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What Slip Boundary Conditions Induce a Well-Posed Problem
for the Navier—Stokes Equation?
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Abstract: - We discuss an initial-boundary value problem for the Navier—Stokes equation with several types of slip
boundary conditions. We mainly pay attention to boundary conditions based on vorticity.
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1 Introduction whereu, = n x u x n denotes the projection af
onto the plane tangential &f2. While the first condi-
We deal with the Navier—Stokes system tion (5) naturally follows from the impermeability of
the wall, the second one (6) is often called the “no—slip
du—vAu+(u-Vju+Vp = f 1) condition” because it is believed that the fluid cannot
divu = 0 (2) slip on the boundary due to its viscosity. The mathe-

_ . _ matical theory of the Navier—Stokes equation with the
in 2 x (0,7, whereQ is a bounded simply connected  Dirichlet boundary condition is relatively well elabo-

domain inR3 with the boundary of the clags®' and rated, and this assertion also includes the case of an
T > 0. We consider the initial condition inhomogeneous condition of the type (4)
u(z,0) = uo(x) in Q. 3) On the other hand, if we confine ourselves only

to the condition (5) and assume that the law of con-
The system (1), (2) describes the motion of a viscous servation of momentum holds up to the boundary then
incompressible fluid with a constant density (we as- we naturally obtain, from physical considerations, a

sume that it equals one). We denotedbthe velocity, complementary boundary condition to (5) in the form
by p the pressure, by the specific body force and

by v the coefficient of viscosity. The equation (1) ex- (T n);+ku =0 (7)
presses the balance of momentum and the equation (2) _ .

represents the condition of incompressibility. whereT is the dynamic stress tens¢f; - n), denotes

the tangential component of the surface force acting on
the boundary ané is a coefficient of proportionality.
Let us explain in greater detail what we mean by this:
LetV be an arbitrary control domain in such that its
boundaryoV consists of two surfacels, C 02 and

'y C Q. The difference of momenta i between the
timest, andt; is

By a well-posed problem we mean a problem
which possesses the existence of a weak solution and
under an additional assumption on smoothness of the
solution, also its uniqueness. In order to obtain such
a problem, we must add an appropriate boundary con-
dition. The system (1), (2) is usually considered with
the homogeneousirichlet boundary condition

Ulyg = 0 4) /tz/(atu) dz dt.
t Jv

in the case whew is a fixed wall. This condition

was suggested by G. G. Stokes in 1845 and it expressesThe flux of the momentum through the boundary/of
the requirement that in the time intervalt,, to] is

u-nlpgn = 0, (5) t2
— -n)dSdié
urlpo = 0, 6) /t1 /Wu(u n)dS
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to
—/ /(u -V)udxdt.
t1 1%

The surface force consists®f- n = (T -n), + T, n
onI'y andr, n — ku onI'g. Here we denote by,

the normal component of the surface force coming
from the stress tensor, acting on the boundary of
(.,e. 7, = n-T-n)andk (> 0) is the coefficient
of friction between the fluid and the wall. Naturally,
since(T - n), expresses the tangential component of
the contact force on the boundary of the type “fluid—
fluid” (i.e. onI'y), it must be replaced by-k u on the
boundary of the type “fluid—wall” (which is in our case
I'g). Thus, the impulse of the surface force is

to
J,
to
/ / T — ku|dS dt.

The impulse of the body force is

to
/ / £ dadt.
t1 1%

Due to the conservation of momentum, we have

to
/ /@u—i—
t1
to
/ / Tom — ku]dSdt
to
<), f

If we consided’; — I'y then the volume oV tends to
zero (and consequently the volume integral vanishes)
andn |r, — —n|p,. Hence we obtain

\/t2 /
t1 Ty

This implies, due to the possibility of the arbitrary
choice ofl'y, the condition (7). The condition (5) is
calledNavier’s boundary conditionsometimes how-
ever this name also automatically involves (7). It is
necessary to add that the coeffici@érdepends on the
normal stress,, similarly as the friction between a

r+1n]dSdt

V)u — fldxdt

++ 7an]dS dt.

