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Abstract: - Scale-invariant forms of conservation equations in reactive fields are discussed. The modified forms 
of the conservation equations at eddy-dynamic, cluster-dynamic, and molecular-dynamic scales are then solved to 
describe the hydro-thermo-diffusive structure of premixed laminar flames. The predicted error-function type 
geometry of temperature profile as well as the flame thermal thickness are found to be in good agreement with the 
measurements reported in the literature. Also, the predicted propagation velocity of 42 cm/s for one-step 
combustion of stoichiometric methane-air premixed flame is in good agreement with the observations as well as 
numerical calculations based on multi-step kinetic models. 
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1 Introduction 
The universality of turbulent phenomena from 
stochastic quantum fields to classical hydrodynamic 
fields resulted in recent introduction of a scale-
invariant model of statistical mechanics and its 
application to the field of thermodynamics [4].  In the 
classical kinetic theory of gas by Maxwell and 
Boltzmann, particles are treated as point-mass 
singularities without any spatial extent.  However, it 
is known that in reality molecules and atoms are not 
point-mass singularities but rather finite-size stable 
composite structures made of many smaller more 
elementary particles. Therefore, the fact that the 
classical approach of assuming point-mass entities 
has been successful in the description of molecular 
dynamics suggests that this same approach could be 
generalized to macroscopic scales. 
 Following such guidelines, a scale-invariant 
model of statistical mechanics for equilibrium fields 
of eddy-, cluster-, molecular-, atomic-dynamics 
corresponding to the scales β =  e, c, m, a, 
schematically shown in Fig.1  was introduced [4] and 
applied to the derivation of the invariant forms of 
conservation equations [5] and the introduction of a 
modified hydro-thermo-diffusive theory of laminar 
flame [6].  In the present study, the invariant forms of  
the conservation equations are employed to further 
investigate the hydro-thermo-diffusive  structure of  
laminar  premixed flames. The predicted  
 
 
 
 

 
temperature and  velocity  profiles  as well as the 
laminar flame thickness are shown to be in 
accordance with the experimental measurements. 
 

2 Scale-Invariant Forms of the 
Conservation Equations for Reactive 
Fields 
Following the classical methods [1-3], the invariant 
definitions of the density ρβ, and the velocity of atom 
uβ, element vβ, and system wβ at the scale β are given 
as [5, 6]  
 
ρ n m m f duβ β β β β β= = ∫

 
, uβ = vβ−1 (1) 

 
1m f d−

β β β β β β= ρ ∫v u u
 

, wβ = vβ+1 (2) 
 
Also, the invariant definitions of the peculiar and 
the diffusion velocities are given as [4] 
 

β β β′ = −V u v     ,      1β β β β′+= − =V v w V  (3) 
 
 Next, following the classical methods [1-3], the 
scale-invariant forms of mass, thermal energy, and 
linear momentum conservation equations at scale β 
are given as [5, 6] 
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Fig.1 Hierarchy of statistical fields for 
equilibrium eddy-, cluster-, and molecular-
dynamic scales and the associated laminar flow 
fields. 
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involving the volumetric density of thermal energy 
 and linear momentum .  Also, ρ hβ βε = β βvρβ β=p

βΩ  is the chemical reaction rate, is the absolute 

enthalpy [5], and  is the partial stress tensor [1] 

hβ

βP
 

β β β β β β βm (  )(  )f du= − −∫P u v u v β  (7)
  

In the derivation of (6) we have used the definition of 
the peculiar velocity (3) along with the identity 
 

i j i i j j i j i( )( )β β β β β β β β β β′ ′ = − − = −V V u v u v u u v v j  (8) 
 
The summation of (6) over all the species results in 
the classical form of the equation of motion [1, 3] 
 
ρ ρ
t

∂
+

∂
w ww) = P∇.( ∇.−

β

 (9)
 

 

were  is the mass-average velocity 
and the total or mixture stress tensor is [1, 3] 

1β β+= =w w v

 
m ( )( )f duβ β β β β β β

β β

= = − −∑ ∑ ∫P P u v u v  (10)
 

 

    The local velocity βv  in (4)-(6) is expressed in 

terms of the convective  and the diffusive βw βV  
velocities [5]  

 
 

gβ β β= +v w V  ,    g D ln( )β β= − ρV ∇ β  (11a) 
 

 
 

tgβ β β= +v w V  ,    tg ln( )β β= −α εV ∇ β  (11b) 
 

