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Abstract: - A moving boundary problem was numerically solved for carbon dioxide diffusing through a n-decane 
liquid phase inside a glass capillary tube. The model consisted of three coupled partial derivative differential 
equations for mass transfer inside and between the phases. The technique for solving the model was the recent 
methodology developed by Illingworth and Golosnoy[1] which allowed solute conservation and transformed the 
moving boundaries in fixed ones, for a diffusion process with no convective effects inside the phases. For the 
experimental setup, a vertical glass capillary tube was partially filled with the hydrocarbon through the lower 
extreme which was sealed afterward. The carbon dioxide was injected through the upper side at approximately 
23.5 ºC and 1480 kPa (abs). The capillary was inside a glass visualization cell filled with glycerol (same glass 
refractive index) to avoid image distortion by light diffraction. The gas-liquid interface displacement was 
recorded with a camcorder during 90 minutes. Image processing allowed determining experimental interface 
position for further comparison with the model prediction. This work used a different boundary condition in the 
gas phase, respect to the mentioned authorwork; in addition, different phase densities were considered in the 
interface equation. Results showed that the experimental interface position was well represented by the 
numerical model for cylindrical capillary tubes, whereas for square capillary tubes there was a considerable 
deviation between theoretical and experimental results, attributable to convective flow patterns in the square tube 
corners, which were not considered in the mass transfer model. 
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1   Introduction 
Carbon dioxide diffusion in liquid hydrocarbons have 
been studied by many authors because of its 
application in enhanced oil recovery[2-8]. In this work, 
diffusion experiments with a moving interface 
between two continuous phases (gas→liquid) are 
performed inside round and square glass capillary 
tubes, which represent a geometrical configuration 
without and with corners, respectively. Comparison 
between the interface position experimental results 
and the theoretical results, predicted by a moving-
boundary model for one-dimensional mass transfer 
without convective effects, were done in order to find 
evidence of the induced flow patterns when the 
corners are present. 
 

2   Problem Formulation 
 
2.1 Mathematical Model 
For carbon dioxide, one-dimensional continuity 
equations for liquid and gas phases are:[1,9]   
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Equations (1) and (2) are for mass transfer process 
with constant phase densities, without both 
convective effects and chemical reaction.  The initial 
and boundary conditions are in Table 1. Making a 
mass balance for carbon dioxide across the moving 
interface, its position can be determined by solving 
the ordinary differential equation (3).[1,10, 11] 
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Following a recent developed methodology[1] the 
moving boundaries are transformed in fixed ones, by 
definition of new spatial variables u and v.  
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Table 1. Initial and border conditions 
Gas phase Liquid phase 

0, ini

C C
t y y= =  0, ini

C Ct x x= =  

( ), sat

C C
z s t y y= = ( ), sat

C Cz s t x x= =  

, ini

CC
z L y y= =  0, 0Cx

z
z

∂
= =
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The concentrations are defined by new dependant 
variables p and q. 
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The transformed equations inside the phases are (4) 
and (5), and their respective transformed initial and 
boundary conditions are in Table 2.  
 

2
, 0 1Lp u p pD

s u
t s u u us

∂ ∂ ∂ ∂ − = ≤ ≤ ∂ ∂ ∂ ∂ 
&    (4) 

 

           
( )2

1
, 0 1Gq v q qD

s v
t L s v v vL s

 ∂ − ∂ ∂ ∂
 − = ≤ ≤
 ∂ − ∂ ∂ ∂− 

&  (5) 

 
Table 2. Transformed initial and border conditions 

Gas phase Liquid phase 

0, ini

C
t q y= =  0, ini

Ct p x= =  

0, sat

C
v q y= =  1, sat

Cu p x= =  

1, ini

C
v q y= =  0, 0

p
u

u

∂
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∂
 

 
The transformed interface equation is: 
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The interface equation (6) is converted to an 
expression which conserves solute[1]. 
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The limitation for this mathematical model is that it 
does not consider the real shape of the interface, 
which forms a meniscus inside the small glass 
capillaries as it can be observed in Fig.4 and 5. Figure 

1 shows a scheme of the mass transfer process with a 
flat interface. 
 

