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Abstract: Presented in this paper is an analytic approximation to the thermal-fluid problem involving mixed convec-
tive heat transfer from a rotating isothermal cylinder placed in a non-uniform stream shear flow. The approximation

is obtained using a series expansion of the scaled boundary layer equations in terms of an appropriate boundary
layer variable. The resulting approximation is valid both for small time and for moderate and large times for which
the Reynolds number of the flow is sufficiently large.
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1 Introduction

pressible fluid past a rotating circular cylinder. The
heat transfer process is investigated using an analyt-
ical approximation obtained using a series expansion

The steady and unsteady heat transfer problems in- i ; )
of the flow variable in terms of a boundary layer vari-

volving fluid flows past a circular cylinder have been
extensively studied numerically, and theoretically as
: oo able) =
well as experimentally (for a comprehensive list of
references, see [1,2]). In addition to their direct ap- sents the Peclet number. The analytic approximations
plications in science and engineering, such flows ex- are therefore valid for the initial stages of problems
hibit the main characteristics commonly observed in involving small and moderate Reynolds numbers as
most industrial problems and therefore can serve as well as for moderate and large times of sufficiently
prototypes for simulating many fundamental fluid dy- large Reynolds number problems.
namics problems [3-4]. However, most studies have
focussed on forced and mixed heat transfer problems

8t :
P—ewheret measures time and Pe repre-

associated with uniform stream flows [1-7].

In the present study, the thermal-fluid flow problem
involving mixed convective heat transfer from a rotat-
ing circular cylinder placed in a non-uniform stream
of shear flow is considered. While the focus of previ-

2 Governing Equation

Consider the problem of mixed convection heat trans-
fer from an unsteady flow past a circular cylinder of
radiusa centred at the origin and rotating at an angular
velocity of2y. The flow is assumed to be viscous and

ous studies involving shear flows past a cylinder has incompressible. It is also assumed that the flow re-
been on the flow characteristics such as vortex shed- mains laminar and two-dimensional for all times and
ding, boundary-layer separation and hydrodynamic for all parameter values considered in this paper. The
forces, the focus of the present study is on the convec- surface of the cylinder is kept at a constant temper-
tive heat transfer processes. This problem has a directatureT;, while the approaching stream with constant

relevance in a wide range of scientific and engineer-
ing applications including atmospheric flows, heat ex-
changer systems, and energy conservation [8,9].

This study is a direct extension of the recent work
of Abdella and Nalitolela [10] which investigated the

two-dimensional forced convective heat transfer prob-
lem of the unsteady shear flow of a viscous incom-

shearU (y) = —yy — Uy is kept at constant tempera-
tureT,, wherex andy are the usual Cartesian coor-
dinates. The temperature differentE = Ty — T,

is assumed to be positive, giving rise to the buoyancy
force and inducing fluid motion.

Applying the Boussinesq approximation and neglect-
ing the effects of viscous dissipation and radiation the
governing equations are given by the equations of mo-
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tion and the energy equation:
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wheret is time, g is acceleration due to gravity

o

is the thermal expansion coefficiemt,= —— and

dy
v = g_¢ are the velocity components in theandy
X
L ) ov  Ou
directions respectively, = — — —
Jxr 0Oy

1 is the stream functiory; is the temperature; is the
kinematic viscosity and is the thermal diffusivity.

is the vorticity,
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cyFlndner tOf = 0 an tﬁ\e infinite region exterior

to the cylinder to the semi-infinite rectangular strip
£<0, 0<0<2m.

The boundary conditions on the surface of the cylinder
fort > 0 include the usual no-slip, the impermeability
and isothermal conditions:

a—wzQ, andp=1, on £=0 (7)

v=0

afly . . .
where() = 70 is a non-dimensional angular ve-

. 0 "
locity. The free stream conditions far away from the
cylinder surface are:

$»—0, (— K, and (8)

K K
Y — Ze%—i-Vef sin(@)—ze25 cos26 as & — oo

©)
ay

Introducing the following non-dimensional quantities wherekK = i is a dimensionless shear parameter

/ / Yy U / vy tUo
= — = — = — :—t = —
x Y CL’u anv an a
'l/}/:i C/:a—c (b/:T_TO 'U:U—/
CLU()7 U07 oT ’ U()’

and using the modified polar coordinatést) where
¢ = Inr equations 1-3 become

06 _ 0000 wac 2 (9% 0%
ot 0006 000 Rel\oe2 062
¢ Gr 90 ine??