— ku]dSdt = 0.

body towed on a desk depends not only on the area of
the contact surface, but also on the force the body acts

onto the surface with.

The condition (7) naturally follows from the weak
formulation of the problem (1), (2), (3), (5) which
sounds:Givenug € LZ(9) (the space of divergence—
free in the sense of distributions vector function$in

68

whose normal component in the sense of traces equals
zero on the boundary) anflin L2(0, T; W, 12(Q)).
(W;12(Q) is the dual toWl?(Q) = W12(Q)n
L%(Q).) We search fow € L2(0,T; WL2(Q)) n
L>(0,T; L2()) such that

T
/ /[—u'8t¢+T'V¢+(u-V)u-¢]dxdt
0 Q

+/ ku- ¢ dSdt
00

(8)

/Quo-¢(-,0)dw+/0T(f,¢>ndt

forall ¢ € C*°(0,T; WL2(Q)) such thaip(.,T) =

0. Here(., .)q is the duality betwee®V _12(Q2) and
Wl2(Q). Indeed, ifu is a “smooth” solution of this
problem then, considering at first the test functigns
with a compact support it x [0, T"), we find out that
there exists an appropriate pressprsuch thatu, p
satisfy the equation (1) a.e. fb x (0,7). Then, con-
sidering all admissible test functions and integrating
by parts in (8), we arrive at the identity

T
/ / [T-n+ku] ¢ dSdt = 0,
0 o0

which implies (7).

Let us note that the coefficierdt is often con-
sidered to be zero. The correctness of this step is,
of course, a matter of discussion and depends on the
real smoothness of the boundarySef Although the
number of works on the Navier—Stokes equation with
Navier's boundary condition is not as high as with
Dirichlet’s boundary condition, it is possible to state
that the theory which considers Navier's condition is
also relatively well developed.

2 Generalized impermeability
boundary conditions

There is a wide range of other possibilities between

(4) and (5). In this section, we wish to discuss the case

when, in addition to the condition of impermeability

(5), we assume that the 2D flow on the boundarfof

is non—rotational, which means that it satisfies
curlu-n|sg = 0.

(9)

The natural weak formulation of the initial-boundary
value problem (1)—(3), (5), (9) comes from the Navier
—Stokes equation written in the form

ou + veurl’u + curlu x u+ Vg = f (10)
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and itis:Givenug € L2(Q2) andf in L?(0,7; D).
We search fou € L?(0,T; DY)NL>®(0,T; L2(Q))
such that

T
//[—u-8t¢+ycurlu-curl¢
0o Ja
+ (curlu x u) - ¢|da dt

T
/ wo - $(.,0) de + / Fododt (A1)
Q 0

for all ¢ € C>(0,T; D') such thatp(.,T) = 0.
Here D! denotes the spadep € W?(Q); curl e -
n|sq = 0}. Itis proved in [1] that each function
from D' coincides with a function of the typ¥1)

(for somey € W22(Q)) on 952. The problem (11)
has a global in time weak solution (see [1]) and if
the given data are smooth then it also has a local in
time unique strong solution (see [3]). It seems to be
strange at the first sight because while the homoge-
neous Dirichlet boundary condition (4) in fact repre-
sents three scalar conditions and the Navier conditions
(5), (7) also together involve three scalar conditions,
the conditions (5) and (9), explicitly used in (11), rep-
resent only two scalar conditions. However, we can
show that the problem (11) implicitly involves in it-
self the third condition, complementary to (5) and (9),
which is

(12)

Indeed, if we assume that (11) has a soluti@n
“smooth enough” then choosing at first only the test
functions ¢ which have a compact support i x
[0,T") and integrating by parts in (11), we deduce that
there exists a scalar functiansuch that the pai,

q satisfies the equations (10), (2) ihx (0,7), the
initial condition (3) and the boundary conditions (5),
(9). Considering then all admissible test functiahs
integrating again by parts in (11) and using the infor-
mation thatu, ¢ satisfy the equation (10), we arrive at
the integral identity

curlzu-n\ag = 0.

