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Abstract: Field measurements of conductivity, porosity, etc. have shown their are high heterogeneity, the bounds
of such heterogeneity increasing as the scale of observations changes. This has led to the development of fractal
models, renormgroup methods, and methods of subgrid modeling. The subgrid modeling approach, associated
with problems of the subsurface hydrodynamics, is presented. We consider a single-phase flow of an
incompressible fluid through a random porous medium. The joint multi-point probability distribution for porosity
and permeability is supposed to be log-normal and satisfy the conditions of the Kolmogorov refined scaling
hypothesis. A subgrid model is derived which is similar to the Landau-Lifschitz formula. The theoretical result is
compared to the results of the direct numerical modeling and to the results of "ordinary" perturbation theory.
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1 Introduction

When studying the mass transfer in a
heterogeneous medium, the small-scale details of
conductivity and porosity are unknown. They
should be considered within the statistical
approach, introducing effective parameters. The
search for the effective coefficients in the
equations for the large-scale components of
filtration and dispersion may be regarded as a
version of the subgrid modeling. Our use of the
subgrid modeling method is motivated by the
refined scaling properties [1] that were
experimentally observed in the subsurface
hydrodynamics [2]. In [3], [4], Kuz'min and
Soboleva defined a conformal symmetric model
of heterogeneous media and deduced the subgrid
formulas for the effective permeability. In [4], the
authors used the ideas of the Wilson
renormalization group (RG) [5] and derived the
Landau-Lifshits formula for the effective
permeability coefficient. According to the
arguments stated in [6], the renormalization group
methods partially take account of high orders of
perturbation theory and hence improve the
accuracy of the derived formulas. The same
arguments are also applicable to the subgrid
modeling. The direct numerical verification of
this statement is the main subject of this paper. If
a medium is assumed to satisfy the refined
scaling Kolmogorov hypothesis [1], the subgrid
model equations take an especially simple form.
In the present paper, we find the subgrid
modeling formulas for solving problems of
filtration and dispersion in a fractal porous media.

In differential equations, which describe
renormalization of effective parameters, one may
abandon the self-similarity requirements. The RG
methods for the filtration theory are developed
many authors [7], [8]. The subgrid modeling
methods propose to treat conductivity and
porosity directly as a multifractal, but not to treat
such parameters through the “window” of a
logarithm. This is especially necessary, when
parameters have a log-stable distribution. In this
case, the variance of conductivity under certain
values parameters is finite, although the variance
of the logarithm conductivity is infinite. Such
statements have been experimentally supported

9]

2 The refined scaling of the porous

media
Let an incompressible fluid flow through a
heterogeneous medium with a conductivity

coefficient &(x). At low Reynolds numbers, the
filtration velocity vand the pressure p are related
by the Darcy law v =&(x)Vp. The condition of
incompressibility divv =0 yields the equation
Vie()Vip()=0, p(x) =po(x). (1)
where S is a boundary of the domain V . Let the
field of conductivity be known. This means that it

is measured at each point X as the fluid is pumped
through a sample of small sizel,. A random

function of spatial coordinates &(x) s
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considered as limit of the conductivity &(x), .

o

Asl, -0, we have g(x)l — £(x). To pass to a

coarser gridl,, one can smooth the resultant field
£(x), using the scale |, >1,. The obtained field

is not the true conductivity that describes
filtration in the interval of scales (Il, L) . where L
is a maximum scale of heterogeneities. To find
conductivity on a coarser grid, one has to repeat
the measurements, pumping the fluid through a
larger sample of size |,. This procedure is

necessary since the conductivity fluctuations
within the scale interval (l,,1,)have correlations

with the pressure fluctuations induced by them.
Similar to [1, 3], we consider a dimensionless
field wequal to the ratio of conductivity

smoothed  using two  different  scales
y/(x,l,ll):g(x)ll/g(x)l, where &(x), is the

conductivity &(x), smoothed over scale I,

l,<l. The field w(x/I,k) has too many
arguments. We define a simpler field
p(x1)=ow(x112)104],,, A=111, that
contains the same information, then we have the
relation