+ e2Re2 <60898§ sm980> 4)
Py | 0%
2, _ (¥, Y99
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2600 _ 0000 0000 2 (P60 PO\ o
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where we have dropped the primes.Here the Reynolds,
Peclet and the Grashof numbers are defined respec-

tively as
2aU
Re= 2220 pe—RePr, and Gr= RaPr
14
6T (2a)3 . :
where Ra= u is the Rayleigh number and
VKR

Pr = v is the Prandtl number. We also use the

K
Richardson number, Rt E
Rée

Note that, it is convenient to introduce the n@w®)

andV is the doimensionless centre-line velocity tak-
ing on the values 0, 1 or -1 depending on the stream
flow direction. Since the flow variables are periodic
with respect t@, we invoke the following periodicity
condition:

x(§,0,t) = x(&,0 + 2m,1), (10)

wherey represents the flow variablés ¢ or ¢. Note
that, on the surface of the cylinder is overdeter-
mined since it has two boundary conditions wlgjle

is underdetermined. To resolve this, we apply Green’s
Second identity which is given by:

JIp (g2 h—hv?g)dA = [o (g5t —h52)dsS

where g and h are twice differentiable functions in

the regionD, C is the closed curve representing the

0 :
boundary ofD and — represents the normal deriva-

tive. Then usingy fo?g and the harmonic functions
e~ sin(m#) and e~ cos(m@) for h in Green’s
identity, we obtain the following global integral con-
ditions:

co 2w
1 / / ¢ sin(m@)dhdE = 2V 61 m,
m™Jo 0
(11)

0 27
1 / / 2" MEC cos (mB)dOdE = — K63,
m™Jo 0
(12)

Eoo 2
1 / / %Cdode = KeX — 20, (13)
m™Jo 0

form = 1,2, ..., and wheré, ; is the Kronecker delta

coordinate system which maps the surface of the function which is zero wheh# j and 1 when = j.



Therefore, these Integral conditions essentia
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vert the surface and the free stream boundary condi-

tions into conditions that are valid throughout the en-
tire domain of the problem.
Finally, we have the following initial conditions:

(& 60,t=0)=0, ((,0,t=0)=0, (14)
¢<5,9,t=0)={é oo @

Note that the initial temperature distribution is singu-

We now use the following single series expansions in
A in order to obtain analytic approximate solutions of
the governing equations and the accompanying initial
and boundary conditions:

U= Ug+ AUy + 220y + .. (19)
w = wp + Awi + XNwy + ... (20)
D = Do+ Ay 4+ N2Dy + ... (21)

Note that) is a small parameter not only whens

lar and therefore results in a thin boundary-layer re- Small but also when Re is large. Therefore, these ap-

gion close to the surface of the cylinder.

proximations are valid not only for small times but

also for large times for problems with large Re. While
the double series expansion used in [11] and [12] sim-
plifies the analytic calculations, it is more advanta-
geous to use the single expansion used in this paper
The governing equations described in the previous since the validity of the single expansionXrmwould
section are highly nonlinear. Therefore, itis not possi- only require that\ be small which can be achieved
ble to obtain analytical solution valid for all time and for moderate and large times provided that Re is suf-
all flow parameter values. In this section we obtain ap- ficiently large. However, the double series expansion
proximate solutions for the early development of the is valid only for small times. Substituting the above
flow and the heat transfer process using series expan-single expansions into the boundary layer equations
sion in terms of an appropriate boundary layer param- and equating like powers of results in a hierarchy
eter. Recall that the structure of the flow field and of boundary value problems for the expansion coeffi-
heat transfer process in the initial stages of the flow is cients.
characterized by a thin boundary layer-region near the
cylinder surface. By examining the dominant terms of
the initial solutions, it can be shown that the thickness
_ o t TheO(1) andO(\) boundary value problems for the
of this boundary layer is given by = %Whmh mixed convection case turn out to be independent of

measures the diffusive growth of the boundary-layer Ra. Therefore, the)(1) approximations which are
structure and is used to rescale the space coordinatev@lid for all values of Pr are identical to those found