T
/ / veurlu - (n x ¢)dSdt = 0.
0 [2/9]

Using the representatiah = Vi on 92 x (0,7), we
obtain

0= —/T/(myn-(curluwi)det
I
/OT
¥

vdiv (curlu x Vo) de dt

veurl?u - Voo da dt

S~ 5—

veurl’u - nydsS dt.
Q

S~
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This implies (12).

The boundary conditions (5), (9), (12), since they
express the impermeability @f, curl w andcurl®u
throughos?, are called thgeneralized impermeability
boundary conditions (We abbreviate them as GIBC.)

The usage of GIBC in the mathematical theory of
the Navier—Stokes equation brings several advantages.
(See e.g. [1] and [3].) Let us mention only two of
them:

1. If we denote byI, the so called Helmoltz projec-
tion, i.e. the orthogonal projection di?(2) onto
L2(Q) thenII, commutes with the Laplace oper-
ator A. This plays an important role especially in
the theory of an associated Stokes operator and it
also has interesting consequences for the Navier—
Stokes equation.

. While Dirichlet’s or Navier’s boundary conditions
for velocity do not directly induce a well-posed
problem for vorticity, the GIBC do: It is a solu-
tion of the problem (10), (2), (3) with GIBC then
w = curlu satisfies the series of the boundary
conditions of the same type as GIBC:

w-nlgo=0, curlw- -nlsyg=0,

veurlPw n|sg = —curl f -nlsq.  (13)

3 The inhomogeneous version of
GIBC

The series (13) of the boundary conditions for vortic-
ity, except for many other reasons, is a motivation for
the study of the Navier—Stokes equation with an inho-
mogeneous version of GIBC:

(b) curlu-n|so = a,
(14)

(@ u-nlasn = ao,

(€) curlPu-n|sq = as.

We further suppose, for simplicity, that), a1 andas

are time independent. The problem can be approached
in the following way: at first we find a functioa, de-
fined a.e. in(2, which satisfies the first two boundary
conditions (14a) and (14b) and we search for the so-
lution in the formu = a 4+ v. Then the new unknown
functionwv should satisfy (5), (9). The treatment of the
third boundary condition (14c) requires a finer tech-
niques and we shall explain it later. The existence of
a functiona with the needed properties is guaranteed
by the lemma:

Lemmal Letl'y, I'y, ..., I'y be the components of
o andlet) = Int TgUExt T U. . .UExtT'y. Given
functionsag € W'/22(9Q) anda; € W—1/22(9Q)



such that
/agdS:O and
a0
(a1, 1)y, =0 (i=0,1,...,N)

(where (., .)r, are dualities in appropriate spaces),
there exists a vector functian € W12(Q) such that
diva = 0 a.e. in€, a is harmonic (in the distribu-
tional sense) in some neighborhoodi$t and

(a) a-nlgg = ag, (b)curla-n|sgo=ca;. (15)
Moreover, there exists a constant> 0, independent
of ag anda, such that

lalli2 < e1 (laolli /2,200 + ll1ll=1/2,2;60)- (16)

PROOF (i) At first we solve the Neumann problem

21

AL =0 on 169

in €, = a;. (17)
There exists a unique (up to an additive constant)
weak solutionyy; € W12(Q) which depends contin-

uously ona; in the sense that

Vil < ez flat—1/2,2;00 (18)
wherec; is independent of; .
(i) Next we consider the problem

curlpy = Vi1 inQ, ¢glsq = 0. (19)

It is solvable inW *(Q2) by means of Theorem 2.1
from [2]. Moreover, there existg > 0, independent
of V1, such that

leollie < e3[Ve]2. (20)
(iii) Further, we solve the Neumann problem
. : by
Atpg = —dive, in €, B log = @0 (21)

It has a unique (up to an additive constant) solution
o € W22(Q) which satisfies the estimate

[Vtboll12 < ca(lleollr2 + H040||1/2,2;69) (22)

wherec; is independent o, anday.