5|gg(x)| _o(x1). @)
The solution to Eqg. (2) has the form

dl,

L
g(x)lo =&, exp[—_fgp(x,ll)l—}. (3)
lo 1
We suppose that the conductivity has
heterogeneities of the scale I, from the interval
(1,,L), where 1, is minimal and L is maximal

scales of the  measurements, <V,
£(x)=&(x),, - The field @(x,1) is assumed to be

statistically homogeneous and isotropic and then
a correlation function is as follows

(P Doy, 1))~ (D) {py. 1)) = ®((x=y)* L),

where ( ) is the probability averaging. For

simplicity, we use the same notation @ in the
right-hand side. If the function ¢ is statistically

invariant to the scale transform, its correlation is
satisfied by GD((x—y)2 /I2) . The approximation,

the fields o(x,1), ¢(y,l,) with different scales

I,1, at any X,y are considered to be statistically

independent. This is usually assumed in the
scaling models and reflects the decay of statistical
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dependence, when the scales of fluctuations
become different in magnitude. This means that

o(x,1),0(y,l)) are delta correlated in the

logarithm of scale. The latter was proposed in [1].
A simple model without such a request is a
conformal symmetric model [3]. To describe the
probability distribution for the integral from (7)
for large L/I,, we use the theorem about sums of
independent variables. If the variance of ¢(x,I)
at a given point exists, then the theorem says that
the integral from (7) for very large L/I, tends to

a normal field. In the opposite case (the second
correlation function does not exist), the integral
tends to a field described by a stable distribution
[10]. The case of a stable distribution is
considered in [11]. In this paper, for simplicity, it
is assumed that ¢(x,1) has normal distribution.

3 A subgrid model

The conductivity function &(X) is divided into
two components with respect to the scale I. The
large-scale component  (ongrid) £ (X, 1) is
obtained by statistical averaging over all ¢(x,l,)
with I, <1, <I, where dl=1-1;, is small. A

small-scale (subgrid) component is equal to
e'X)=e(X)—e(x,1):

o] [t o] ot %
eXp(_J.:O(P(X, I1) dllj

I1

<ex"(—f o) ]>

A large-scale (ongrid) component of the pressure
p(x,1) is obtained as averaging solutions of

Eqg.(1), in which a large-scale component of
conductivity is fixed, and a small component

&'(X) is a random variable. A subgrid component
of the pressure is p'(xX)=p(Xx)-pxl).
Substituting the expression for &(x), p(x) in

Eq.(1) and averaging over a small-scale
component, we obtain:

Vi [V, px D+ < £'(X)V; p'(X) >,y | =0, ()

where <>a(x,l) is averaging over I <l when

g'(X)=¢&(x,1)

~1|. (4)

g(x,1)is fixed. The second term in Eq.(5) is

unknown. This cannot be rejected without
preliminary estimation, since the correlation
between the conductivity and the pressure
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gradient may be substantial. The choice of the
form of the second term in (5) determines the
subgrid model. This expression is estimated using
perturbation theory. Subtracting (5) from (1) and
ignoring the terms of second order of smallness
including &'(X)V, p'(X)= < &'(X)V; p'(X) >,y » We
obtain the subgrid equation for the pressure:
1
Ap'(X)=———=<V.&'(X)V,p(Xx,]). 6
P () == Ve COViR(l) ©
The variables &(x,1), p(x,l) in the right-hand
side of EqQ.(6) are considered to be known, these
variables and their derivatives varying slower
than &'(x) and its derivatives. Therefore,

-l @

where r=|x—x. From (7), obtain
<e'X)V,p'(x) > 0=

Lo @ 1, 00 omanVpi(xl1) ¢
4z Ox' ox', r<€ (x)e"(x)dx g(x1)
From (4), as &'(X)has log-normal distribution,
we have

