived without any ap-
proximation. Note that if noise is absent and the dis-
tribution of the initial prey–population abundances is
uniform, xi(0) = x0, then model (13) can be reduced
to the deterministic ratio-dependent model (1) for ¯x
andy, i.e.

dx̄
dt
= x̄

[

1− γx̄c − αg
( x̄

y

) y
x̄

]

,

dy
dt
= yβ

[

g
( x̄

y

)

− s

]

, s =
d
β
. (14)

Thus, in this case, the results described in [18],[24]-
[28] are immediately applicable.

For example, if we assume that

α < min

{

1,
u[c(1+ d) − β(cg − ug′)]

(1+ c)g − ug′

∣

∣

∣

∣

∣

u ∈ (0,∞)

}

,

d < β < 1+ d, (15)

whereg′ = dg(u)/du, then the system (14) has two
equilibria, E1 = (0, 0) andE2 = (K, 0) on the ¯x axis,
while the third equilibriumE3 = (x̄s, ys) is given by

x̄s = K
[

1−
αs

g−1(s)

]

1
c

, ys =
1

g−1(s)
x̄s, (16)

whereg−1 is the inverse function ofg. The stability
analysis ofEi, i = 1, 2, 3, shows that the equilibrium
E3 is globally asymptotically stable and the equilibria
E1 and E2 are unstable (E2 is a saddle point). The
following analysis will be confined to case (15).

2.2 Mean field approximation
To proceed with the analytical examination of model
(13), we follow the mean field approximation scheme.
We assume thatN → ∞. This means that we are in-
terested in the case of a very great number of prey
populations (or subpopulations in a prey metapopula-
tion). The mean field approximation can be reached
by replacing the size average ¯x = (1/N)

∑N
i=1 Xi(t) by

the statistical average〈X(t)〉 in Eqs. (13). Hence,

each stochastic differential equation forXi(t) in Eqs.
(13) can be reduced to an independent and identical
stochastic differential equation of the form

dX(t)
dt
= X(t)

{

r(t) − γXc(t)[1 + aZ(t)]
}

, (17)

wherer(t) ≡ 1− αg(u)/u with u(t) ≡ 〈X(t)〉/y(t). The
corresponding composite master equation is

∂

∂t
Pn(x, t) = −

∂

∂x
{

x[r(t) − xcγ(1+ an)]

×Pn(x, t)
}

−
ν

2

2
∑

m=1

[(2δnm − 1)Pm(x, t)], (18)

with Pn(x, t) denoting the probability density for the
combined process (x, an, t); n,m = 1, 2;−a1 = a2 = a.
If the predator population densityy is constant, then a
significant inequality follows from Eq. (17) to charac-
terize the stationary state of the system. For a station-
ary case,x1 = [r/γ(1− a)]1/c andx2 = [r/γ(1+ a)]1/c

are stable fixed points of the deterministic equations
(17) with Z(t) = −1 andZ(t) = 1, respectively, and all
trajectoriesX(t) satisfy the following inequalities:

[ r
γ(1− a)

]1/c

> X(t) >
[ r
γ(1+ a)

]1/c

. (19)

The behavior of the stationary system (17) can be an-
alytically studied by means of a standard mean field
theory procedure [32]. For a stationary state we can
solve Eq. (18), taking as the boundary condition that
there is no probability current at the boundary (19).
This way we get the stationary probability distribution
in the x space,P(x, r) =

∑

n Ps
n(x) , wherePs

n(x) is the
stationary probability density for the state (x, an). Af-
ter quite simple calculations one can find

P(x, r) =
crx−(1+c)

γaB(1/2, ν/(2rc))

×

∣

∣

∣

∣

∣

1−
r2

γ2a2

(

γ

r
−

1
xc

)2∣
∣

∣

∣

∣

[ν/(2rc)]−1

, (20)

where r = 1 − αg(u)/u, u = 〈X〉/y, B(λ, κ) =
Γ(λ)Γ(κ)/Γ(λ + κ) is the beta function, andΓ is the
gamma function. The probability densityP(x, r) is
normalized to restrictx within the interval (x1, x2).