¢ and the flow variables via the changes of variables It? [10] for the forced convection case and are given
& :
§= Xz, v =27V, (= ;, ¢ = XHencethe

thin boundary-layer is stretched and the initial singu-

3 Approximate analytic solutions

3.1 Linear approximation for all values of Pr

—(f2)2
larity is removed with this change of variables and the P9 =0 and wy = Ag(0)fe (72) (22)
governing equation become: ()
Uy =0z + Ao(ﬂ)ﬁ <zel‘f(fz) + e -- 1)
2 G
(92_w+32>‘z(6_w+ >—E)\ 2)‘26_w_)\282_w (23)
222 "t \"oz T¥) TR an " o 1
wheref = \/—5 and
Re\2 (0T 0w O dw\ . '
& & Ap(0) = — (2Vsin9—Kcos29+ )
0*v 0*v VT 2
62)\2(.4} N i _|_/\2_ (17) o _ _ _ _ (24)
022 062 )’ Similarly theO(\) approximations are identical to the
526 50 50 920 forced case obtained in [10]:
el 22)\2( il @):2/\ 2)\z__/\2_
o2 ¢ \Pa: T o T o 1 — erfo(2). (25)
Pe\? /0T 0® OV 0P P
——5— (55 - §%> ; (18) wy = K + Aj(9)erfe(fz) — A0(9)§erfc( f2)



Proceedings of the 5th IASMENVSEA§ In< Conference 03 Heat Transfer, Thermil Engineering and Environment, Athens, Greece, August 25-27, 2007 4

——AO(Q) —(f2) 3234 fz (26)
22
Vi = St F(6) (erf(£2) — 2Pl £2))
e—(f2)? zA1(0)
T Re S e
where

Fp(0) = /7 Ao(0) + 4A1(0)
Fin(0) = VT Ao(0) — 4A1(0)
Aq1(0) =2V sinf — 2K cos 26.

3.2 Higher order approximations for Pr=1

Since the second and higher order approximations

turn out to be analytically intractable for general val-

T(z,0)cos(mb)dfdz =0, m=1,2,.

(34)
Eoo 2m
—/ / (wg + 2zw1 + 2z2w0) didz = 2Kz§o.
' (35)
where
N2
T(z,0) = (wz +(2—m)zw + wz%ﬂo) )

Solving equation 28 witlf = 1 and with respect to
the &, boundary conditions yields

)
22e~ %

N

Similarly, solving equation 29 witlf = 1 subject to

Oy = —%zerfc(z) - (36)

ues of Pr, we assume that Pr=1 for these approxima- the free-stream condition am, gives:

tions.

3.2.1 TheO(\?) approximation

The second order approximation is obtained by col-
lecting the O(\?) terms resulting in the following
boundary value problems:

8252 +2ZE—2®2 = —4z (2’8— + q)() G )

B 82% (8\1/0 0P9 0% 8@0) (28)
002 2 \ 90 0z 0z 06
2
88 +2f%2 8 2 2 fun = —4f22 (z%
Ouwn 0?wg  Racos() _»
+wo + 87:) ~ 202 + QﬁRee (29)
5.2 = 227wy + 2zw1 +wo — 502 (30)
subject to boundary conditions
Uy =0, aiQ =0, and &3=0 on z=0,
(31)
Py -0 and wy — 0 as z— oo  (32)

and the integral conditions,

oo 2w
l/ T(z,0)sin(mf)dfdz =0, m=1,2,..
o Jo
(33)

A2(0)z + A3(0) (e + rzerf(2))

F,41( 0)(222e7%" — \/rzerf(z))

ﬂAoe_z (922 — 224+ 1226)

w2

%Gﬁzerf(z) (2ReQA(0) — 34,(6)

4AL(0)) + 9—16ReA0(9)A'0(9) (6mzerf(2)

8ze % + vmerf(2)(3 — 622)6_22)
Racos (0) o
“8ReyT
Racos () 2°

24Re

62e~ 2" —

(37)

L g

(242(0) + A1(9)) + 16

5
+340(0) — Red)(0)(2Q + V7 Ao(0)))  (38)

Applying the integral condition given by equations
33-35 then gives the functiofi, (6):