 
 

hgβ β β= +v w V  ,    hg ln( )β β= −νV p∇ β  (11c) 
 
 
 

where (Vβg, Vβtg, Vβhg) are respectively the diffusive, 

the thermo-diffusive, the linear hydro-diffusive 
velocities. 
 Substitutions from (11a)-(11c) into (4)-(6), 
neglecting cross-diffusion terms and assuming 
constant transport coefficients with Sc Pr 1β β= = , 
result in [5, 6]  
 

2ρ
ρ D ρ

t
β

β β β β β

∂
− ∇ = Ω

∂
+ w .∇  (12) 
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β β β β β β β β

∂
− α ∇ = − Ω

∂
+ w .∇    (13) 

 

2 p
t ρ ρ
β β β

β β β β
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+ w v v 

∇
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(14) 

 

An important feature of the modified equation of 
motion (14) is that it is linear since it involves a 
convective velocity βw that is different from the 

local fluid velocity βv .   Also, the last term of the 
modified form of the equation of motion (14) 
represents a source (sink) of momentum that is 
induced by exothermic (endothermic) chemical 
reaction.  
 
3 Modified Theory of Laminar 
Premixed Flames 
The theory of laminar flames is the most 
fundamental theory of combustion science and 
subject of many classical [7-16] as well as more 
recent [3, 17-23] investigations. The objective of the 
present study is to investigate the hydro-thermo-
diffusive structure of a one-dimensional premixed 
flame.  For planar flame propagation in an otherwise 
stationary combustible gas in the absence of any 
externally imposed convection the pressure 
gradients will be negligible and (12)-(14) reduce to 
[6] 
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2
( 1)

f2

y yD ye (
t x

β θ−∂ ∂ x )′= − Λ δ
′ ′∂ ∂

 (15) 
 
 
 

2
( 1)

f2 ye (x )
t x

β θ−∂θ ∂ θ ′= α + Λ δ
′ ′∂ ∂

 (16) 
 
 
 

2
( 1)

f2

v v v ye (x )
t x

β θ−∂ ∂ ′= ν + Λ δ
′ ′∂ ∂

 (17) 
 
 
 

The following dimensionless parameters have been 
defined  
 

u b u(T T ) /(T T )θ = − −  ,  y = YF/Yfu    , fv v / v′ ′=  

 
 

Fu FuYρ = ρ     ,    (18) /
F F( W B / ) e−β χΛ = ν ρ

 
The adiabatic flame temperature Tb, the Zeldovich 
number β, and the coefficient of thermal 
expansionχ are 
 

 

b u Fu F FT T QY / W c= + ν p  
 
 

2
b uE(T T ) / RTβ = − b

     ,    b u(T T ) / Tbχ = −  (19) 
 
 
 

and one assumes that  β >>1.  Also, under the 
assumed unity Prandtl, Schmidt, and Lewis  
numbers, θ,  y, and v fields will be similar under 
identical boundary conditions.  
 
4 Hydro-Thermo-Diffusive Structure 
of Laminar Premixed Flames 
Next, the hydro-thermo-diffusive structure of 
symmetric premixed flames is examined.  The 
analysis of the complete structure of laminar flames 
requires considerations at three consecutive scales of 
LED, LCD, and LMD shown in Fig.1.  These three 
spatial scales will respectively be associated with the 
far-field, the hydro-thermo-diffusive, and the 
reactive-diffusive coordinates that will be examined 
in the same sequence in the following.  
 
4.1 The Far-Field Convective Coordinate 
The description of flame at the LED scale 
corresponding to far-field convective coordinate is 
considered first.  At this scale, the flame will appear 
as a mathematical surface of discontinuity.  The 
field outside of the thin flame must be determined at 
the scale of LED with the relevant “atomic”, 
element, and system velocities (ue, ve, we) and the 
associated length scales 

.   e e
5 3 1

e , ,(l  ) m10 10  L 10− − −λ= = =  
 At the scale of LED the flame has no 
hydrodynamic structure and its velocity field in this 

physical coordinate appears as a delta function 
schematically shown in Fig.2a.  To arrive at the 
steady problem, one introduces a coordinate system 
moving with the flame  
 
 

ezz x w t′ = ′ ′ ′+  (20) 
 

where ez f bw v v / 2′ ′ ′= −   is constant only at the LED 
scale. However, the mean velocity ezw′  that is a 
constant at LED scale will turn out to have internal 
structure with spatial dependence at the next smaller 
scale of LCD [6] to be discussed in the following 
section.  With the moving coordinate (20) the system 
(15)-(17) becomes 
 
