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Abstract: - In this paper we calculate the velocity field and distribution of stream function for ideal
incompressible fluid, induced by a different system of vortex threads in a finite cylinder, in a finite frustum of
the cone and in a channel. An original method was used to calculate the components of the velocity vectors.
Such a procedure allows us to calculate the velocity fields inside the domain depending on the arrangement, on
the intensity and on the radius of circular vortex lines. In this paper we have developed the first mathematical
model for the process in the element of Hurricane Energy Transformer. This element is central figure in so
called RKA (ReaktionsKraftAnlage) used on the cars’ roof.
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1 Introduction

In new technological applications it is important to
use vortex distributions in area for obtaining large
values of velocity. The effective use of vortex
energy in production of strong velocity fields by
different device is one of the modern areas of
applications, developed during the last decade. Such
processes are ecologically clean; there is no
environment pollution. Although, on the other hand
the aspect of energy is very important: the
transformation process should be organized in such
way that vortex energy is effectively transformed
into heat or mechanical energy. In our previous
papers [1]-[3] we have mathematically modeled the
process how to transform the alternating electrical
current into heat energy.

The goal of this paper is to develop the mathematical
models for new type of ecologically clean and
energetically effective devices [4]-[6]. Such type of
devices firstly was developed by 1. Rechenberg [9].
Now the continuator of the work is one of authors J.
Schatz. The devices of such type can be considered
as the energy source of the new generation. The
practical aim of our investigation is to try to
understand the process in the element of Hurricane
Energy Transformer [4]. This element is central
figure in so called RKA (ReaktionsKraftAnlage)
used on the cars’ roof for substantial reducing the
airs’ drag.

2 General Mathematical Formulation
of the Problem

2.1 Description of Geometry

We will investigate the flow of incompressible fluid
in finite circular frustum of  cone
Q,.(e)={(r,z,p): O<r<a-ez,0<z<Z,
0<@<27n(M +1)}, with the parameter & under the
condition:0< &Z <a. The cone transforms to
circular cylinder with the radiusa fore=0.
of circulation

Parameter M gives the number

periods.

We will start with some geometrical descriptions of
placement of the vortexes. We will consider the
situation, when N discrete circular vortexes L, ,
where L ={(r,z):r=a,z=z},i=1,N with

2
m

intensity I, (—j and radii q, (m) are placed in the
s

cylinder. The system of circular vortexes creates the
radial v and axial v, components of the velocity
field in ideal incompressible liquid.

Similarly can be considered the system of N

threads (i=LN)
S, ={(r,z,p):r=a—st,z=art,p=t+io} with

discrete  spiral  vortex
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Z

2raM
¢ fulfills the following enclosure:

parameters O = Wﬂ’ T= ,t €[0,27rM]. The

argument
2r . .
Qe W’ZH(M +1) |. Parameter7 gives the rise

(step) of the vortex threads. The system of vortex

threads creates the radial v, axial v, and

azimuthal v, components of the velocity field in

ideal incompressible liquid.

Unlike our previous papers [5], [6] here we
additionally consider the chain of linear vortexes
lines in the plane channel

={(x,y):x€[0,L],y€[0,2], ze R}. The

vortices chain creates the v ,v ~components of the

xy

velocity field.

The main goal of this work is to analyze how
different displacements of the vortices influence the
maximal value on the velocity field.

2.2 Mathematical Statement of the Problem
The vortex motion of ideal incompressible fluid will
be determined from the equations for the vector
potential A [5]-[8]

divv=0, .
{rot v=0Q. o
in following form:

AA=-Q. 2)
Here
v=rot A 3)

and v,€2 are the vectors of velocity and vortex

fields and A is the Laplace operator.

3 The Description of the Problem

It is well known that if we replace the velocity
vector v with the magnet field induction vector B
and the vortex vector () with the electrical current
vector j then the system of equations (1) is identical
with steady-state Maxwell’s equations. Here we will
apply our mathematical investigations to the

vortexes influence on the distribution of velocity
field.

