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Abstract: Three dimensional heat transfer and water flow characteristic in a set of rectangular microchannel 

heat sinks for advanced electronic systems investigated in this paper. The full Navier-Stoke’s approach is 

employed for this kind of narrow channels for the water flow assessments. The complete form of the energy 

equation accompanying the dissipation terms is also linked to the momentum equations. The calculated 

thermal distribution show good agreements with the corresponding experimental predictions. Then these 

results are compared with porous medium approach in small dimensions. In this approach microchannel is 

modeled as a fluid-saturated porous medium, and is numerically solved based on the Forchheimer-Brinkman-

extended Darcy equation for the fluid flow and two equation model for heat transfer between the solid and 

fluid phase.  
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1   Introduction 
The increasing incorporation of electronic systems 

requires innovative, small scale and highly effective 

cooling techniques for the removal of a large 

amount of heat from a small area in order to avoid 

its temperature from rising significantly and operate 

electronic devise at an optimum temperature. Many 

techniques have been developed for controlling and 

removing the heat generated in such a case. One 

such method is to use microchannel heat sinks. 

Microchannel heat sink is a structure with many 

micro scale channels of large aspect ratio built on 

the back of the microchip, and a liquid is forced 

through these passages to carry out the energy. The 

microchannel heat sink at first proposed by 

Tuckermann and Pease [1], they demonstrated that 

the microchannel heat sinks, consisting of micro- 

rectangular flow passages, have a higher heat 

transfer coefficient in laminar flow regime than that 

in turbulent flow through conventionally-sized 

devices. Since pioneering work of Tuckerman and 

Pease [1], many experimental, analytical and 

numerical investigations are reported. Peng and 

Wang [2] and Peng and Peterson [3] systematically 

examined the forced flow and heat transfer 

characteristics of water and binary mixtures flowing 

through rectangular microchannels. It was observed 

that laminar flow transition occurred at Reynolds 

number between 200 and 700. And the critical 

transition Reynolds number diminished with the 

decrease in the size of the microchannel. 

Furthermore, the effects of aspect ratio and the 

hydraulic diameter on the flow and heat transfer in 

microchannel were investigated. These results 

provided noticeable experimental data and 

considerable manifestation that the flow and heat 

transfer in microchannels are strongly dependent 

upon the type and properties of the working fluid as 

well as geometric parameters of microchannels [4], 

and therefore may be different from what typically 

occur in the macrochannels. Wilding et al [5] 

analyzed flow of water and various biological fluids 

in glass-capped silicon microchannels. The data 

illustrated an approximately 50% increase in the 

Darcy friction factor from the theoretical results. 

Similar results were observed by Jiang et al [6] who 

studied flow of water through rectangular and 

trapezoid cross-section channels. The microchannels 

used in this study were formed by etching a silicon 

substrate and capping it with a glass wafer. 

Alternatively, in view of the small dimensions of the 

microstructures, Koh and Colony [7] modeled the 

microchannels as a porous medium by using 

Darcy’s law to describe the flow. Later, Kim and 

Kim [8] and Kim et al. [9] have presented analytical 

solutions for velocity and temperature distributions 

for forced convection in microchannel heat sinks by 

using the Brinkman-extended Darcy equation for the 
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fluid flow. More recently Amanifard et al. [10] 

numerically investigated the effect of electrical 

double layer (EDL) near the solid/liquid interface, 

on three dimensional heat transfer characteristic and 

pressure drop of water flow through a rectangular 

microchannel. The results illustrate that, the liquid 

flow in rectangular microchannels is influenced 

significantly by the EDL, particularly in the high 

electric potentials, and hence deviates from flow 

characteristics described by classical fluid 

mechanics.  

In this paper the compatibility and effectiveness of 

Navier-Stokes and energy correlation in microscale 

channels is numerically verified based on the 

experimental results of Tuckerman and Pease [1].  

