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Abstract: - This paper presents an algorithm for fast large-change sensitivity computation for approximate 
symbolic analysis. The sensitivity is used for identifying negligible elements of circuit model that can be 
removed in order to simplify symbolic solution. The method is based on combination of the Sherman-Morison 
formula and sparse matrix techniques. Effectiveness of the method was tested on several benchmark circuits. 
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1  Introduction 
One of the most effective methods for generating 
simplified symbolic expressions in the frequency 
domain is a method known as SBG (Simplification 
Before Generation). It is based on a heuristic 
algorithm consisting in removing elements of circuit 
model whose influence to a network function is 
negligible [5]. The process is always based on the 
knowledge of numerical solution whose changes 
provide a measure for identification of negligible 
elements. Any change of circuit model introduces an 
error. The simplification stops when the maximum 
allowable error is reached. A symbolic solution is 
then generated for the simplified circuit model. 

The algorithms described perform gradual 
removing of parameters of network elements from 
the circuit matrix, i.e. two-terminal elements are 
replaced by short- or open-circuit, controlled sources 
are removed entirely or replaced by an ideal 
operating amplifier, etc. 

Usually, large-change sensitivity is used to find a 
candidate for removing. The algorithm described in 
[2] performs an effective error prediction using 
algebraic cofactors. These cofactors can be easily 
obtained from inverse of the nodal admittance 
matrix. This paper compares effectiveness of the 
Sherman-Morison formula [3] for obtaining inverse 
matrix with sparse matrix techniques to find an 
optimum strategy. 
 
 
2 Error Prediction with Inverse Matrix 
Any linear circuit can be described in the frequency 
domain by a system of linear equations 

 bAx =  , (1) 

where A is circuit matrix, b is vector of sources and 
x is vector of unknowns. Any network function F 
can be expressed as a ratio of two algebraic cofactors 
of A 
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where AN and AD are submatrices of A and 
coefficient α is an integer. The exact procedure for 
obtaining AN, AD and α depends on formulation 
method and required network function. Let a be an 
element of A. Both determinants can be expanded by 
the element into 
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where N
ji:Δ  and D

lk:Δ  are algebraic cofactors of AN 
and AD, and RN and RD represents remaining terms in 
the numerator and denominator. For the nodal 
formulation method a circuit parameter can appear in 
one, two or four positions in A. Two latter cases are 
also covered by (3) using the 2nd order cofactors. 

It is obvious that large-change sensitivity of F to 
0=a  or ∞→a  can be simply obtained from (3). 

To test all elements we need all cofactors of A. They 
can be simply computed by means of numerical 
inversion of AN and AD [2]. Matrix of algebraic 
cofactors of an arbitrary regular matrix B is 

 ( )T1)det( −
Δ = BBB  . (4) 

After an element removal we obtain new matrices 
that should be inverted again. This represents the 
most demanding part of symbolic simplification. 
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3  Fast Matrix Inversion 
The Sherman-Morrison formula [3] can be used for 
computing a new inverse matrix from the old inverse 
matrix after changing some elements. It can be 
expressed by 
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where and u and v are arbitrary column vectors 
whose product defines the matrix change. In case of 
a single element of A T]0..0,1,0..0[=u  and 

T]0..0,1,0..0[=v . 
The inverse matrix can also be computed by the 

modified Gaussian elimination that manipulates with 
nonzero elements only. Effectiveness of this 
technique significantly depends on positions of 
nonzero elements in the matrix. For this reason, the 
Markowitz criterion [4] for reordering columns and 
rows of the matrix that minimizes fill-ins during the 
elimination process was applied. 

To find an optimum method, six algorithms using 
the nodal method were implemented in C++ to 
achieve the best performance: 

 
a) Algorithm SBG1 uses the Gaussian elimination 

with full pivoting in all cases. 
b) Algorithm SBG2 uses the Gaussian elimination 

with full pivoting when the eliminated element 
is substituted by zero impedance and is located 
on more than one position in the nodal 
admittance matrix. Otherwise, the Sherman-

Morrison formula is used. 
c) Algorithm SBG3 is similar to SBG2 but the 

elimination is performed only if the element is 
located on more than two positions in the nodal 
admittance matrix. 

d) Algorithm SBG4 uses the Sherman-Morrison 
formula in all cases. 

e) Algorithm SBG5 computes the inverse matrix 
using sparse techniques in all cases. 

f) Algorithm SBG6 computes the inverse matrix 
using sparse techniques if the eliminated 
element is substituted by zero impedance and is 
located on more than one position in the nodal 
admittance matrix, otherwise the Sherman-
Morrison formula is used. 

 
Elements ai are removed from circuit matrix A until 
the maximum error εmax is reached. The error of 
simplification is usually checked at several 
frequencies fj. The algorithm is the same for all 
methods 
 

initialize matrices AN and AD 
calculate 1−

NA  and 1−
DA  

calculate reference value(s) F(fj) 
do (main loop) 
 ))(),0((min ∞→ε→ε=ε ii

elementsallfor
fallfor
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j

 

 if ε < εmax 
  remove element with the lowest ε 
  calculate new 1−

NA  and 1−
DA  

while ε < εmax 

 
Fig. 1 MOS operational amplifier. 
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4  Analysis of benchmark circuits 
Four benchmark circuits were used: (1) fully 
connected resistor network of order n; (2) n-th order 
resistor ladder; (3) bipolar operational amplifier 741 
(741OA); (4) MOS operational amplifier (MOSOA), 
shown in Fig. 1. 
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Fig. 2 Results for SBG1-4: a) resistor ladder and b) 

fully connected resistor network. 
 