 

2
( 1)

cz f2

dy d yw D ye (
dz dz

β θ− z )′ ′= − Λ δ
′ ′

 (21) 
 
 
 

2
( 1)

cz f2

d dw ye
dz dz

β θ−θ θ (z )′ ′= α + Λ δ
′ ′

 (22) 
 
 
 

2
( 1)

cz f2

dv d vw v ye
dz dz

β θ− (z )′ ′= ν + Λ δ
′ ′

 (23) 
 

The velocity jump v'b across the flame is related to 
the laminar flame propagation velocity fv′  by the 
mass balance across the flame sheet 

b f b u(v v ) vf
′ ′ ′ρ = ρ+ .  The temperature, mass fraction 

of the deficient component, and the velocity on 
either side of the flame sheet where the reaction is 
frozen Λ = 0 are obtained from the solution of (21)-
(23) as 
 
 
 

1 y v 0θ = − = =          (24) z 0′ >
 
 
 

b1 y v v 0θ − = = − =   z 0′ <  (25) 
 
 

The velocity field on either side of the flame at LED 
scale is schematically shown in Fig.2. 
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v' = 0

x'  = 0x' = − ∞ x ' =  ∞

v' o  
FLAME

v' = v' b
 

 
 

Fig.2 A propagating laminar flame viewed from 
far-field coordinate x′  ( ). o fv v′ ′=
 

The allowance for coordinate dependence of czw′  is 
an important distinction between the modified theory 
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and the classical theory that assumes a constant 
convective velocity cz fw v′ ′= .  In the sequel it will 
become clear that the choice of variable convective 
velocity at LCD scale leads to the description of a 
flame front that propagates by diffusion, i.e. by 
Brownian motions, as opposed to one that moves as a 
rigid body. 
 
4.2 The Hydro-Thermo-Diffusive Coordinate 
To reveal the hydro-thermo-diffusive structure of 
the flame, one must move to the smaller scale of 
laminar cluster dynamics LCD with the 
characteristic velocities  and the 
associated length scales 

. The subscript 
(c) refers to the laminar cluster-dynamic LCD scale 
with β = c (Fig.1).  The relevant kinematic viscosity 
for this scale is νc = lcuc/3 = λ

c c c( , , )u v w

c c
7 5 3

c , ,(l  ) m10 10  L 10− − −λ= = =  

mvm/3 [5].  Also, for 
simplicity we assume that the Prandtl, Schmidt, and 
Lewis  numbers are all equal to unity ν = α = D.   
 In a recent investigation on the modified theory 
of counterflow premixed flames [24] it was shown 
that free propagating laminar flames constitute a 
special case of symmetric counterflow laminar 
premixed flames schematically shown in Fig.3 that 
experience a strained flow field  
 
 

ze f(z z )w 2 ′ ′− Γ −′ =  (26) 
 
 

where  is the stretch rate and L is the 
burner nozzle spacing (Fig.3). For the counterflow 
problem at LED scale an approximate solution of the 
modified equation of motion was shown to result in 
the stream function [24] 

zow / LΓ ′=

 
 

2
e

e eerf ( )
2
ξ

Ψ = − ζ  (27) 
 

 
 

and the velocity components 
 

 

ze ev erf (= − )ζ  (28) 
 
 

 

2e
re ev exp(= − )ζ

ξ
π

 (29) 

 

where e ez /′ζ = δ   and e e /δ = ν Γ .  The axial and 
radial velocity profiles calculated from (28)-(29) are 
shown in Fig.3 and are in qualitative agreement with 
the experimental observations in Fig.8 of Yamaoka 
and Tsuji [25]. 
 
 

z'
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Fig.3 Calculated velocity profiles for axi-
symmetric finite-jet counterflow (u = vre, v = vze) 
from (28)-(29). 
 
 

 The behavior of the counterflow premixed flame 
was found to depend on the relative magnitude of the 
jet axial velocity at infinity  versus the laminar 
flame propagation velocity  such that one could 
identify four distinguishable burning regimes listed 
below [24] 

zow′

fv′

 
 

(a) When w'zo = 0 two free-propagating flames propagate at 
the velocity v'p = v'f towards  without 
experiencing any stretch. 

z′ → ±∞

 

(b) When w'zo < − v'f  two flames propagate at the reduced 
velocity v'p = v'f − w'zo towards   without 
experiencing any stretch. 

z′ → ±∞

 

(c) When w'zo = − (v'f  + ε) and ε <<1 two flames become 

stationary at 
f

z′
H

= ±δ  without experiencing any 
stretch. 