 

 

2   Physical model and computational 

domain 
A schematic view, physical, and computational 

domain of such microchannels is depicted in Fig (1), 

Fig (2), and Fig (3), respectively. Heat is removed 

primarily by conduction through the solid and then 

dissipated away by convection of the cooling fluid 

in the microchannel. The microchannel has been 

studied is made of silicon with thermal conductivity 

(k) of KmW ./148 . At the bottom, a uniform heat 

flux of q" arises from an electric chip that is 

connected to the microchannel. At the top of the 

channels, there is a Pyrex plate which makes an 

adiabatic condition. The width of microchannels and 

the wall thickness are represented by Wc and Ws, 

respectively. The thickness of the silicon substrate 

through which the heat flux is transformed to the 

cooling fluid flowing in channels can be simply 

recognized as Ht-Hc, according to Fig (1). The total 

length and width of microchannels are Lh and Wt 

whose values of five different cases are in Table (1). 

Moreover, steady incompressible and laminar fluid 

flow and steady heat transfer, with negligible 

radiative heat transfer and constant solid and fluid 

property have been assumed in computations. The 

inlet temperature of cooling water through the 

channels is 20ºC. A microchannel in the center parts 

of the plate will be considered in current work. As a 

result of the symmetry of the rectangular channel, 

we will center the computational domain in a half 

channel as shown in Fig (3). 

 

 

 

 

 
 

   Figure (1) Schematic of microchannel 

 

 

 

 
Figure (2) physical model 

 

 

 

 

 
 

Figure (3) Computational domain 
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Table (1) Five different cases of microchannels 

 
 

Nusselt 

number 

 

 

Aspect 

ratio 

Inlet 

Velocity 

)sm/( 

)2/ cmW(q” )(cmLt )( mH c µ )( mWc µ  Descriptions 

7.01 4.375 7/0 6/34 2 280 64 Case 1 

13.627 5.71 3/1 181 4/1 320 56 Case 2 

15.155 5.218 2 277 4/1 287 55 Case 3 

16.54 6.04 85/2 790 4/1 302 50 Case 4 

 

3   Governing Equations 
Assuming a laminar fully developed flow in 

rectangular channels in positive x-direction, the 

components of velocity satisfy ),( zyuu =  

and 0== wv in terms of Cartesian coordinate 

system. The equation of motion is written as 

follows: 
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As presented in Fig (1), a silicon wafer plate with a 

large number of microchannels is connected to the 

chip. A liquid is forced to flow through these 

microchannels to remove the heat. All 

microchannels are assumed to have a uniform 

rectangular cross-section with geometric parameters 

as shown in Table 1. For a steady-state, fully 

developed, laminar flow in a microchannel, the 

energy equation (with consideration of the axial 

thermal conduction in flow direction and the viscous 

dissipation) for the cooling liquid takes the specific 

form:  
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Where T  and fα  are the temperature and the 

thermal diffusivity of the cooling liquid, 

respectively, 
pfC is the specified heat capacity of the 

cooling liquid. Based on presented computational  

domain, the adiabatic condition can be used along  

the channel symmetric center line: 

00 =
∂
∂

⇒=
z

T
z                                             (3) 

 

At the bottom of channels, a uniform heat flux of q"  

 

 

is imposed over the heat sink, and can be expressed 

as: 
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Hear fk  is the thermal conductivity of the liquid 

coolant. Since the thermal conductivity of the glass 

is about two-order of magnitude lower than that the 

top boundary is insulted. This is a conservative 

assumption which will lead to slight underestimation 

of the overall heat transfer coefficient. This 

assumption yields: 

0=
∂
∂

⇒=
y

T
Hy c

                                          (5) 

 

 

4   Numerical solution method 
In current work finite volume method of Patankar 

[13] is used to solve the continuity, momentum, and 

energy equations numerically. Since a detailed 

discussion of the FVM is available in Patankar [13], 

only a very brief description of the main features of 

this method is given here. 