4

As(0) = ag + Z (a;sin(if) + b; cos(if))  (39)
=1
where
ag =0, ap = -V,
o — —Re(67V? + 3rK? — 4KQ +4V? + 2K?)
2 = 67 )
ReK?(3m + 2)

a3:0, as = 6 s
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1 e 3. y 02 —4z 7—4 a——l—@g ~ o (44)
bg — Re VK37T + 27 b4 —0. (40) _R_e (6\1’1 8@0 8\If0 6(1)1 B 6\1’1 8@0 B 6\1’0 6(1)1)
2 \ 00 0z 00 0z 0z 00 0z 00
Finally, integrating gquatlon (C_%O) subject to the sur- subject to
face boundary condition fo¥ yields:
. ®3=0, on z=0, and 3 -0 as z — oo.
B 2 As(0) (45)
P2 = Au(0)z+45(6) + K BTN 192y/7 Then, solving equation (44), we obtain the following
(32\/E(z2 + 1)e_z2 + ﬂzerf(z)(32z expression fom;:
] A O3 = Ag(0)F1(2) + A7(0) F(z) — 327
+48)) =23 Ax(0) + 1 ;( ) (64\/7 3 17 17 _.» 1 4 .o
6 9 \/_ — ﬁerf(Z) + W_ZE — 72«' (&
s ™
+  24y/mzerf(z) — 4822 (e_z + ﬁzerf(z))) 1 31
! —2z2 2
Na + —ReAO(H)zerf(z)e + 16% erf(z)
+ ReAj (0)erf(z )(2\/_2 erf(z) 1
192 , + Z5€_Z + ReA/ (9) 22
—  3ymzerf(z) — e +42% % — 4) 2ym 12\/7
/7 2 + VAF(2) (Lu(z)erfo(z) + I5(2)
+ ReA[(0) (ze_2z +V 327Tel‘f(\/§z)) N 1
\9/6_ — Y erfo(2)erfi(z) + 3—2ReA6(9)erf2(z)
+ YT A0(6) (erf(2) (1022 — 9) — 16y/722
192 ( ) + 22Le (46)
52 22 2
* 32 Ao(6)e” (42 + 3) where I;(z)=/; erf(s)e® ds 12 )=y erfc( )eSst,
+ %QREAIO(Q)Z (ﬁerf(z)(2z2 _3) and 13( ) = fO erfc ) dS,Fl( ) 1 + 2,22,

2e7% (22 = 2)) - 1—6 A"(e)
_ 2))

(Vrerf(=)F (2) + 22(c
1 Racos () (BOzerf(z) V7 +30e)

480 Re/7
1 Racos () (2°/T — 30)
480 Re/T (41)

where the functions!,(#) and A5(6) determined by
applying the surface boundary conditions are given by

Ay(0) = RO )
As(0) = —%Ag(e)) + iReﬂA’O (43)

3.3 Higher order approximation

The boundary value problems fof, and ¥,,, asso-
ciated with the third and higher order approximations
are too complex to solve analytically. Therefore, we
only consider th&g problem which is given by:

FRRi
022

0P3
22— — 4Pg
+ 0z

Fy(z )-226‘22+\/’F1( )erf(z). It can be shown that
L(2)= =22 F) (1 153,2;22) Ip(2)=5 erfi(z)-

I,(z) whereyF; is the generalized hypergeometric
function.

Then applying the boundary conditions of equation
45, we obtain

REA/ (9) c1 + CQREAE)(Q)
6(0) NG 7(6) 96 +C
(47)
wherec; = 51w, ¢ = (8 — 3m), andC =

o2 erfc(s)es” ds = .39107.

Note that there is no Ra term in the expressionbfar

In fact, it turns out that the leading Ra dependence
term is order five. It can be shown that the leading Ra
dependence @b is given by:

—LF(Z)Rasin(H)

®5(Ra) = o (48)
F(2) = fi(2)+(£2(2) e + fa(2)e ™ + f5+ fo
where
fi(z) = (118 8 4 %zﬁ + ?;—;z‘* - %22) e~ 2
29 7

+

fa(2) =ﬁ<—+—

172° 23 2
— 4+ = f
9 9 + + ) erf(z)

12 2 3



f3(x) =

4800257 — 144000,/7
fsa = 150271 — 102573/% + 300257 — 82107%/2

f (z) _ _71210 _ 528 _ 11726 _ 5rzt
4 - 18 12 12 8
922 3 2 29
- — 22 erf 2 (22 )
32 64) =) 9