(d) When w'zo > − v'f  two flames are stationary at 
f H

z′ < ±δ  
and experience finite stretch. 

 
The burning regime in case (c), when 

zo fw (v )′ ′≈ − + ε  and the flame locates at the axial 
position corresponding to the edge of the boundary 
layer e HeL / 2 2 e= δ ≈ δ  (the dashed lines in Fig.3) 
without experiencing any stretch, is identical to that 
of free-propagating laminar flame.  The value of the 
stretch rate at LED scale for the case (c) will be 

ef zo e f ew / L v / 4′ ′Γ = δ= . 
 For analysis of the hydrodynamic structure of a 
free-propagating flame at LCD scale, it is first noted 
that the only actual non-random gas velocity is that 
of combustion products that move at bv′  with 
respect to stagnant reactants (Fig.2). The 
propagation velocity  is the velocity of the 
thermal wave that passes through the reactants by 
diffusion.  One can view the hydrodynamic flame 
structure as a “counterflow” (Fig.3) with the total 
change in the gas velocity 

fv′

bv′  across the flame 
thermal thickness of  from c HcL 2 4= δ ≈ δc bv / 2′−  
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to .   Therefore, the effective stretch within the 
flame structure will be . 
Also, for LCD scale the characteristic diffusion 
length within the flame structure is defined as 

. In the previous study [24] it was 
shown that the appropriate scaling factor between 
LED and LCD fields is 

bv / 2′

f b c b(v / 2) / 4 v / 8′Γ = δ = δc
′

f

c

Tc / v′δ = α=

e 4δ = δ . Similar to 

e e /δ = ν Γ  for the strained velocity field (26) at 

LED scale, at LCD scale could also be expressed 
as 

cδ

 
 

c cf cf/δ = δ = ν Γ = T

z′

 (30) 
 
 

where  such that .   cf f Tv /′Γ = cf ef16Γ = Γ
 In view of the above considerations, parallel to 
(26) one expresses the convective velocity within 
the hydrodynamic structure of a free-propagating 
laminar flame at LCD scale as 
 
 

cz fw 2−′ = Γ  (31)  
 
 

with the self-induced flame stretch defined as [24] 
 
 

b b
f

c T

v v
8 8

′ ′
Γ = =

δ
 (32) 

 
 

For the analysis of hydro-thermo-diffusive flame 
structure one introduces the stretched coordinate  
 
 
 

b

T

z v
2 2

′
η =  (33) 

 

where b bv v / v′= f′ .  By substitutions from (31)-
(33) into (21)-(23) and noting the assumptions ν = 
α = D one obtains  
 

2
( 1)

r2 2
b f

dy d y 8
2 ye

d d v v
β θ−Λα

η = δ
′η η

+ ( )η  (34) 
 

2
( 1)

r2 2
b f

d d 8
2 ye

d d v v
β θ−θ θ Λα

+ = − δ η
′η η

η ( )  (35) 
 

2
( 1)

r2
zc zc

zc 2
b f

dv d v 8
2

d d v v
v β θ−Λα

= − δ η
′η η

η + ye ( )  (36) 

 

that are subject to the boundary conditions 
 

η → ∞      (37a) zcy 1 v 0θ = − = =

η → −∞     (37b) zc b1 y v v 0θ − = = − =
 

It is important to note that the delta functions 
associated with the reaction terms in (34)-(36) have 

now been moved from the position of the flame fz′  
in (21)-(23) of the far field coordinate (Fig.2) to the 
position of the reaction zone  of the thermo-
diffusive coordinate η (Fig.4a). 

rη

 The solutions of the system (34)-(37) outside of 
the thin reaction zone where because of β >>1 in 
(19) chemical reactions are frozen Λ = 0 are 
 

11 y erfc( )
2

θ = − = η  (38) 

b
zc

vv erfc(
2

)= η  (39) 

 

The predicted temperature profile (38) has error-
function type geometry as schematically shown in 
Fig.4a. 
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Fig.4a Flame structure according to the modified 
theory of laminar flames. 
 