In the FVM, the domain is divided into a number of 

control volumes such that there is one control 

volume surrounding each grid point. The grid point 

is located in the center of a control volume. The 

governing equation is integrated over each control 

volume to derive an algebraic equation containing 

the grid point values of the dependent variable. The 

discretization equation then expresses the 

conservation principle for a finite control volume 

just as the partial differential equation expresses it 

for an infinitesimal control volume. The resulting 

solution implied that the integral conservation of 

quantities such as mass, momentum, and energy is 

exactly satisfied for any control volume and of 

course, for the whole domain. The power-low 

scheme is used to model the combined convection-
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diffusion effects in the transport equations. The 

SIMPLER algebraic of Patankar is used to resolve 

the pressure-velocity coupling. The resulting 

algebraic equations are solved using a line-by-line 

Tri-Diagonal matrix Algorithm. 

 

 

5   Microchannel as a porous medium 
In view of the small dimensions of the 

microstructures, the microchannel is modeled as a 

fluid-saturated porous medium. By following a 

procedure described by Chien-Hsin Chen [11] the 

flow is assumed to be laminar and both 

hydrodynamically and thermally fully developed. 

Also, the thermal physical properties are assumed to 

be constant. To relax the constant-fluid temperature 

assumption along the height of the channel wall, the 

microchannel heat sinks is modeled as a fluid-

saturated porous medium, as shown in Fig (4). The 

Forchheimer-Brinkman-extended Darcy equation 

proposed by Vafai and Tien [12] for the fluid flow 

and the volume-averaged two-equation model for 

heat transfer are used. The summary of equations 

and boundary conditions by using following non-

dimensional groups can be expressed in 

dimensionless form as follows, and complete 

equations can be observed in Chen’s work [11];  
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Where the bracket  represents a volume-

averaged value, and ε, ks, and 
dx

pdK
u

f

f

D εµ
−=   are 

porosity, thermal conductivity of solid and Dacian 

convective velocity, respectively.  
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Are the Darcy number and the inertial force 

parameter, respectively. And S is given by 
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The parameters Kr and iB
~

are the effective thermal 

conductivity ratio and the equivalent Biot number in 

porous medium model, respectively, and can be 

written as 

2
2

10
~

,
)1(

sr

ses

f

se

fe

r k
k

haH
iB

k

k

k

k
k α

ε

ε
==

−
==      (15) 

 

Where K, C, ksc, h, a, and kfc are the permeability, 

inertial force coefficient, effective thermal 

conductivity of solid, interstitial heat coefficient, 

wetted area per volume, and effective thermal 

conductivity of the fluid, respectively. The porosity, 

the wetted area per volume, and effective thermal 

conductivities can be expressed as 
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And kf is the thermal conductivity of fluid. 

Permeability and the interstitial heat transfer 

coefficient can be written as 
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The energy carried by the fluid as it moves past a 

given cross section is 
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Here m�  is the mass flow rate and 
mf

T
,

is the bulk 

mean fluid temperature using volume-averaged 

values. For constant-fluid properties,  
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Where mfT ,  is the conventional bulk mean 

temperature and can be written as  

dATu
Au

T f

A

f

cm
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c

∫=
1

,                                           (24) 

 

  
Figure (4) the equivalent porous medium 

 

 

6 Results and discussions 
For solving the equations several grid structures 

were used. The grid density of 120×40×20 in z, y, 

and x directions is considered to be appropriate. 

Thermal resistance can be simply computed using 

q

TzT
zR inmax )(
)(

−
=                                                 (25)  

In equation (25), Tout and Tin represent the measured 

outlet and inlet temperature of cooling water, 

respectively, and q is the heat flux. The computed 

thermal resistances in four different cases are 

compared with those of experimental results 

conducted by Tuckerman and Pease [1] in table (2). 

