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Abstract: The paper is concerned with the numerical solution of the quasi-variational inequality
modelling a contact problem with Coulomb friction. After discretization of the problem by
mixed finite elements and with Lagrangian formulation of the problem by choosing appropriate
multipliers, the duality approach is improved by splitting the normal and tangential stresses.
The novelty of our approach in the present paper consists in the splitting of the normal stress and
tangential stress, which leads to a better convergence of the solution, due to a better conditioned
stiffness matrix. This better conditioned matrix is based on the fact that the obtained diagonal
blocks matrices, contain coefficients of the same size order. For the saddle point formulation
of the problem, using static condensation, we obtain a quadratic programming problem. Key
words: Contact problem with Coulomb friction, dual mixed formulation, mixed finite element,
saddle point problem, quadratic programming, Schur complement.

CLASSICAL AND VARIATIONAL normal and tangential components of the dis-

FORMULATION placement vector and stress vector, we use the
following notation: uy = wu;-n;, 4y = u—uy-n,
Let @ C R% d = 2 or 3, the domain occu- N = iUl (o7)i = oyjn; — on - i, Where

n = (n;) is the outward unit normal vector to

pied by a linear elastic body with a Lipschitz r

boundary I'. Let I'1, Iy and I'c be three open _ o
disjoint parts of I' such that ' = T; UTy UT¢, We denote by g € C(I'c). g Z.O.the initial
TiNTe = @ and mes (I1) > 0. We assume 8P between the body and the rigid founda-

that the body is subjected to volume forces tion and lets us denote by f and h the density

of density f € (L%())?, to surface traction of body and traction forces, respe.ct.ively. We
of density h € (L%(T'2))¢ and is held fixed on @55UMe€ that aiﬂ?l_e L(Q), I < i g, k1 < .d’
T',. The I'c denotes a contact part of bound- with usual condition of symmetry and elastic-
ary where unilateral contact and Coulomb ity, that is

friction condition between 2 and perfectly
rigid foundation are considered. We denote
by u = (ui,...,uq) the displacement field,

ik = Qjikl = arij, 1< 1,7,k 1 <d,

and Imgy >0, VE= (&) € Rd27

E = (aij(u)) = §(ui7j—|—uj7i) the strain

&ij =&i, 1<, 5 < d, aijm&ij S > molé)® .
tensor and ¢ = (o4j(u)) = (asmer(u)) the Yo ’ PR
stress tensor with the usual summation con- In this conditions, the fourth-order ten-

vention, where i,j,k,1 = 1,...,d. For the sor @ = (a;ji) is invertible a.e., on Q and if



we denote its inverse by b = (bjjr), we have
gij(u)) = (bijuor (), i,j,k,1=1,....d.

The classical contact problem with dry fric-
tion in elasticity, in the particular case, is with
the normal stress oy(u) and I'¢ is assumed
known and considered as obeying the normal
compliance law, is the following

Find u = u(x,t) such that u(0,-) = u’(-) in
Q and for all t € [0,77,

—dive(u) =f, inQ (1)
aij(u) = Q4jkl - 5kl(u), in (2)
u=0 on I}y (3)
oc-n=h on Ty, (4)

the contact condition:

uy < g, on(u) <0, (uy—g)on(u) =0 on I'c
(5)

and Coulomb friction on I'c:

llor(uw)|| < prlon(u)|, such that : (6)
—if lor(u)| < prlon(u)| = ur =0

— i for(w)] = pploy ()] = Ja >0,

such that @y = —aop where u° denotes the ini-
tial displacement of the body. Supposing that
a positive coefficient up € L>®(T¢), pr > po
a.e. on ['c of Coulomb friction is given, we
introduce the space of virtual displacements

V={veH(Q)*v=00onT}

and its convex subset of kinematically admissi-
ble displacements

K={vyweVjyn=v-n<gonT¢}.