Circuits 1 and 2 represent theoretical limits of 

complexity [5]. Small-signal model of real circuits 3 
and 4 contains almost 100 nodes and 200 basic 
elements. In all cases, voltage transfer ratio between 
input and output was examined. The error criterion 
was set in such way, that all elements in the circuit 
were eliminated. This means, that the input and 
output ports became identical. The CPU time 

required for resistor ladder network and fully 
connected resistor network is shown in Fig. 2. This 
analysis was performed on Ahlon64 XP3500+ 
processor under Microsoft Windows XP. 
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Fig. 3 Results for SBG1,2,5,6: a) resistor ladder 

and b) fully connected resistor network. 
 
It is obvious from Fig. 2a that the fastest 

algorithm is SBG4, which exploits the Sherman-
Morrison formula in all cases. However, this 
program completely failed to simplify the ladder 
resistor network of order 74 and higher due to 
numerical instability. Algorithms SBG2 and SBG3 
gave almost identical results, which was caused by a 
special form of the matrix. 
 

Tab. 1: Time required for topological simplification of real circuits 

User-defined 
error Time required by the SBG method [ms] 

Circuit 
Analyzed 
frequency 

range ε [dB] ψ [°] 

Ref. 
freq. 
count SBG1 SBG2 SBG5 SBG6 

0.1Hz – 1kHz 1 5 2 27 122 18 820 3 252 2 991 

0.1Hz – 1MHz 1 5 3 63 029 30 172 6 775 5 738 MOSOA  

0.1Hz – 2MHz 2 10 3 68 286 29 320 7 383 6 653 

0.1Hz 2 5 1 20 533 8 885 2 311 2 152 

1kHz 1 5 1 19 069 8 498 2 165 2 001 741OA 

0.1Hz – 1kHz 2 10 2 38 526 17 237 4 438 4 074 
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All programs that use the Sherman-Morrison 
formula cause small oscillations in the required CPU 
time. It is caused by numerical errors in the 
computed inverse matrix which have significant 
impact to the elimination order of elements. 
Additionally, the program SBG4 gave correct result 
in 92% of runs and program SBG3 in 93%. 

Fig. 3 compares algorithms SBG1 and SBG2 with 
and their sparse matrix versions. It is obvious that the 
fastest program is SBG6, but the program SBG5 is 
slower only by 10%. Both programs are almost two 
times faster than programs SBG1 a SBG2. Fig. 3b 
confirms conclusions from previous paragraph. In 
average, the fastest program was SBG6. 

The only programs that provided correct results 
were applied to real circuits. In all cases, the voltage 
transfer network function was analyzed. Frequency 
range, design point count, user-defined error and 
required CPU time for topological simplification are 
shown in Tab.1. 

Tab. 1 shows that the program SBG6 exploiting 
both the Sherman-Morrison theorem and sparse 
matrix technique for computing inverse matrix gives 
the best results. The program SBG5 exploiting sparse 
matrix technique only, is slower only about 10% 
than program SBG6. Other programs that use 
Gaussian elimination are almost five times slower. 
 
 
5   Conclusions 
In this contribution, the sparse matrix technique and 
the Sherman-Morrison formula for symbolic 
simplification have been compared. Experimental 
results show that the combination of the sparse 
matrix technique and the Sherman-Morrison formula 
gives the lowest time. A circuit containing almost 
250 elements and 100 nodes can be topologically 
simplified by these techniques in several seconds 
using a standard personal computer. 

6   Acknowledgements 
This research has been supported by the Grant 
Agency of the Czech Republic under contracts No. 
102/05/0771 and No. 102/05/0277 and by the 
Ministry of Education under contract No. 
MSM0021630513. 
 
 
References: 
[1] Lin, P., M., Symbolic network analysis. Elsevier, 

Amsterdam, 1991. 
[2] Kolka, Z., Pospíšil V., Horák, M., Program for 

Symbolic Analysis. In: Proc. of 11th 
International Conference on Mixed Design of 
Integrated Circuits and Systems (MIXDES 
2004). Szczecin, Poland, 2004, p. 666 - 669. 

[3] Householder, A., S., The Theory of Matrices in 
Numerical Analysis. New York, 1964  

[4] Markowitz, H., M., The elimination form of the 
inverse and its application to linear 
programming. Management Sci. 3. p 255-269. 

[5] Henning, E., Symbolic approximation and 
Modelling Techniques for Analysis and Design 
of Analog Circuits. Doctoral dissertation, Univ. 
of Kaiserslautern, Shaker Verlag, 2000. 

 

Proceedings of the 5th WSEAS Int. Conf. on System Science and Simulation in Engineering, Tenerife, Canary Islands, Spain, December 16-18, 2006       380



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002000d>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