It is shown that sufficiently reasonable agreement 

exists in such comparison and, therefore, full 

Navier-Stokes approach can be deployed for such 

microchannels flow and heat transfer computation 

with a hydraulic diameter of about 100 µm. The 

Nusselt number (Nu) are computed as  

 

f

h
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hD
Nu =                                                             (26) 

And hydraulic diameter Dh is defined as follows 
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We can see in case 4 with 790 
2cm

w  heat flux, only 

67.94 ۫C increasing in cooling water temperature. 

Fig (5) illustrates the velocity profiles in various y-z 

sections in Case 1. As it can be seen, the velocity 

gradient near the channel walls is very large. This 

large velocity gradient shows that the wall shear 

stress is considerably large; so the pressure drop 

along the channel will be significant. Although the 

thermal boundary layer of flow through channel is 

fully developed, the assumption of fully developed 

velocity boundary layer is wrong. Fig. 5 shows that 

the velocity profile through whole channel is not 

developed and the entry region effects are 

noticeable. The main reason of pressure drop in 

these cases is the developing velocity profile which 

increases the wall shear stress. These results are not 

consistent with Tuckerman’s experiments. So there 

must be some modifications in the governing 

equations to reach the accurate results. 

 
Table (2) Thermal resistance comparison 

                               

 

 
Figure (5) Velocity profiles in y-z  

sections for Case 1 

 

In Fig (6), we can see the dimensionless velocity 

profile for various values of aspect ratio and inertial 

force parameter in porous medium approach. As 

illustrated in this Figure, the velocity profile shows a 

reasonable agreement in two methods at aspect 

ratios about 3 to 6. But the deviation of two methods 

appears with increasing the inertial force parameter 

(Γ) and decreasing the aspect ratio. 

The effect of various problem parameters on the 

Nusselt number is illustrated in Figs (7) and (8). It is 

clear from this figures and table 1 that the Nusselt 

number increases with increasing the aspect ratio in 

two methods. As depicted in Fig (7), for a given 

 

 Case 

 

 

 
Experimental 

 
Numerical 

 

Error 

(%) 

0 34.6 0.277 0.253 8.5 

1 34.6 0.28 0.246 12.1 

2 181 0.110 0.116 5 

3 277 0.113 0.101 8.1 

4 790 0.090 0.086 3.94 

)/( 2 WKcmR

)(
2cm

W
q
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aspect ratio, a larger porosity will produce a larger 

Nusselt number. Fig (7) unveils that the variation of 

inertial force parameter can only results a slight 

similar variation in Nusselt number. It’s evident that 

for a specified aspect ratio, conform of two methods 

is disrupted with increasing the porosity. But in 

small porosities two solutions show a good 

accommodation. 

 

 
Figure (6) Dimensionless velocity 

profiles for various values of αs and Γ 

 
Figure (7) Overall Nusselt number 

vs. αs at selected values of ε and Γ 

 
 

Figure (8) Overall Nusselt number 

vs. kr at selected values of ε and Γ 

 

 

7   Conclusion 
In this work the heat transfer in four geometric types 

of microchannel heat sinks has been investigated. 

The numerical results are obtained for thermal 

resistance and the Nusselt number and show a good 

agreement with experimental data. The Nusselt 

number is found to increase with increasing the 

aspect ratio. The results also gave the required 

assurance of using the full Navier-Stokes approach 

for the microchannels with hydraulic diameters 

about 100 µm. The velocity profile shows an entry 

length area in the channel and therefore, a high 

gradient temperature and velocity profiles were 

achieved. In addition, based on the Chen’s work et. 

al. [11], the effect of various parameters as; channel 

aspect ratio, inertial force parameter, and the 

porosity on the Nusselt number and velocity profile 

in porous medium approach are investigated. The 

comparison between two methods showed a good 

agreement at aspect ratios about 3 to 6 for velocity 

profile and in small porosities for Nusselt number. 
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