We assume that the normal force on I'¢
is known (as normal compliance) so that one
can evaluate the non-negative slip bound p €
L>®(T'¢) as a product of the friction coefficient
and the normal stress, i.e. p = upA1, when A\;
is the normal stress. We assume that normal
interface response (the normal compliance law)
is:

on(u) = —cn(un —g)™"
where ¢y and mpy are material constant de-
pending on interface properties.
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(Pl) Find
min J(v).

veEK
The minimized functional representing the

total potential energy of the body has the form:

u € K such that J(u) =

:%awﬂg—Lw)+ﬂw

where: the bilinear form a is given by

J(v)

a(v,w) :/Qaijklgij(v)gkl(w)dx

linear functional L is given by:

M@zéﬂﬂ+éhwg

the sublinear functional j is given by:
j(v) —/ p\UT\der/ en(u—g)"unds
I'c I'c

where vy € (L°°(T'¢))? denotes the tangent
vector to boundary I'. It is known that the
problem (P1) is non-differentiable due to the
sublinear term j, and has a unique solution [9].

The variational formulation, in the quasi-

static case, is equivalent to the quasi-
variational inequality:
(P2) Find u(z,t) € Kx[0,T] s. t. a(u,v—u)+
jo—1) > (L,u—v) Yv e K,Vt €[0,T],T > 0,
with initial conditions u(z,0) = wug,u(z,0) =
ui.

The existence and uniqueness of the so-
lution of this quasi-variational inequality are
proven under the assumption that pup is suffi-
ciently small and mes(I'g) > 0 [16].

The Lagrangian formulation of the problem
(Py) is given by introducing

L:V x A x Ay — R, with

1
L(v, p1, p2) = 5(1(”7”) — L(v)+
+ (1, vn —g>/ povrds
I'e

where Ay = {p; € H_%(FC)\,ul >0}, Ay =
{n2 € L=Tc)| |p2|l <ponTc}.
The space H™2(I'¢) is the dual of
H?(T¢) =
={ye L*T¢)|Fw eV s.t.y=vy onT¢}
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and the ordering p; > 0 means, in the varia-
tional form, that (u;, oy —g) < 0, Vv € K,
where (-, -) denotes the duality pairing between
H_%(FC) and H%(FC). Since L?(T'¢) is dense
in H_%(I‘C), the duality pairing (-, -) is repre-
sented by a scalar product in L?(I'¢).

The Lagrange multipliers pq, po are con-
sidered as functionals on the contact part of
the boundary I'. It is important that the La-
grange multipliers do have mechanical signif-
icance: while the first one is related to the
non-penetration conditions and represents the
normal stress, the second one removes the non-
differentiability of the sublinear functional

jo(v) = sup / povrds
pH2€A2 T'c
and represents the tangential stress.
The equivalence between the problem (P;)
and the lagrangian formulation is given by:

inf J(v

L .
Inf (v, p1, pi2)

) = inf sup
VEV 111 €A1, €A

By the mixed variational formulation of the
problem (P;) we mean a saddle point problem:

(Ps)find (w, A1, A2) € V x Ay x Ay such that

L(wmula/L?) < L(wv/\lv)‘2) < L(U7)\17)‘2)7
V (v, p1, p2) €V x Ay x Ag.

It is known that (P3) has a unique solution
[2] and its first component w = u € K solves
(P1) and the Lagrange multipliers A;, Ao rep-
resent the normal and tangential contact stress
on the contact part of the boundary, respec-
tively.

Remarks.

19. For the contact problem with Coulomb
friction, we use the formula p = pupAi, for the
slip bound on the contact boundary I'c , where
A1 = Ai(p) is the normal stress on I'c and pup
is the coefficient of friction. Unfortunately this
problem cannot be solved as a convex quadratic
programming problem because p is an a priori
parameter in (P3), while \; is an a posteriori
one.
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20, Because we can consider the mapping
VA — Ay, U:p— A\ = \(p) defined by
the second component of the solution for the
contact problem with given friction (P3), the
solution of the contact problem with Coulomb
friction will be defined as a fixed point of this
mapping in A;. Results concerning the exis-
tence of fixed points for sufficiently small fric-
tion coefficients may be found in [17].

THE TIME DISCRETIZATION AND
FINITE ELEMENT APPROXIMA-
TIONS OF THE CONTACT PROB-
LEMS WITH COULOMB FRICTION

Let us consider a partition (t9,¢!,. .. ,tN) of
time interval [0, 7] and also the incremental for-
mulation obtained by using the backward finite
difference approximation of the time derivative
of u.