The self-consistency equation for the Weiss mean
field approach, whose solution yields the dependence
of 〈X〉 on the system parameters, is

〈X〉 =

x1
∫

x2

xP(x, r)dx. (21)
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With the help of the stationary probability distri-
bution (20), one can easily calculate the moments of
prey population densities

〈Xk〉 =

( r
γ

)k/c

2F1

( k
2c
,

k
2c
+

1
2

; m +
1
2

; a2
)

, (22)

where 2F1 is the hypergeometric function,k =

1, 2, . . ., and

m :=
ν

2c[1 − αg(u)/u]
. (23)

3 Relaxation oscillations
In this Section, we discuss a special case whereβ ≪ 1
(relaxation oscillation limit). In this limit, the last
equation in Eqs. (13) indicates thaty varies very
slowly. Since the dynamics ofX (see Eq. (17)) is
much faster than that ofy, a quasi–stationary proba-
bility distribution is formed beforey varies. In other
words, the variabley in Eq. (17) is just a parameter
for the dynamics ofX. In this case, we can investigate
the mean field dynamics of the system (13) using the
following equations (see also Eq. (22)):

y =
1
u

(r(u)
γ

)1/c

× 2F1

( 1
2c
,

1
2c
+

1
2

; m(u) +
1
2

; a2
)

,

dy
dt
= βy[g(u) − s], u := 〈X〉/y. (24)

The first equation in Eqs. (24) corresponds to the prey
isocline of the system. It is obvious that the predator
isocline is given by

u = g−1(s) = const. (25)

The slow–fast approach suggests an intuitive idea why
predator–prey cycles sometimes occur. This can hap-
pen if the fast system (17) can have fold bifurcations
of mean field in the range of interest of the parame-
ter y, i.e. if the self-consistency equation (see the first
equation in Eqs. (24)) can have more than one stable
solutionu(y) in some interval of values ofy.

To clarify why the fluctuations of carrying capac-
ities of preys can cause the relaxation oscillations in
the system, we consider now in detail the biologi-
cally important case of logistic self-regulation,c = 1,
and of the following Michaelis-Menten-Holling type
predator functional response [24]-[27]

g(u) =
u

u + b
=

〈X〉
〈X〉 + by

, (26)

whereb > 0 is a constant. In what follows, we will,

0.2 0.4 0.6 0.8 1
u

2

2.5

3

y

H1L

H2L

Fig.1. Two general types of prey isoclinesy(u) that
can occur. The isoclines are computed by means
of the first equation of (24) and Eq. (26), at the
parameter valuesc = b = γ = 1, α = 0.95, and
ν = 0.3. (1): The noise amplitudea2

0 = 0.82 is less
than the critical valuea2

c . (2): The parametera2
0 = 0.9

is greater thana2
c .

without loss of generality, use the scaling

ỹ = yb, α̃ = α/b. (27)

In this case the coefficientb in Eq. (26) turns to unity
and the conditions (3) are fulfilled. For convenience,

0.1 u* 0.4 0.5 0.6 0.7 0.8 0.9 1
u

2.3

2.4

2.5

2.6

2.7

y

Fig.2. A noise-induced relaxation oscillation. The
thick solid cycle depicts the predator population
density y versus the ratiou = 〈X〉/y, computed by
means of Eqs. (24) and (26). Solid lines: the stable
pieces of the prey isocline determined by the first
equation of (24). Dashed line: the unstable piece of
the prey isocline. Dotted line: the predator isocline
given by Eq. (25). Parameter values:c = b = γ = 1,
α = 0.95, s = 0.2, β = 0.01, a2

0 = 0.9, andν = 0.3.
The oscillation cycle follows a stable piece of the
prey isocline and jumps to another stable branch of
the isocline.
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X
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t
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Fig.3. Time evolution of mean prey density〈X〉
(panel (a)) and predator densityy (panel (b)) obtained
by numerically solving Eqs.(24) and (26) for the
limit cycle displayed in Fig.2. Parameter values
are c = b = γ = 1, α = 0.95, s = 0.2, β = 0.01,
a2

0 = 0.9, andν = 0.3 (same as in Fig. 2). Note that
the predator-prey cycles exhibit a delay of∆t ≈ 41.1
between prey and predator maxima. The time is
dimensionless as scaled by Eq.(12).