(£'00£'(x")) = e(x,)*D(r,1)dI/1. (9)

Using (9) and the equality
[rin; do=47/35,

i =X/,
where o is a full solid angle, obtain

<E'V,p'>, % =P (1)e(x, )V, p(x,1)dl/3l, (10)
where @, (1)=®(0,1). Here, the integration over

the finite volume V in (7) is replaced by the
integration with infinite limits, because the
correlation function @ is small outside the
domain of scale L. Such a substitution gives a
coarse estimation near to the boundary, but this
does not affect the determined mean values,
because L* <« V. Substituting (10) in Eq. (5) in the
limit 1 —1,, we come to the expression for the
effective coefficient, which correctly describes a
mean value of the filtration velocity:

£(X)y = exp{—ligo(x,ll)fj—}]

dingy 1
T (¢>+6c1>0(|). (11)

If a function ¢ is statistically invariant to the
scale transform, the solution to Eq.(11) has
especially a simple form: &, =50L(I/L)_<‘”>+q’°/6,

where the constant &, describes the filtration

velocity for the largest scale (V)=—g, V(p).

3 A subgrid model for dispersion

Let at the initial time a colored liquid flow-in into
a volume filled with a pure liquid. The interface is
labeled with passive particles, which are moved
by a stationary velocity field. Since both liquids
have the same physical parameters, their filtration
velocities satisfy Darcy equation (1). The
movement of the labeled particles is described by
the equation

m(x)% =e(X)Vp, X;(0)=x,, (12)

where i=1,...,N is the number of a particle. The
porosity coefficient m(x) is constructed similar
to the conductivity coefficient:

m(x)IO =m, exp[—j‘;((x, Il)%]. (13)

1

The function x(x,l;) is assumed to have a

normal distribution and to be delta correlated in
the logarithm of scale. In fact, the distribution
cannot be exactly Gaussian, because the normal
density has a negative tail. The distribution of the
integral in (13) is more likely an asymmetric
stable distribution or the positive part of the
normal distribution. This case should be
considered separately, because of cumbersome
formulas. Here, for the numerical modeling, a

natural limit for the porosity 0<m(x)<1 is

satisfied by selecting normal distribution
parameters. The correlation between the porosity
and the conductivity fields is determined via the
correlation of the fields

O* (x,x,1,1,) =@ (1)8(Inl =Inl,) . In this case,

the self-similarity of these fields is not violated.
Let us derive a formula for the joint contribution
of small-scale fluctuations of conductivity and
porosity to the evolution of a large-scale velocity
of labeled particles. The field of porosity .is
divided, as in the previous section, into two
components with respect to a scale |.Here

m(x,I) is determined in the same way as
conductivity

L dl,
m(x,1) =m, exp —Ilz(x,ll)l—

1

<exp[— J % ')OH>
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exp[— Jxx Il)‘:'lj

1

<exp(— Jixx I)‘:']>

We carry out similar partitions for the
displacement and the pressure

X(t)=x(t.1)+x, p(x)=px1)+p'(x),
where p(x,1), x(t,I) are, respectively, the

solutions to Eq.(1), Eq.(12) averaged over the
small-scale fields &', m'. Averaging equation (12)

over g',m' with given ¢, m vyields the ongrid
equation for the particles velocities:

m(x,l)%t'l): —e(x,1)Vp(x,I)

. (15)
_<g'(x)Vp'(x)>—<m'(x)dXd;t(t)>.

m'(x) =m(x,1) -11,(14)

The velocity of simulated fluctuations de;t(t) is
found from the equation:
dx" e'(x) e(x1)
—i=_ vp(x,1)- vp'
dt  m(xl) Px) m(x,1) p(X)(le)
~ m'(x) dx; (t,1)
m(x,1) dt
The substitution of (16) into Eq.(15) gives
dx;\ (m'(x)e'(x))
~(m' L) = vp(xI
<m () dt> POl
17)