3.1 Solution for the Frustum of the Cone
Applying the Biot-Savart law [7], [8] we receive the
following form of representation for the vector

potential created by the vortex thread W, =S, or

circular vortex W, = L. :

T ar j R(NP) @

Here dl is an element of the curvelV,,

P=P(x,y,z)(N=N(,n,6)eW, ) is the fixed

point (the integration point) in the fluid and
R(NP), =R =

Ja=&EP + (=) +(z -9
For the spiral vortex W, = §, we have expressions:
E=a.(t)cos(t+id),n =a.(t)sin(t +i0),

c=bt. (6)
Here a.(t)=a—ct,b=ar,t<[0,2z7M].

This gives following expressions for the components
of vector potential:

- jdsg,A,i dn A T jdg
" 4z R 472' R 472'S_
Therefore ﬁnally [5]
I 2’]M a.(0)sin(t +i6) + cos(t+i5) |
R

0 i

)

o 4

b

LZ’IM a.(t)cos(t +id) — esin(t + id) it

Y X R ’
'

“4r 3R

0 i
In accordance with formulae (3) we have following
expressions for the components of velocity field:

GAW 04_,
vri == —+ ) s
’ oz rog
0A .
vzi :lg(rA i)_l_r’l , (7)
Yorory MY v Op
a/1;’1' aIélzz
vV, = ——.
P 6z or
It gives following expressions for last two
components of vector potential:
2zM .
4, =L asinyO)—scosy@)
B 7/ R,
2zM .
4y, = LT sty @) resing©)
't Ar R

0 i

Here was used short notation y(t)=¢@—t—io.



This gives following representations for the
components of the velocity field:
r 2zM
y =—1L z—bt)(a,(t)cos(y(t
gy | Ei@Ooswo)

+esin(y(0)) —ba, ()sin(p (1)1 9L R39
2zM

vamgh | [a0@0- o

0

reos(y(1))) —rsin(y(1))] 4 Rl37

2xM

V. =L’} I [blr=acosy @)= ()

(z=br) (@ (O)sin(p (1) + & cos(y(1))] 4

The v_,

Rf'

on the axis is as follows [5], [6]:

2
v, (0, z)— j g dq}.
a-2nMeg R(q)
Here
R(q) =49 +b1q+clq2aa1 :bzzga
b =-2bz,,c, =& +b,z, :a—%

This integral can be written in closed form:

e .
\/71'e(612)+c1a2 +5/2

\/_ JeR@) +ca+b /2’

a,=a-2neM,d, =4b’z,d, =d, (" - b*).

(I

3.2 Solution for the Cylinder
Now we will concentrate our attention on the case of

the circular cylinder (¢ =0) [5].

For the cylindrical coordinates we have:

X=rcos@, y=rsing, z=z,. (12)
It is easy to proof that for the cylinder with the
radius a all components of velocity are even

VA
functions according to middle point z 23 of the
cylinder, i.e.:

v (r, i 20 =v(r = +z¢> (13)
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The representations for the components of vector
potential in case of cylinder take a simplified form:

_ Ta z’jM sin(t+8) |
! 4r R, '
Ia’? cos(t+iS
Ayi = l ( : ) dt s
B R,
rb> dt
Az i =— o
T o4r 3 R
Respectively, both components of the vector

potential in cylindrical coordinates simplify:

A, =T s @) g,

4 0 R,
2xM
L' eostw@)
> Ar R

0 i
The components of the velocity field now look as
follows:

I'a
vr’l.(r,z,(p): 417[ x

(14)
2xM
|| [(z=be)cos(y(e)) ~bsin(y ()}
0 )
Fia
vz’l.(r,z,(p)z i (15)
2xM
g [a—rcos(vx(r»]jég,
1-* 2xM
V(o,i(V,Z,(D):ﬁ '(l). [b(r—acos(l//(t)) (16)

. dt

—a(z—bt) Sll’l(l//(t))]ﬁ.
1

On the axis of the cylinder, the second component
(15) of velocity reduced to simple expression in
closed form [5], [6]:
r''Mm z__ . Z-z
27 | Ja* + 2 \/a2 +(Z-z)