Now we puta := Vg + ¢,. The functiona is
divergence—free becaugg satisfies the equation in
(21). It is harmonic becausairl’a = curl Vi, =
0 in the sense of distributions . The normal com-
ponent ofa on 0f) equalsxg becausear - n = V) -
n = ap onodf2. Sincecurla = curl ¢, = Vy; and
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consequenthygurla - n = Vi1 - n = a3 onos, the
functiona also satisfies (15b). O

The weak solutioru of (10), (2), (3), satisfying
the boundary conditions (14), can now be constructed
in the formu = a + v wherew satisfies in a weak
sense the equations

o + veurl?v + curla x v + curlv x a

+curlvxv+Vg=g (23)
and (2) inQ2 x (0, T"), the homogeneous boundary con-
ditions (5), (9) o2 x (0, T') and the initial condition
v(.,0) = vo := uo—a(.,0) (24)
in Q. (Hereg = f — vcurl®’a — curla x a.) This
guaranties thats satisfies the conditions (14a) and
(14b) onoQ2 x (0,T), but it does not solve the ques-
tion of validity of (14c). The condition (14c) cannot
be treated in the same way as (14a) and (14b) because
(14c) involves the second derivativestofind the con-
struction of the weak solutioa in W12(Q) does not
directly provide an opportunity to contrelurl’u - n
on 99). Thus, the boundary condition (14c) enters
the weak formulation through a certain linear func-
tional b which, in the case when the weak solution is
“smooth”, causes that it satisfies (14c) as a “natural
boundary condition”.

The weak formulation of the problem (23), (2),
(24) with the homogeneous boundary conditions (5),
(9) is:  Suppose thag < L?*(0,7; D!) and
b € L*0,T; W~/22(9Q)). We search fow €
L%(0,T; DY) N L>°(0,T; L2(9)) such that

T
/ /[—v'atqb—i—ucurlv-curld)
0 Q

4+curla xv-¢p+curlvxa-¢

+curlv x v - ¢|]dedt

= /Qvo-qb(.,())dac+/0T<g,¢>th

T
+/o (b, d)oa dt (25)

forall ¢ € C>(0,T; D') such thaip(.,T) = 0.

We do not deal with the question of existence of
a solution of this weak problem. Nevertheless, we
can state that the existence can be established by es-
sentially the same method as the weak solution to
the “classical” Navier—Stokes initial-boundary value
problem in a bounded domain, as it was shown by
E. Hopf already in 1951.
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We will finally discuss the question in which  plan of the Ministry of Education of the Czech Repub-
sense the weak formulation involves the boundary lic No. MSM 6840770010.
condition (14c). Giverb € W~1/22(9Q), we define
ap € W3/22(9Q) by the equation

v{ag, p)ha = (b, V)an (26)
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form ¢ = ¢+ Vo whereg, € C°(0,T; W %(Q))
andy € C>=(0,T; W22(Q)), see [1]. Substituting
in this form into the left hand side of (27), we obtain:

T
/ / curlv - (n x ¢)dSdt
0 o0

T
= —/ / n - (curlv x Vo) dSdt
0o Joa

T
= —/ /div (curlv x Vo) daxdt
0o Ja

T
= —/ /curlzv-thdwdt
0o Jo

T
= —/ (curl®v - n, ¢),q dt.
0

The integrand in the last term can also be expressed as
(curl®v - m, ¢)}q. Thus, (25) and (27) yield

v{ag —curl’v - n, @), = 0

fora.at € (0,T). This equation shows thatsatisfies
the boundary conditionurl®v - n = ay in the sense
of the equality inW —3/22(9Q) for a.a.t € (0,T).
Sinceu = a + v andcurl’a = 0 in the sense of
distributions in some neighborhood @2, functionu
also fulfills the boundary condition (14c) in the sense
of equality inW—3/22(99Q) for a.a.t € (0, 7).

ACKNOWLEDGEMENT. The research was supported
by the Grant Agency of the Czech Academy of Sci-
ences (grant No. IAA100190612) and by the research