 

v o

REACTANTS

REACTION  ZONE 
STRUCTURE

PREHEAT  
 ZONE

PRODUCTS

θ  = 1 ξ = - ∞

ξ = 0

θ = 0

η  = 0
η = ∞− = ∞η

θ  = e −η

 
 

Fig.4b Flame structure according to the classical 
theory of laminar flames. 
 
To facilitate the comparisons, the temperature 
profile according to the classical theory of laminar 
flame is schematically shown in Fig.4b. The 
predicted error-function type geometry of 
temperature profile of free-propagating laminar 
flames (38) is in accordance with the measured 
temperature profiles reported in the literature [26-
29] that are all similar to the schematic diagram 
shown in Fig.81 of Lewis and von Elbe [30]. 
 Attention is next focused on the sign of the 
curvature of the temperature profile near the reaction 
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zone in Fig.4a and the fact that the temperature in 
the reaction zone matches that in the preheat zone 
from above.  By comparison, the sign of the 
curvature of temperature profile near the reaction 
zone according to the classical theory of laminar 
flames schematically shown in Fig.4b is opposite to 
that in Fig.4a.  As a result, the temperature within 
the reaction zone must be matched to that in the 
preheat zone from below.  However, this violates the 
fact that temperature in the reaction zone must be 
higher than that in the preheat zone. 

 The schematic diagram of the calculated 
hydrodynamic flame structure is shown in Fig.5.   
 

 

   

=

  

∞

P R O D U C T S

 

v  = v b

REACTANTS

η  = 0 η i− η i ηη = ∞−

v = 0

v = (1/2) v b  erfc( η )

 
 
 

Fig.5 Hydrodynamic structure of a stationary 
laminar flame viewed from thermo-diffusive 
coordinate η (v = vzc). 
 
The asymmetry in the gas motion towards 
combustion products induced by expansion seen in 
Fig.5 is because of the fact that the upstream cold 
reactants are much heavier than the downstream hot 
products .  As a result, the reactant side of 
the flame acts as an anchor against which the 
expanding gas can exert a force.  Of course, the 
constant velocity of combustion products 

bu /ρ ρ > 1

bv′  is 
achieved incrementally as the gas is accelerated 
within the flame hydrodynamic structure (Fig.5). 
  
4.3 The Reactive-Diffusive Coordinate 
The analysis of the much thinner reaction zone that 
is embedded within the hydro-thermo-diffusive zone 
follows the classical methods [3, 17-22] as 
described in an earlier study [6].  Since the reaction 
zone thickness is about δf/β and the Zeldovich 
number defined in (19) is large β>>1, under the 
present model the analysis of the reaction zone 
requires moving to the next smaller scale of laminar 
molecular-dynamics LMD (Figs.1, 4a) with the 
characteristic velocities  and the 
associated length scales 

. For the 
analysis of the thin reaction zone the stretched 
coordinate  

m m m( , , )u v w

m m
9 7

m , ,(l  ) m10 10  L 10− − −λ= = = 5  

 
 

i( )ξ = β η − η               (40) 

and the temperature and concentration expansions 
 
 

11 / ...θ = + Θ β +      ,           (41) 1Y /y 0 ...β= + +
 

are introduced into (34)-(35) to obtain to the first 
order in ε = 1/β << 1 
 
 

1

2
1

12 2 2
b f

d Y 8 Y e
d v v

ΘΛα
=

′ξ β
             (42) 

 
 

1

2
1

12 2 2
b f

d 8 Y e
d v v

ΘΘ Λα
= −

′ξ β
            (43) 

 
 
 

 From the coupling of (42)-(43) and the boundary 
conditions at ξ → ±∞  one obtains 

1 1Y 0Θ + =  such that (43) can be expressed as 
 
 

1

2
1

12 2
1 b f

dd 16 e
d d v v

Θ⎛ ⎞Θ Λα
= Θ⎜ ⎟ ′Θ ξ β⎝ ⎠

      (44) 

 
 

The first integral of the above equation and 
matching of the slopes of the temperature profiles 
on either side of the reaction zone with the outer 
solution in (25) and (38) result in  
 

12 F F
i 12 2

b f

16 W Bexp( 2 ) e
v v

Θπν α
− η = Θ

′ρ β
 (45)

 

that relates the reaction zone position ηi and hence 
the ignition temperature θi, to the flame propagation 
velocity v'f.  Because of the introduction of flame 
stretch (32) the result (45) differs from that reported 
in the earlier study [6] by a factor of 2. 
  The parameter B in (45) is related to the actual pre-
exponential factor B' by the law of mass action [3] 
under Arrhenius kinetics as
 