 
 

Fig. 1. Mass transfer process illustration. 
    
2.2 Experimental Equipment 
A visualization cell is built, with two plexiglass caps 
(2 cm thickness) and four common glass walls (5 cm 
thickness) the joints are sealed with silicon. A scale 
for interface displacement measurement is marked on 
the capillary tube surface, before the tube is put 
inside the cell. The space between marks is 5 mm.  
The capillary tube is fixed to brass connectors in 
upper and lower extremes of the cell using epoxic 
glue (Fig.2). The space between the capillary and the 
cell walls is filled with glycerol (99.5%) which has 
the same refractive index than the glass, to avoid 
distortion by light diffraction.  

 
Fig.2. Visualization cell 

 
The cell is joined to a metallic base by, at least, two 
long screws passed through to aligned holes in both 
plexiglass caps. The screws are supported to the caps 
by washers and nuts. The distance from the lowest 
mark and the lower extreme of the tube is recorded as 
well as the capillary tube length. The cell assembly is 
on a pneumatic vibration isolated table to minimize 
movement in the system. In the capillary lower 
extreme, a membrane is put between the tube and the 
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brass connector to seal this side during the test. 
Before the test, system leaks are checked, flowing 
carbon dioxide at the test pressure for at least five 
minutes. If there are no leaks, system returns to 
atmospheric pressure and then the hydrocarbon (n-
C10: n-Decane) is injected by this extreme, passing a 
syringe through a small hole in the connector and 
penetrating the membrane. After n-C10 injection, the 
syringe is removed. System vacuum is generated 
during five minutes and, after that, the carbon dioxide 
is injected through the upper side at 23.5 ºC and 1480 
kPa (abs) and the recording process begins. The test 
temperature is the environment temperature, which is 
controlled by an air conditioning unit. The CO2 is 
supplied through a high pressure cylinder, using a 
pressure regulator for pressure control. The 
camcorder is a Sony mini DV, model DCR-HC42 
(12X digital zoom) with a 12X macro lens. The 
camcorder is positioned in a way that the meniscus 
position can be observed between the marks on the 
capillary, as is shown in Fig. 3 y 4. In this way, it is 
possible to have the calibration pixel/mm direct from 
the test images and it is not necessary remove the cell 
after finishing the test to record a calibration pattern. 
Also, the interface initial position s(0), respect the 
reference axis (the capillary lower extreme) can be 
determined. 
 

3   Problem Solution 
3.1 Mathematical Model Results 
Diffusion coefficients are considered variable in 
liquid phase and constant in gas phase. DL is 
estimated by Caldwell and Babb[12] equation using 
Scheibel correlation[13] for dilute solution CO2 

diffusion coefficient.  

( )
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The term for the dilute solution n-C10 diffusion 
coefficient was neglected. The thermodynamic factor 
is calculated using activity coefficient estimated by 
Margules with two subscripts[14].  
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The parameter A is calculated from the infinite 

diluted activity coefficient, 
Cγ
∞

,for a temperature 

range from 22 to 25 ºC. Average value is shown in 
Table 3. 
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DG is calculated by Wilke and Lee correlation[15]. CG 
is aproximated to pure CO2 molar density which it is 
calculated by Pitzer and Sterner equation of state[16]. 
 

Table 3. Data at P=1480 kPa (abs), T=23.5 ºC 
sat

C
y  

0.9994 
[17] 

DG  
[mm2/h] 

2.125.103 

ini

Cy  
1 A  

[kJ/kmol] 
7900 

sat
Cx  

0.1884 
[17] 

CG  
[mol/mm3] 

0.651.10-6 

ini
Cx  

0 CL (adjusted) 
[mol/mm3] 

2.19. 10-6 

 
CL is initially estimated as the pure n-decane molar 
density at test temperature and pressure. The final 
value is determined by adjusting the model results   
with the cylindrical capillary tube results and CL is 
lower than the initial value as it is expected because 
the carbon dioxide diffusing into the liquid n-decane 
reduces liquid density. 