If we use uﬁ = up(z, %), Auﬁ = uﬁ“ — uﬁ,
Atk = o+l ¢k gy, () = Aub /AL R =

T
fu(kAt), for k =0,1,..., N—1 where At = I

we obtain, at each time t*, the following quasi-
variational inequality

find Auf € Vj, s.t. (7)
a(Aqu, v, — Auﬁ) + E(Ufl + Auﬁ, v — Auﬁ) >
> ALF (v, — Auf) — F(uf, v, — Aub),

Yy, € Kp, where F(ulf v, — Auf) = a(uf, v, —
Auy) — L*(vp, — Aug).

The time discretization of the problem (P2)
follows. For a given load history the quasi-
static problem is approximated by a sequence
of incremental problems (7); although every
problem (7) is a static one, it requires appropri-
ate updating of the displacements, so loads for
each increment and so we obtain the following
sequence:

(P3) Find u € Ky, for each time t*
such that  J(u) = min J(v),

veKy

where u = Auf, v = vy, J(v) = LwTKv -
vI'f + p?'|Tv| and K;, = {v € R"|Nv < g}.
Here, we by denote K € R™ " the positive def-
inite stiffness matrix, f € R™ is the load vector,
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p € R™ is the nodal slip bounds vector for con-
tact nodes. The matrices N,T € R™*™ contain
the rows of the normal and tangential vectors
in the contact nodes, respectively, and g € R™
is the vector of distances between the contact
nodes and the rigid foundation.

The matrix form of the Lagrangian for the
problem (P3%), at each time t* is:

1
L(’U, M1, :U'Q) = i’UTKV—fTV—f—ngT'U—i—‘U? (N’U—g)

where g1 € Ay, po € Ay are the Lagrange
multipliers and Ay = {1 € R™|uy > 0},

Ay = {p2 € R™||p2| < p}.
The algebraic mixed formulation of (P}?) is:
Find (v, p1, p2) € R™ x A1 x Ay such that

Ku=f—-NT'X\ —TTX, (8)

(Nu—g)" (A1 —p1)+u"TT (Aa—p2) >0, (9)
(1, p2) € Ay x As.

After computing u from (8) and substitut-
ing u into (9), we obtain the algebraic dual for-
mulation, for each time t*, i.e.,

min {;/\TAA _ ATB} st (10)

AL >0, M| <g, A= AADT,

where
NK-'NT NK-TT
A=rg- N7 TR-1TT) 204
_(NK'f—g

The problem (10) is a quadratic program-
ming problem that can be solved by several
efficient algorithms.

ALGORITHM FOR SOLVING THE
ALGEBRAIC DUAL FORMULATION

It is known that the matrix A is ill condi-
tioned, and its diagonal blocks corresponding
to the normal and tangential stress are closely
related to the dual Schur complement whose
spectrum is not so ill conditioned.
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The performance of duality algorithms may
be improved if we split the normal and tangen-
tial stress. To exploit this fact, let us introduce
a new notation for the natural block structure
of the dual Hessian A and for the matrices B,
corresponding to normal stress, and Ay, corre-
sponding to tangential stress Ap:

A A B, A1
(o a2)e 2= () = ()

The Gauss-Seidel algorithm for problem
(10), leads to a sequence of approximations of
)\%) and /\59 ) as follows:

Initialize )\_53) = g(0); /\59) =0; 1 := 0
19 = 0;
repeat

ii=i+1, thtl = At 4tk

M) = (D-L)7 U2V + By)
such that |Mp| < pp - )\%_1);

)\X,) = A1_11 -(By—Aja- /\,E,f)) such that
AN >0
until |A(®) — A0=D| < Tol, and t**! < T
where Tol is the chosen tolerance, the matri-
ces D, —L and —U representing the diago-
nal, strictly lower triangular and strictly up-
per triangular parts of S, respectively, with
S = A21A1_11A12 — Ay being the Schur com-
plement of the matrix A.