, 2
£(x,1) (m (%)) ax, t.1)
(X)Vp' .
+m(x,l)<m ()ve)+ m(x,l)  dt
The second statistical moments in Eqg. (17) are
calculated under the same assumptions with
respect to m'(x) and the scale | as for obtaining
appropriate moments when deriving effective
conductivity coefficients
(m'Em’(x")) = m(x,1)> @ (r,1)dl /1,

(m'X)e'(x")) = m(x,)e(x, @ (r,1)dl/1,  (18)

<m‘(x)Vp‘(x)>z—cD“’lo(I)m(x,l)Vp(x,I)dI/BI,
where  ®% (1)=®"(0,l). For the ongrid
component m(x,l) from (14) follows

m(x, 1) ~ m(), [1{%@% (|)—(Z>j%. (19)

If we substitute (18) into (17), we arrive at:

Proceedings of the 2nd WSEAS Int. Conference on Applied and Theoretical Mechanics, Venice, Italy, November 20-22, 2006 145

_<m'(x)%>z§g(x,|)cpgz(|)$Vp(x,|)

dl dx; (t,1)

| dt

Thus, the estimation for the last term in ongrid
equation (15) has been obtained. As a result, the
equation takes the form:

m(x,l)[l—q)glﬂ}m

m(x 1)z (1)

||t
D + 207 dI

=g(x,l)[Tl——l}Vp(x,l).

Substituting the values &(x,1), m(x,1) from (19)

and neglecting the second order terms with
respect to dl, yields

waf (oo 42

2 dl

=&(x), {1-((@-%@3’?’ +§CD3"JI——1}Vp(X,I).

In the limit | — |,, we obtain the equation for the
effective conductivity and porosity

dings _ 1oy Lag (1)~ 20p (1),

ddllnl 16 3 (20)
nmy _ 1,
g =)+ (1),

If the functions ¢, y are statistically invariant to
the scale transform, the parameters (¢), (7)),

®fF, dFF, D are constant, we obtain
~(p)+®f? 16208
En =& (/L)
~0§" 12-(0) (1)

My =My, (1/L) :
where the constant m,, satisfies the equation

dx,
<m0,_ W> = €0va.

4 Numerical modeling

For the numerical calculation, we use
dimensionless variables. The problem is solved
for ¢, =1 in a unit cube. On the edges of the

cube y=0 and y =1, the pressure is set constant
Pl,_o = Py P, = P2 P, =P, =1. On the other
edges of the cube, the pressure is specified by the
linear relation for y: p= p1+(p2 - pl)y. The

main filtration flow is directed along Y-axis. The
integrals in (3), (13) are replaced by a finite
difference formula, in which it is convenient to
pass to the logarithm with base 2:



i=6

&(x), =exp{ 23 o(x,7,)Ar }
. (22)
m(x)Io =exp[—ln 2i=26;((x,ri)Ar}.
For the spatial variables, we use 256 x 256 x 256
grid, the scale step At =1,
5, =(i-1)A7,i=-6,..—4, |, =27, The delta

correlation in the scale logarithm means that the
fields are generated. Independently, on each scale
7, we use the correlation functions:

Xz' ,/ fxz' In2

z(x7)= \/7}/5( 7, )+1- }/O'(XT) ( >In2,

where —1<y <1 y is a correlation coefficient.
The independent Gaussian fields &(x,7),
o(x,7;) have a unit variance, zero mean and the
correlation function:

(C6T)E (7)) = (SO0 m)NE (Y. 7)))
= (¢ 7)a(y. 7)) (¢ (7)) {(a(y. 7)) (23)

:exp[—(x—y)zlzz"}é‘ij.
The structure of the correlation matrix allows us
to represent it in the form of direct product of
four matrices of lower dimensionality and apply
the algorithm “along rows and columns” for the
numerical simulation [12].