we shall omit the tilde. Note that in this case

g−1(s) =
s

1− s
. (28)

The typical forms of the prey isocliney(u) are
represented in Fig. 1. At the conditions of (15), one
has to discern two cases. First, if the noise ampli-
tudea0 is lower than a threshold valueac(α) > 0, the
curvey(u) is described with a monotonically decreas-
ing function as the variableu increases (see curve (1)
in Fig. 1). Obviously the system is monostable and
no relaxation cycle can occur. Second, in the case of
a sufficiently large noise amplitude,a0 > ac(α), there
is an interval of values of the noise correlation time
τc ∈ (τc1(α, a0), τc2(α, a0)) where there occurs a non-
monotonic dependence of the prey isocline onu (see
curve (2) in Fig. 1). That is, the colored noise induces
two fold bifurcations of the mean field〈X〉 of the fast
system (17) with respect toy. In this case the relax-
ation cycles are possible and occur when the predator

0.82 ac
20.86 0.9 0.94 0.98 1

a0
2

0.2

0.4

0.6

0.8

1

1.2

Ν

0.82 ac
20.86 0.9 0.94 0.98 1

a0
2

0.2

0.4

0.6

0.8

1

1.2

Ν

Fig.4. (ν, a2
0) phase diagram for the occurrence of

noise-induced limit cycles. The shaded domain
corresponds to the region, where the relaxation
oscillations are possible. The critical noise amplitude
parametera2

c = 0.844. The borders of the shaded
region are computed from Eqs. (29), (24), and (26)
with c = b = γ = 1,α = 0.95.

isoclineu = s/(1 − s) intersects the unstable piece of
the prey isocline (see Fig. 2). Thus, in the last men-
tioned case, the system will converge to a limit cycle
from any initial state (Fig. 2).

A long time series of abundances of predators and
preys (Fig. 3) illustrates the fact that such cycles are
characterized by periods of relatively little change,
separated by rapid dramatic transitions in the ecosys-
tem. That is why in ecological context such cycles are
also called slow-fast cycles [33]. It is seen that the am-
plitudes of population size oscillations are relatively
large. In addition the phase lag (the delay between
prey and predator maxima) as a fraction of the cycle
periodT = 113.4, is 0.36, which is greater than in the
case of ”classical” predator–prey cycles (the quarter-
cycle delay).

Figure 4 shows a phase diagram in theν−a2
0 plane

at α = 0.95. The shaded region in the figure corre-
sponds to the region of noise parameters where the os-
cillations of population size are possible. As the noise
amplitude decreases the region of oscillations narrows
down and disappears at the critical value of the noise
amplitudea2

c = 0.844. Hence, there is an upper limit
ac(α) for the noise amplitude at lower values of which
the system is characterized by just one stable equilib-
rium (limit cycles cannot occur). The boundary of the
region of the oscillatory phase and the critical noise
amplitudeac(α) are given by the system of transcen-
dental equations

dy(u)
du
= 0,

d2y(u)

du2
= 0, (29)

wherey(u) is given by the first equation in Eqs. (24).
The dependence ofa2

c(α) is represented in Fig. 5.
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0.8

1.0

a
c

2

0.85 0.90 0.95 1.00

0.5

1.0

Fig.5. The critical noise amplitude parametera2
c vs

the prey capturing rateα. At the pointα = 1 the
critical noise amplitude approaches zero.

It is remarkable that the critical parametera2
c de-

creases monotonically from 1 to zero if the prey cap-
turing rateα ∈ (0, 1) increases. Furthermore, from
Fig. 4 it is seen that an increase of the noise corre-
lation time, τc = 1/ν, can cause a transition from
a stable equilibrium state to a state where both the
predator-population and average prey-population den-
sities oscillate. Notably, a further increase ofτc causes
a reentrant transition, i.e., the limit cycle disappears
and the system approaches a stable equilibrium state.
Therefore, in the fast-noise limit,τc → 0, and in the
adiabatic limit,τc → ∞, the appearance of oscilla-
tions is impossible. Since the appearance of predator–
prey cycles in model (13) with the conditions (15) and
(26) is independent of the carrying capacityK (see
Eqs. (10), (24) and (29)), the asymptotic behavior de-
scribed above has a distinct physical meaning. In the
case of the adiabatic limit,τc → ∞, transitions be-
tween states of nonequilibrium noiseZ(t) are so rare
that the system has enough time to allow a determin-
istic dynamic to be formed between the transitions.
Here we would like to remind the reader of the fact
that the corresponding deterministic (the noise is ab-
sent) model (14) with conditions (15) has a globally
asymptotically stable equilibrium.