F O F OB B /(W W )′= ρ ρ            (46) 
 

Also, the mass balance across the flame front 
b f b u(v v ) vf

′ ′ ′ρ = ρ+  leads to  
 

b f u b bv v ( ) /′ ′= ρ − ρ ρ           (47) 
 

By substitutions from (46)-(47) into (45), one 
obtains the analytic expression 
 

2 /F b O
f i2

u b O

16 Bv e
( )W

−β χ 2exp(2 )
′πν ρ ρ α′ = η

ρ − ρ β
 (48) 

 

for the calculation of laminar flame propagation 
velocity. 
    For single-step overall combustion of 
stoichiometric premixed methane-air flame at the 
flame temperature of 2100 K the relevant physico-
chemical properties are νF = 1, ρF = ρu, ρO = 1.38 
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kg/m3, WO = 32, m42.25 10−α ≈ × 2/s (thermal 
diffusivity of air at the average temperature of 1200 
K), E  46 kcal/mole,  m≈ 7B 4.33 10′ ≈ × 3/kmol-s 
[31], χ  0.86, β  10, and the ignition temperature 
of  that by (38) gives the reaction zone 
position .  Also, from the temperatures of 
reactants 300 K and combustion products 2100 K and 
the ideal gas law under constant pressure, one obtains 
the density ratio ρu /ρb = 7.  With these realistic 
values of the physico-chemical properties, the value 
of flame propagation velocity calculated from (48) is 

 cm/s in close agreement with the 
experimentally observed values [26, 32-36].  
Although this level of agreement between the theory 
and experiments is considered to be encouraging, it 
should be viewed with caution because of the well-
known uncertainties in the ignition temperature and 
the overall chemical-kinetic parameters (E, B') [31].  
The value of about v'f = 42 cm/s has also been 
obtained in a number of numerical investigations 
using complex multi-step kinetic models [37-39]. 

≈ ≈
i 0.98θ ≈

i 1.48η ≈

fv 4′ ≈ 2

 
5. Comparisons with Measured Flame 
Thermal Thickness and Temperature 
Profiles 
As was described in the previous section, for the 
case (c) the structure of free-propagating laminar 
premixed flame is identical to that of the stationary 
symmetric counterflow premixed flame.  The 
temperature profiles of lean methane-air premixed 
flames measured at constant equivalence ratio of φ = 
0.8 in the stagnation-point flow against the flat 
surface of a quartz plate from an earlier 
investigation [40] for the nozzle velocities w'zo = 
(30, 50, 70) cm/s and nozzle rim to plate spacing 
L/2 = 1.26 cm are shown in Fig.6.  
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Fig.6 Measured temperature profiles for 
methane-air premixed flames in stagnation-point 
flow with φ = 0.8, L/2 = 1.26 cm, ′x = z , and 

 (30, 50, 70) cm/s [40]. ′
zow =

The measured flame temperature will be somewhat 
reduced due to downstream heat loss to the quartz 
plate. However, even with symmetric counterflow 
premixed flames, because of the radiant heat loss 
one cannot achieve truly adiabatic premixed flames 
[41, 42].  The data in Fig.6 are similar to the 
temperature profiles reported in an earlier study 
[43].  For velocities below 70 cm/s, the gas leaving 
the burner is above ambient temperature of 300 K, 
thus complicating the evaluation of the flame 
thickness.  Since thermocouple wire tends to slightly 
“drag” the flame along with it, the measured flame 
thicknesses are expected to be slightly larger than 
the actual ones.  From the temperature profiles in 
Fig.6 the flame thermal thicknesses of about (3.0, 
2.5, 2.0) mm are estimated for the nozzle velocities 

zow′ =  (30, 50, 70) cm/s.   
 The predicted temperature profile of symmetric 
counterflow premixed flame [24] 
 

 

f
1 erfc( )
2

θ = ς − ς

2
2

 (49) 

 
also involves error function similar to (38).  
According to the solution (49) upstream and 
downstream edges of the flame to an accuracy of 
0.995 will be respectively at  and f( )+ς − ς =

f( )−ς − ς = −  such that the predicted thickness of 
counterflow premixed flame  becomes [24]  f
 

f /= ν Γ         (50)  
 

indicating that  decreases with Γ in accordance 
with the experimental observations shown in Fig.6. 