Fig.1 The conductivity for three scales in the mid-
span section, (¢) =0.15, ®§” =0.3.

The constants (), (z), @5, ®F should be

chosen from experimental data for natural media
[2]. In Fig.l, we have the self-similar
conductivity in the mid-span section for formula
(22). The scale of the extreme fluctuations is
L=1/8. This allows us to replace the statistical
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averaging by the spatial averaging. The minimal
scale is 1/32, which is conditioned by the
requirement that the difference problem
considered should provide a good approximation
of Eq.(1), Eq.(12). For solving Eq.(1), an iterative
method combined with the Fourier transform and
the sweep method is used [13]. According to the
procedure of deriving the subgrid formulas, we
have to numerically solve the complete problem
and perform probability averaging over small-
scale fluctuations to verify the formulas. As a
result, we obtain a subgrid term, which can be
compared to the theoretical expression. The
probability averaging requires a multiple solution
of the complete problem. We performed a more
efficient verification, based on the power
dependence of the velocity of labeled particles for
a self-similar medium. We determine the
corresponding mean values replacing the
statistical averaging by the spatial averaging and
calculate the same mean values using theoretical
formulas. We also compare the results obtained to
our theoretical formulas with the results obtained
with "ordinary" perturbation theory. The ergodic
hypothesis is verified. Effective conductivity and
porosity should yield the true the velocity of the
front (labeled particles) in the scale interval (I,L).

The numerical verification of formula (11) has
performed in [4]. Let w. be the mean velocity

of the front along Y -axis (the mean velocity along
other axes is equal to zero):

W, :—<;’: (())(())g (X7 )>

25

IogZQ

1.5¢ .7 fie

0.51

2 ‘ 3 Tk 4

Fig.2 Lines 1, 2, 3 show the theoretical
dependence for the correlation coefficient
y=1,-1,0.5, respectively. The results of

numerical modeling are marked with asterisk.

The following formulas are compared with the
results of numerical modeling:

1 . 2 1
|ogzv"\:’—f - ((@ SO g (1) —Ecpgl} (24)

L
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The calculations results use the following
parameters:

(p)=0.15, ®” =0.3,m, =0.2, ®Z =0.05,

(x)=0.7 ®f =y~/0.015.

Fig.2 shows the dependences for different
correlation coefficients. We plot the ordinate of a

point Q=log,(wi/ws) and the abscissa

indicates to the number of scales in (22). In Fig.3,
we compare the theoretical results for w with the
results of numerical simulation and results of

“ordinary” perturbation theory.
3 : :
Iogzw

2.5¢

1 2 3 4
k

Fig.3 Lines 2, 3 show the results of “ordinary”
perturbation theory and the theoretical results.
The results of numerical modeling are marked

with asterisk, (p)=0.3, ®§” =0.6, y =1.

5 Conclusion

We have obtained the formulas enabling us to take
into account the contribution of small-scale
components to the calculation of mean
characteristics of the fields. The conductivity and
the porosity were simulated as extremely
heterogeneous fields close to multifratals. The
latter is attained if the scale I, in formulas (3), (13)
tends to zero. Numerical verification is carried out
for a medium, in which conductivity and porosity
possess the self-similarity property. The power
dependences on the scale for the effective porosity
and conductivity have been calculated. The mean
of filtration velocity possesses the dependence, as
well as the mean velocity of the front. The
formulas obtained are valid in the absence of self-
similarity. In this case, the parameters of
distributions in formulas (11), (20) depend on the
scale. It is shown that the subgrid modeling makes
possible, even with large variance of conductivity,
to obtain good results. In the approach used,
analysis is not beyond the scope of the differential
equations apparatus and the theory of random
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fields. The subject of the investigations is
parameters of mean values and correlation
functions which can be measured

The work is supported by Russian Foundation for
Basic Research, project N0.04-05-64415, No.06-
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