At the fast-noise limit, i.e. at very high frequen-
cies of colored fluctuations the system is under the in-
fluence of the average

K−1
e f f := 〈K−1

i 〉 = [K(1− a2
0)]−1. (30)

Hence, the influence of fast fluctuations on an ecosys-
tem can be biologically interpreted as a reduction of
the carrying capacityK of a single species in Eqs. (2)
and (5). Thus, our model with noise is, in the case of
τc → 0, equivalent to a deterministic model with the
carrying capacityKe f f .

4 Conclusion

In the present work, we analyze the behavior of
the (N + 1)-species ratio-dependent predator–preys
stochastic model [17] in the region of the system pa-
rameters space, where the deterministic counterpart
of the model is characterized by a nontrivial globally
asymptotically stable equilibrium. We would like to
emphasize that in our previous work [17] another pa-
rameters region where Hopf bifurcations in the corre-
sponding deterministic model are possible, was con-
sidered.

For the sake of mathematical simplicity, we con-
fine ourselves to the case, where the growth rate of
the predator is much smaller than the growth rates
of the preys. The presence of colored fluctuations
of the carrying capacities of prey populations has a
profound effect on an predator–prey system described
by Eqs. (13), rearranging its parameter space so that
in a certain region colored noise can induce quasi-
bistability of the mean prey-populations density. As a
consequence the colored-noise-induced relaxation os-
cillations of the mean prey-abundance and predator-
abundance appear. This result that the fluctuations of
the carrying capacities of preys can induce a stable
limit cycle is somewhat surprising because, in the cor-
responding deterministic models (noise is absent), the
qualitative behavior of the system dynamics as well as
the qualitative asymptotic behavior of the solutions of
the system (14) are independent of the carrying capac-
ity K.

The results indicate that the effect of noise is not
merely restricted to the shift of the critical capturing
rateαcr for Hopf bifurcations as in the case described
in [17], but it will change the whole nature of the dy-
namics. Notably, transitions from an equilibrium state
to a limit cycle are possible only if the noise amplitude
is greater than the critical valueac(α) (see Fig. 4). For
sufficiently large noise amplitudes,a0 > ac, the key
factor is noise correlation time. An increase of noise
correlation time can cause oscillations of the mean
prey-population and predator-population sizes. More-
over, the corresponding transitions are found to be
reentrant, i.e. at a higher value of the correlation time
the oscillations disappear and the system approaches
an equilibrium state.

As the critical noise amplitudeac(α) decreases
if the prey capturing rateα increases (Fig. 5), it
seems reasonable to assume that in predator–prey
systems with a Michaelis-Menten-Holling type ratio-
dependent functional response such transitions appear
with a greater probability if the prey capturing rate is
greater. It remains to be seen whether such a trend has
a meaning in nature systems.

The phenomenon is robust enough to survive a
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modification of the noise, the trophic function as well
as the prey’s self-regulation mechanism. For example
the noise can be either a trichotomous noise [15] or
a more complicated telegraph process. Although the
concrete formulas are different, the general picture of
the colored-noise-induced transitions is the same as
that encountered in Section 3.

Finally, we believe that the results discussed here
provide a possible alternative scenario for transitions
from an equilibrium state to a limit cycle (and the
opposite way) observed in nature. We suggest that
plankton pelagic communities (preys) and fish pop-
ulations (predators) might be the best candidates in
order to find some empirical evidence to this sce-
nario. Undoubtedly, an ultimate verification of the
phenomenon of pure colored-noise-induced transi-
tions in natural ecosystems lies with experimentally
minded ecologists.

