Proceedings of the 10th WSEAS International Conference on CIRCUITS, Vouliagmeni, Athens, Greece, July 10-12, 2006 (pp179-184)
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Abstract: - We have studied experimentally the inverse system approach, which is used when we want to synchronize
two chaotic systems (master — slave). We apply this method to a second order nonlinear circuit, which is described by
a Duffing equation. We present two different implementations of the slave circuit with the inverse method and we
demonstrate the possibility of synchronization when the two circuits have the same parameter values. We have also
coupled the two circuits via a linear resistor Ry and we discovered, that synchronization holds for small values of R,.
Finally, we found out that the two circuits must be identical, otherwise the synchronization collapses.
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1. Introduction

In recent years chaos synchronization has become a
topic of great interest. Since the pioneering work of
Pecora and Carroll on synchronization of two coupled
chaotic systems [1-3], many researchers have
discussed the stability of this type of dynamics.
Synchronization of chaotic systems plays an important
role in several research areas. For example, neural
signals in the brain are observed to be chaotic and it is
worth  to  consider further their  possible
synchronization [4]. Other interesting examples may
be seen from the working artificial neural networks
[5], biological networks [6], coupled chaotic neurons
[7], multimode lasers [8], coupled map lattices [9, 10],
and coupled electric oscillators [11]. Also, the topic of
synchronization has arised great interest as a potential
means for communication [12, 13]. The last few years,
a considerable effort has been devoted to extend the
chaotic communication applications to the field of
secure communications. Accordingly, a number of
cryptosystems based on chaos has been proposed [14-
16].

Many synchronization schemes have been
proposed and pursued. Three of them are the most
common to synchronize chaotic systems, i.e. linear
feedback [17-19], decomposition into subsystems [20],
and the inverse system [21, 22]. The last method can
be used to synchronize non-autonomous systems. In
this method, the basic idea is to construct an inverse
nonlinear system (slave), which will reproduce the
input signal by using the output signal from the
original system (master), as shown in Fig.1. In general,
finding an inverse of a nonlinear system (inverse of a
nonlinear operator realized by a circuitry), is a very

difficult task. Several approaches for solving this
problem are known from the automatic control
literature, however, there is no general solution to this
problem.

Master System . .
st (Chantie Cinenty Transmitted signal SR AT )
produces transmitted signal i) performs inverse operation
FH=Fs(t) <t0=F ~Jyien)

Fig.1. Schematic explanation of the inverse system
approach

In the present paper we have shown, the
experimental synchronization between two Duffing-
type circuits, with the inverse system approach. In
Section 2, the Duffing-type circuit is presented. The
confirmation of the synchronization of two identical
Duffing-type circuits is presented in section 3. Also, in
section 3, we present the results of the coupling of two
mismatched circuits and also, of the coupling via a
linear resistor.

2. The Duffing-type Circuit
Duffing’s equation,
d’x, dx,
+g-
dt’ dt
is one of the most famous and well studied nonlinear
non-autonomous  equations, exhibiting  various
dynamic behaviors, including chaos and bifurcations.
One of the simplest implementations of the Duffing
equation has been presented by Leuciuc [23]. It is a

+a-x,+b-x,’ =B-cos(®-t) (1)
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second order nonlinear circuit, which is excited by a

sinusoidal voltage source and contains two op-amps

(LF411) operating in the linear region Fig.2. This

circuit has also a very simple nonlinear element,

implementing a cubic function of the form
i(v)=p-v+q-v 2)

which is shown in Fig.3.

Fig.2. The electric circuit obeying Duffing’s equation

RI11 R12

Fig.3. The nonlinear element implementing the cubic
function of the form i(v)=p-v+q-v’

Denoting by x; and X, the voltages across capacitors
C, and C, respectively, we have the following state
equations.

d, __ 1 L.
d  C,-R, C, R,

d, _ R,
dt  C, R C, R,

where, f(x,)=p-x, +q-X,’, is a cubic function.
Finally, from equations (3) and (4), we take the
Duffing equation (1), where,

1 p-R,
eE= . a=
C, R, C,-C,-R,-R;
-R V,
b=t B- ° (5)
C,-C,-R,-R; C,-C,-R,-R;

The wvalues of circuit parameters are
R¢=2.05kQ, R,=5.248kQ, R3=Rs=1kQ,
Ry 1=R,=0.557kQ, R=8.11kQ, C,=105.9nF,
C4=9.79nF, V=2V and f=1.273kHz, so the normalized
parameters take the following values a=0.25, b=1,
€=0.18, = 0.8 and B=20. The phase portrait of x;, vs.
x; is shown in Fig.4, where we can see that the circuit
has a chaotic behaviour.