Conclusions. The novelty of our approach
in the present paper consists in the splitting,
within the known algorithm, of the normal
stress and tangential stress, which leads to a
better convergence of the solution, due to a
better conditioned stiffness matrix. This better
conditioned matrix is got due to the fact that
the obtained diagonal blocks matrices, contain
coefficients of the same size order.

References

[1] Anderson, L. E., Approzimation of the
Signorini problem with friction obeying the
Coulomb law, Math. Methods Appl. Sci.,
5 (1983), pp. 422-437

[2] Brezzi, F., Fortin., M., Mized and Hy-
brid Finite Element Method, New York,
Springer-Verlag, 1991

253



Proceedings of the 7th WSEAS International Conference on Systems Theory and Scientific Computation, Athens, Greece, August 24-26, 2007

[3] Ciarlet, P. G., The Finite Element Method [12] Pop, N., A Finite Element Solution for

for Elliptic Problems, Amsterdam, New
York, Oxford, North Holland, 1978

Glowinski, R., Lions, J., Tremolieres,
R., Numerical Analysis of Variational In-
equalities, Amsterdam, New York, Oxford,
North Holland, 1981

Haslinger, J., Approximation of the Sig-
norini problem with friction obeying the
Coulomb law, Math. Methods Appl. Sci.
5 (1983), pp. 422-437

Ju JW., Taylor R.L., A Perturbed La-
grangian Formulation for the Finite El-
ement Solution of Nonlinear Frictional
Contact Problem, Journal de Mécanique
Theoretique et Appliquée, Spec. Issue,
suppl. to vol. 7 (1998), 1-14

Kiruchi, N.; Oden, J. T., Contact prob-
lem in Elasticity: A Study of Variational

Inequalities and Finite Element Method,
SIAM Philadelphia, 1988

Klarbring, A., Mikelic, A., Shillor, M.,
Global existence result for the quasistatic
frictional contact problem with normal
compliance, In ”Unilateral Problems in
Structural Analysis IV (Capri 1989), 85-
111, Birkh&auser, 1991

Necas, J., Jarusek, J., Haslinger, J., On
the solution of the variational inequality to
the Signorini problem with small friction,
Boll. Un. Mat. Ital., B(6), 17 (1980), pp.
796-881

Petrila, T., Trif, D., Basic of Fluid Dy-
namics and Introduction to Computational
Fluid Dynamics, Springer, USA, 2005

Petrila, T., Ghiorghiu, C., Finite Element
Methods and Applications (in Romanian),
Ed. Acad. Rom., Bucuresti, 1987

[14]

[18]

[19]

a Three-dimensional Quasistatic rictional
Contact Problem, Rev. Roumaine des Sci-
ences Tech. Serie Mec. Appliq. Editions
de I’Academie Roumanie, Tom 42, 1-2,
(1997), 209-218

Pop, N.; On inexact Uzawa methods for
saddle point problems arising from contact
problem, Bul. Stiint. Univ. Baia Mare, Ser.
B, Matematica-Informatica, XV, Nr. 1-2
(1999), pp. 45-54

Raous M., Chabrand P., Lebon F.,
Numerical methods for frictional con-
tact problems and applications, Journal
de Mécanique Theoretique et Appliquée,
Spec. issue, suppl. to vol. 7 (1998), 111-
128

Rocca, R., Cocou, M., Numerical analy-
sis of quasi-static unilateral contact prob-
lems with local friction, STAM J. NUMER.
ANAL., 39, No. 4, pp. 1324-1342, 2001

Rocca, R., Cocou, M., Ezistence and ap-
proximation of a solution to quasi-static
Signorini problem with local friction, In-
ternat J. Eng. Sci. 39 (2001), pp. 1253-
1258

Wang, G., Wang, L., Uzawa type algorithm
based on dual mixed variational formula-
tion, Applied Mathematics and Mechan-
ics, 23, No.7, (2002), pp. 765-772

Wohlmuth, I. B., Krause, H. R., A
multigrid method based on the wuncon-
strained product space for mortar finite
element discretetizations, SIAM J. NU-
MER. ANAL., 39, No. 1, pp. 192-213
(2001)

Wriggers P., Simo J.C., A note on tan-
gent stiffness for fully nonlinear contact
problems, Comm. in App. Num. Math., 1
(1985), 199-203

254