This function takes its maximal value in middle

vz,i (07 Z) =

point of cylinder axis z=Z/2[6]:
r'm

2a\1+(Z [(2a))’

We obtain the minimal values of the z component of

the velocity in two end points of cylinder axis:

v.;(0,0)=v_,(0,2) = LM

. (18)
2a\J1+(Z / a)’

v,,(0,Z/2)= (17)
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The integral averaged value of the axial velocity
component is equal to:

.M 2

Vovi . (19)
2a 1+\J1+(Z/a)?

The whole solution can be written now as the sum of
separate vortexes:

N
v, (r,2,0)= Y v,.(r,z,0),
i=1

N
v.(r,z,0) =D v..(r.z,0),
= (20)

N
v, (r,2,0) =D v, .(r.2,0),
i=1

N
A(/)(’/"Z7¢):ZA(/)J(’GZ7¢)'
i=1

In general case we calculated all needed integrals
with the trapezoid formulas.

In case of circular vortex we have following
expressions instead of (6):

&=a,cosa,n=a,sina,¢ =z,

Therefore

4, =0. 1)
The circular vortex originate axially-symmetric
conditions; at ¢ =0 we have

A4.,=0. (22)
Then it follows that

I'.a

Ay,i = Aqo,[ = A[(Z,l") :E[[ .
where

2r

d

I = cosado . (23)

0 \/(z—zl.)2 +a’ +r’ —2arcosa
We have:

i (1-2sin’ f)dt

2 2 2
. {(;_kin(ki)_ZE(ki)}-

i 1

Here

t=(a-m)/2,

k, = War / c, (24)

¢ =\(z=2z) +(r+a,) . 25)

Further K(k)and E(k)are the total elliptical

integral of first, respectively second kind:

Proceedings of the 5th WSEAS Int. Conf. on System Science and Simulation in Engineering, Tenerife, Canary Islands, Spain, December 16-18, 2006

/2

dt
K(k)= | —,
2[ J1-k*sin’ ¢t
/2

E(k) = j V1-k*sin’ tdt.
0

Therefore the azimuthal component of vector
potential A, induced by the circular vortex L, is:

4 2) =t %P (6)
2x \r
Here
2 2
F(kl):{{;_kle(kz)_;E(kz)} (27)

The two non-zero components of the velocity field
for the circular vortex according the formulas (7)
reduce to expressions:

OA. 10
v =——=, v  =——1I(rA4). 28
=T Ve = (r4) (28)
Finally we have:
r z—z
v (r,z)=—- T4
’ 2nr ¢

1

X

(29)
a+r’+(z-z) B

(ai_r)z +(Z_Zi)2

K(k,-)},

E(kl.)}.

{E (k)

|
Vau(ri2) = 27zlc *

1

|:K(kl.)— aiz_rzz_(z_zi)zz
(ai_r) +(Z_Z,')

(30)

We have on the axis of the cylinder:
Fiaf
3/2°°
2[(11,2 +(z— Zl.)z}

This component of the velocity has the maximal

v,;(0,2) =

value by z=2z,a, =a on the axis and it is as
follows:
1_‘i
Vi (0, Zi) - Z
In the middle point of the z axis we obtain the value
(for a=a,):
r.

v, (0,Z/2)= : .
’ D[1+(z-22)/D* "

Here D =2a is the diameter of the cylinder. For

the integral averaged value of the axial velocity
component we have following formula:
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I'a
vavi =—-X
" DZ
(Z-z)/a
+ .
J1+(Z=-z)/a)}  J1+(z/a)
From here we have in the middle point z, = Z/2:

T, 1

vav,i Y-
D 1+ (Z /DY

The total velocity field of all the circular vortexes

(€1)

z,/a

and the vector potential A{p we have as the sum:

N

v (r,z)= ZV”.(I", z),
i=1
N

vz (rﬂ Z) = Z vz,j (rﬂ Z)’
i=1

N
A, (r,z)=) A,,(r,2).
i=1

The hydrodynamic stream function ¥ = (r,z)is
given by relations:
v 1o

"oorat ror
Then we have from (28):
w(r,z)=rd,(r,z). (32)
Important attribute of the process is the amount Q
of substance which flows through the cross section
[z=2,,0<r<aq,] of the cylinder, which is given

by the integral:
2z a,

0(ay,zy) = J. d(pJ. v, (r,z,)rdr .
0 0

It is very easy to calculate the quantity:
O(ay,z,) =2ray4,(ay,z,) =27y (a,,z,) . (33)
Then the amount (), of substance which flows

trough the whole cylindrical domain is equal to:
Z VA

0,(a,) = j O(a,,z)dz =27 j w(a,,z)dz.  (34)
0 0

Proposed method allows calculating the velocity
field for arbitrary number and location of circular
vortexes or vortex threads in a finite cylinder. This
approach is different from the usual methods [10].

3.3 Solution for the Channel
For this geometry we assume the
condition in the middle of the channel:

symmetry
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=0

ox |,
and formulate the slip-conditions for the wvelocity
vectors on the line y=0:

=0.

wl=v)
X1y=0 Yly=0

The flow in the channel is given by prescribed fixed

amount of flow trough cross section of the channel:
1

0=v,

0

dy . (35)

x=0

We note that for L =o0 we have Poiseuille flow
with

v, =u(y):3Q(y—O.5y2),vy =0. (36)
On the wall y =0 of the channel we placed linear

vortexes chain with the axis orthogonal to the
(x, ) plane. One linear vortex line in the point with

coordinates  (x,,,) creates following velocity
field:

Leyeye o Lixex
Yo RPN 2 R (37)

R = (x_xk)z +(y_yk)2'

Because of infinity of velocity in the centre of point-
wise vortex we consider the vortex line as circle
with radii @ . In such situation the formulae (37) are

R >a,but for
following expressions:
rk Y=V

o & o &
The total velocity field of all the linear vortex lines
we have as the sum:

N
Vx(x, y) = zvx,k (xa y):
k=1

valid for R<a we must use

Iyx—x,

ek Yok . (38)

N
v, (r,2) =D v, (x,9).
k=1

3 Some Results of the Computations

We investigate the influence of 6 circular vortex
lines in finite cylinder which are arranged in the
axial direction at the fixed points

z,=02i,1,=a,i =,LN.In fig. 1 circular vortices
are placed in points @, =a=1; in fig. 2 — in

points a. =c.a, ¢, =[0.75,0.8,0.85,0.9,0.95,1.0].
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We scaled all lengths to inlet radius of the tube
7, =a, the axial and the radial components of

O The results of

velocity were scaled to v, =
2rr,

numerical experiments are given for dimensionless
values

0 r
_ Y _ _2o
=W = Ay Ay =
Vol 2r
Stream funct.y and velocity field:{1 1111 1]
1.2 T T T T
1 * * * * * *

0.8

0.6

0.4

0.2

-0.2

Figure 1. Distribution of the stream function and

velocity; v, =16.21,0 =25.12.
Stream function and velocity field:[1 111 1 1]
12 T T T T
1 *
*
*
*
0.8 *

*

0.6

0.4

0.2

-0.2

Figure 2. Distribution of the stream function and

=17.98,0, =27.96.

velocity; v

z,max

4 Conclusion

Velocity fields of ideal incompressible fluid
influenced by vortexes in a finite cylinder, finite
cone and channel are investigated. The maximal
value of the velocity induced by the spiral vortexes
is in the middle of the cylinder. The behavior of
circular vortexes in the ideal incompressible flow
depends on the number, location and on the

Proceedings of the 5th WSEAS Int. Conf. on System Science and Simulation in Engineering, Tenerife, Canary Islands, Spain, December 16-18, 2006

orientation of the vortexes. This approach can be
generalized for the vortex threads on the surface of
finite frustum of the cone.
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