Table 4. Capillary tube data 
Capillary Cylindrical Square 
L[mm] 194 210 
ID 
[mm] 

Diameter 
2  

Side 
2 

Material Borosilicate Quartz 
 

The partial derivative equation system (4), (5) and (7) 
is discretized and numerically solved by finite 
difference method, using Mathcad® 2001. The 
algorithms used are of first order accuracy. The space 
discretisation is done with a fixed mesh for gas phase 
and with three different step sizes for liquid phase, 
the smallest one near the interface. The timestep size 
is fixed and the finite difference solution scheme is 
semi-implicit, because the concentration terms 
present in the coefficient diffusion in the liquid phase 
are evaluated in the previous time in order to have a 
constant coefficient matrix. All the other 
concentration  terms are evaluated in the present  
time. In order to compare numerical model stability, 
two different timesteps are used. The timestep sizes 
are: 10-2/3 and 10-3/3 hours. The reason for selecting 
divisor numbers multiple of three is to compare 
experimental and theoretical results in the same time 
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values because interface position photos are taken 
each five minutes.  Figure 3 shows that the difference 
between both model results is significative. At the 
initial time, there is a small  jump in the curve for the 
bigger timestep and this causes the progressive 
deviation. The smallest size is selected with a run 
time of  64 minutes. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3 Model results for two timestep sizes 
 
3.2 Experimental Results 
After recording the diffusion process, the images are 
processed to determine the interface position relative 
to reference axis. Figures 4 and 5 show some 
examples of these images.  

a)t=0 b)t=60 min 

Fig.4. Displacement inside cylindrical capillary 
 

a)t=0 b)t=60 min  
Fig.5. Displacement inside square capillary  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.6. Experimental and theorical results comparison 
 
The experimental results for interface displacement 
relative to its initial position are compared with the 
results predicted by the mathematical model as it is 
shown in Fig. 6. Interface displacement for square 
capillaries is larger than the displacement for 
cylindrical ones. This behavior is similar to the 
reported by other authors, in experiments done at 
different temperature and pressure and with other 
saturated hydrocarbons[5-8]. 
Also, Fig. 6 shows the model result properly 
represents the interface displacement inside the 
cylindrical capillary. The model curve slope is almost 
constant and this can be product of the algorithm first 
order accuracy. The average relative error between 
the model and the cylindrical results is 5.6%. On the 
other hand, square capillary result presents a 
considerable deviation (38.2%) from those predicted 
by the model. 
 

4   Conclusion 
A mass transfer model which considers non-
convective effects, constant phase densities and 
variable diffusion coefficient in liquid phase is 
appropriate to represent CO2 diffusion process in 
liquid n-C10, inside a cylindrical capillary tube, in 
the test time interval.   
Modeling of the diffusion process inside square 
capillary tubes may require the continuity equation 
convective term be considered, at least in the liquid 
phase, where the presence of liquid filaments in the 
tube corners can be responsible for enhanced mass 
transfer. 
 
List of Symbols 

Cj= molar density of “j” phase, [mol/mm3]. 
dt = timestep size, [h] 
Dj= CO2 diffusion coefficient in “j” phase, [mm2/h]. 
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dil
CD = dilute solution CO2 diffusion coefficient, 

[mm2/h]. 
dil
HD = dilute solution n-C10 diffusion coefficient, 

[mm2/h]. 
L

C
f = pure liquid CO2  fugacity, [kPa] 

ID= inner dimension, [mm] 
Kc=  CO2 equilibrium ratio 
L= capillary tube lenght, [mm]. 
P= absolute pressure, [kPa] 

sat
HP = saturation pressure, [kPa] 

R= 8.3144 kJ/kmol K 
s=s(t)= interface position, relative to capillary tube 
bottom [mm]. 

( )ds t
s

dt
=& = interface velocity,[mm/h]. 

T= temperature, [K] 
xC=  CO2 molar fraction in liquid phase, [-]. 
yC=  CO2 molar fraction in gas phase, [-]. 
 
Greek letters 

ˆV

Cφ = CO2  fugacity coefficient in gas mixture, [-] 

 

Subscripts 

L= liquid phase 
G= gas phase 
 
Superscripts 

ini= initial 
sat= saturation 
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