Acknowledgments: The research was partly sup-
ported by the Estonian Science Foundation Grant No.
5943 and the International Atomic Energy Agency
Grant No 12026.

References:

[1] P. Turchin, Complex Population Dynamics:
A Theoretical/Empirical Synthesis, Princeton
Univ. Press, Princeton–New Yersey 2003.

[2] A.A. Berryman (ed.),Population Cycles: The
Case for Trophic Interactions, Oxford Univ.
Press, Oxford 2002.

[3] L. Becks, F.M. Hilker, H. Malchov, K. Jürgens
and H. Arndt, Experimental demonstration of
chaos in a microbial food web,Nature 435,
2005, pp. 1226-1229.

[4] W.A. Nelson, E. McCauley and F.J. Wrona,
Stage-structured cycles promote genetic diver-
sity in a predator–prey system ofDaphnia and
algae,Nature 433, 2005, pp. 413-417.

[5] T. Yoshida, L.E. Jones, S.P. Ellner, G.F. Fuss-
mann and N.G. Hairston Jr., Rapid evolution
drives ecological dynamics in a predator–prey
system,Nature 424, 2003, pp. 303-306.

[6] G.F. Fussmann, S.P. Ellner, K.W. Shertzer and
N.G. Hairston Jr., Crossing the Hopf bifurca-
tion in a live predator–prey system,Science 290,
2000, pp. 1358-1360.

[7] B. Drossel and A. McKane, Competitive Speci-
ation in Quantitative Genetic Models,J. Theor.
Biol. 204, 2000, pp. 467-478.

[8] P. Chesson, Quantifying and testing coexistence
mechanisms arising from recruitment fluctua-
tions,Theor. Popul. Biol. 64, 2003, pp. 345-357.

[9] V. Kaitala and E. Ranta, Is the impact of envi-
ronmental noise visible in the dynamics of age-
structured populations?Proc. R. Soc. London,
Ser. B 268, 2001, pp. 1769-1774.

[10] A. Caruso, M.E. Gargano, D. Valenti, A. Fias-
conaro and B. Spagnolo, Cyclic fluctuations, cli-
matic changes and role of noise in planktonic
foraminifera in the Mediterranean Sea,Fluct.
Noise Lett. 5, 2005, pp. L349-L355.

[11] A. Sauga and R. Mankin, Addendum to
”Colored-noise-induced discontinuous transi-
tions in symbiotic ecosystems”,Phys. Rev. E 71,
2005, pp. 062103.

[12] O.L. Petchey, A. Gonzalez and H.B. Wilson, Ef-
fects on population persistence: the interaction
between environmental noise colour, intraspe-
cific competition and space,Proc. R. Soc. Lon-
don, Ser. B 264, 1997, pp. 1841-1847.

[13] J. Ripa and P. Lundberg, Noise colour and the
risk of population extinctions,Proc. R. Soc. Lon-
don, Ser. B 263, 1996, pp. 1751-1753.

[14] M. Heino and M. Sabadell, Influence of coloured
noise on the extinction risk in structured popula-
tion models,Biological Conservation 110, 2003,
pp. 315-325.

[15] R. Mankin, A. Ainsaar, A. Haljas and E. Reiter,
Trichotomous-noise-induced catastrophic shifts
in symbiotic ecosystems,Phys. Rev. E 65, 2002,
pp. 051108.

[16] R. Mankin, A. Sauga, A. Ainsaar, A. Haljas and
K. Paunel, Colored-noise-induced discontinuous
transitions in symbiotic ecosystems,Phys. Rev.
E 69, 2004, pp. 061106.

[17] R. Mankin, T. Laas, A. Sauga, A. Ainsaar and E.
Reiter, Colored-noise-induced Hopf bifurcations
in predator–prey communities,Phys. Rev. E 74,
2006, pp. 021101.

[18] C. Jost, O. Arino and R.Arditi, About determin-
istic extinction in ratio-dependent predator–prey
models,Bull. Math. Biol. 61, 1999, pp. 19-32.

[19] P.A. Abrams, The fallacies of ”ratio-dependent”
predation,Ecology 75, 1994, pp. 1842-1850.
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