f

 For the measured flame temperature of 1500 K 
[40] and the average temperature of 900 K the 
thermal diffusivity of air is about  cm1.4ε ≈ ν ≈ 2/s.  
Also, since the experiments [40] involve stagnation-
point flow rather than counter flow, with an 
estimated boundary layer thickness of 2.5 mm [24] 
the burner distance becomes L /  
cm that gives the nozzle separation distance of L = 2 
cm.  Hence, the nozzle velocities  = (30, 50, 70) 
cm/s will give by (27) the stretch rates 

2 1.26 2.5 1= − ≈

zow′

(15,  25,  35)Γ = s-1 such that the predicted flame 
thermal thicknesses calculated from (50) become 

mm in good agreement with the 
measured values  (3.0, 2.5, 2.0) mm estimated from 

ig.6. 

f (3.0,  2.4,  2.0)=

F  

 According to (38) the positions 
( 2,  + − 2)η ≈ η ≈ −  respectively correspond to the 
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upstream and the downstream edges of the flame 
thermal thickness to an accuracy of 0.995 leading to 
the predicted flame thermal thickness  
that by (33) results in  

4+ −η − η =

 

f 8 2( / v v )′ ′δ ≈ α f b

′ρ

u )

 (51) 

 
From the mass balance across the flame 

 and the ideal gas law under the 
assumption of constant pressure one obtains 

b f b u f(v v ) v′ ′ρ =+

 

b f b fu bv v 1) v T T 1( / ( /′ ′ ′= ρ ρ − = −  (52) 
 
Therefore, for the typical average temperature ratio 
of , one obtains from (52) the typical 
velocity ratio 

b uT T 5/ =

b fv 4v′ = ′  such that (51) becomes 

 

f
fb u

8 2 4 2
v(T / T 1)
α

δ = =
′− T  (53) 

 

that is a factor of 2 2  larger than the result 
reported by Turns [44]. The result (49) satisfies the 
required spatio-temporal invariance of a flame front 
propagating by diffusion 4 2 tx ′= α′  such that 

 when . One notes that with fx =′ δ 2
ft / v=′ α ′

b fv 4v′ ≈ ′

T

0

3

f

 the self-induced flame stretch (32) 
becomes . f fv / 2Γ ′=
 For the methane-air premixed flame at φ = 0.8 the 
flame propagation velocity is about 30 cm/s [26, 35, 
36].  Therefore, the temperature profile for w'zo = 30 
cm/s shown in Fig.6 is expected to be very close to 
the temperature profile of a free-propagating laminar 
premixed flame in the absence of stretch effects that 
corresponds to the case (c) identified in Sec.4 above. 
At φ = 0.8, at the mean adiabatic temperature of 
1000 K, with α = 1.6 cm2/s and  cm/s the 
predicted laminar flame thickness from (53) is 

 mm in agreement with the data of Fig.6.  In 
the study of Eng et al [29] for lean methane-air 
premixed flame at  φ = 0.7 stabilized on a flat 
burner, the flame thermal thickness of about 3.0 mm 
was measured at the flame temperature of about 
1600 K. Now, for the average temperature of 950 K, 
the thermal diffusivity of air is about α = 1.55 cm

fv 3′ =

f 3.0δ ≈

2/s 
such that for the flame speed of  cm/s at  φ 
= 0.7 [26, 35, 36] the predicted flame thermal 
thickness becomes δf = 3.8 mm.  Since δf = 3.0 mm 
at φ = 0.8 as discussed above, one expects that δf > 
3.0 mm for φ = 0.7 as predicted.  Therefore, the 

discrepancy could be caused by the fact that flat-
plate flame [29] does not behave like a true free-
propagating laminar flame.  In comparison to the 
result (53), the predicted flame thermal thickness 
according to the classical theory of laminar flames is 

fv 2′ =

 

f T / v′δ ≈ = α  (54) 
 
that in general will deviate from the experimental 
measurements by a factor of about 24 . 
 
6 Concluding Remarks 
Scale-invariant forms of the conservation equations 
for energy, species mass fractions, and momentum in 
chemically reactive fields were employed to present a 
modified hydro-thermo-diffusive theory of laminar 
premixed flames.  The predicted flame temperature 
profile and the flame thermal thickness were shown 
to be in accordance with the experimental 
measurements for lean methane-air premixed flames 
reported in an earlier investigation and those 
available in the literature.  
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