_7ﬁz7 - L7y - ﬁz?’) erf(z)e(ZQ)

9 12 3
+i_z_8_13z6_37z4 32%
12 18 36 72 16
7210 5rz8 11726 17724 Tn
fs5(2) = —
18 12 12 24 64
17722 , 11 5 4
39 )erf(z) +@(3+12z + 4z )
B 1 (—44 + 157) 3\ 2
f6(Z) = %T ((1OZ + 4z ) e + fﬁa)

foa = derf(2) V7 (Z + 322 + 24)

4 Results and Discussion

In this section, we test the validity of the analytic so-

lution at the initial stages of a moderate Re flow and
at the fully developed stage of a high Re flow.

The test is carried out by comparing the results of the
analytic solution with those of a high-resolution nu-

merical solution obtained using a spectral finite dif-

ference scheme [12]. In this numerical approach,
the flow variables as well as the temperature func-
tion are approximated in terms of truncated Fourier
series expansion of N terms in the angular direction.
The resulting 6N+3 two dimensional partial differen-

tial equations in time and in the radial variable are then
integrated using a finite difference procedure.

In order to gain insight into the patterns of the heat
transfer rate, we compute the local Nusselt number
and the average Nusselt number variations with re-
spect to time and radial component. The local Nus-
selt numberVu and average Nusselt numh®w, are
respectively defined as:

Nu(0, 1) = —% <g—f)zzo (49)
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Nu(t) = — Nu(,t)df. (50)

21 Jo
Using the analytic approximation of the temperature
function® and taking the derivative with respect:to

and then finding its value at= 0 yields:

Nu(0,t) = W 41+ AN1(0) + Rar? sin(0) No(6)
(51)
where
NO) = 8 <51ﬁ+(89—6:7r)ReA6(9) +c>
_ 2 1 1 (=447 + 1572)
W) = —77 <15360 720 2 )

Similarly, the average Nusselt number is given by:

- 4 A

Nu(t) = erl—% (1—27\5 - 167TC') +ON3).

(52)

We begin with Figure 1 where the time evolution of
the numerically simulated and the analytically deter-
mined local Nusselt's number are depicted for Ri=10,
Re=1000,K = 0.2, 2 = 0.25 andt =0.01, 0.05, and
0.5. As we can see from the figures, there is excel-
lent agreement between the analytic approximations
and the numerical simulations for all times presented.
Note that, since Re is moderately large, the analytic
solution is in good agreement eventat 0.5 This

is because our expansion is valid in this limit as well.
Similar results are obtained for Re=50 as depicted in
Figure 3. However, we notice that the analytic accu-
racy is not as high in Figure 2 far= 0.5. In this
case, the analytic solution is not valid except for small
time ¢ since Re is also small. The surface vorticity
distribution which is given by

C(0.0,1) = 5 A0(0)

+ (K + A1 (8) — ?AO(QO A3(0) — F\?%f/(g)
(53)

is depicted in Figures 3 and 4 for Ri=1R, = 0.2,

Q = 0.25,¢ =0.01, 0.05, 0.5 for Re values of 50 and
1000 respectively. Again we notice that the analytic
solution becomes less accurate as time increases and
as Re decreases.

The integrated average Nusselt numbers are also com-
pared in Figure 5 fof{ = 0.2, 2 = 0.25, Ri=10 and

Re values of 50 and 1000. We see that there is ex-
cellent agreement between the two solutions for small
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values oft. However, ag increases the two solutions son, P.D.: 1963, “Heat and mass transfer
tend to deviate from each other as expected. Note also in turbulent separated flows”. Chem. Eng. Sci.
that the effect of the increase in Re is to enhance the 18, 149-155.

heat transfer. _ [4] Churchill, S.W. and Bernstein, M.: 1977, “A
Finally, the dependency on the shear paramktés correlation equation for forced convection from
demonstrated in Figure 6 for Re=1000, Ri=10 and gases and liquids to a circular cylinder in cross
Q = 0.0. We note that the vorticity distribution be- flow”. J. Heat Transfer94, 300-306.

comes less symmetric with increasing shear. The fig-

ure also shows that shear enhances the surface vortic- [°] _ , , " _
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