Fig.4. Experimental phase portrait of x, vs. x; for
a=0.25, b=1, &=0.18, o= 0.8 and B=20 (Horiz.:
1V/div., Vert.: 5V/div.)

2.1 The Coupled Circuits

We have constructed two different coupled schemes,
and we have studied two different slave circuits with
the inverse method.

2.1.1 Coupling via nodes-4

In the first case the circuits (master-slave), are coupled
via nodes-4, (Fig.5). The slave circuit is described by
the following set of equations.

dx,' 1 \ 1 .
=— X, '+ “X,
dt  C,-R, ' GC,-R,
dx,' 1 1
Xz __ 'X2'+ -y, (6)
dt  C, R, C, R,

s'=R,-f(x,)—x,"+y,
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where, Xx,’, X;’, are the voltages across the capacitors
C, and C, respectively of the slave circuit.

thaster citeut slave circut

Fig.5. The system when the variable y; is transmitted

Also, y, =x, -R, -f(x,)+V, -cos(®w-t),
y is the transmitted signal from the master circuit. So,
from the above equations we take,

s'=(x, =X, )+ Ry - (f(x,) = f(x,)) + V, - cos(w-t) (7)
In the case of synchronization, s'=s=V, -cos(®-t).
2.1.2 Coupling via nodes-2

At the second case, we have coupled the circuits

(master-slave) via nodes-2, (Fig.6).

slave circut

master crcut \

Fig. 6. The system when the variable y, is transmitted

The slave circuit is described by the following set of
equations.

b1 L
d¢ C,-R, ' C,-R,

do' 1 ey ®)
dt C,-R, ' C,-R,

where, y, =—x, - R, - f(x,)+V, -cos(w-t),

y2 is the transmitted signal from the master circuit. So,
from the above equations we take,

s'=(x,'"- X))+ Ry (f(x,) = f(x))) + V, -cos(w-t) (9)

In the case of synchronization, s'=s=V, -cos(®-t).

3. Experimental Results
We have studied this method of synchronization for
the first case of coupling (§ 2.1.1), when the two
circuits

e are identical,

e coupled via a linear resistor and

e have different values of elements.
The same results apply also at the second case of
coupling.

3.1 Identical Circuits

In this case, the two coupled circuits have exactly the
same values of elements, so the two coupled circuits
have the same parameters, a=0.25, b=1, ¢=0.18, ®= 0.8
and B=20. In Fig.7, the transmitted signal y, is shown.
It is a chaotic signal.

Fig.7. Waveforms of the transmitted signals y,
(Horiz.: 0.5 msec/div., Vert.: 1V/div.)

The synchronization of two circuits is perfect as we
observe from the comparison of the waveforms of the
information s(t) and recovered s’(t) signals, (Fig.8),
and from the plot of s'(t) vs. s(t), (Fig.9).
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3.2 Resistive coupling

If the two circuits are coupled via a linear resistor Ry,
we observe that, as the value of R, increases,
synchronization collapses, (Fig.10). Specifically, as we
can see in Fig.10(a), for R,=10Q the synchronization
holds, but for R,=20Q, (Fig.10(b)), the recovered
signal is not further identical to the transmitted.

Fig.8. Waveforms of (a) information signal s(t), (b)
recovered signal s’(t), (Horiz.: 0.5 msec/div., Vert.:
1V/div.)

(b)

Fig.9. Plot of s’(t) vs. s(t) (Horiz.: 1V/div., Vert.:
1V/div.). Synchronization is observed.

(©)
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(d)

Fig.10. Waveforms of recovered signal s’(t), (a)
R=10Q, (b) R=20Q, (¢) R=40Q, (d) R=80Q
(Horiz.: 0.5 msec/div., Vert.: 1V/div.)

Finally, for greater values of R,, that is for Rx=40Q,
(Fig.10(c)), and Rx=80€2, (Fig.10(d)) the deformation
is obvious.

3.3 Different Values of Elements

In this case, we have chosen a bit different values for
the capacitors of the slave circuit, C,=106.2nF,
C4=9.76nF, and also the resistor R,=5.233Q, so we
have again the same values of parameters a=0.25, b=1,
£=0.18, ®=0.8 and B=20. As we can see from the
Fig.11, the information signal and the recovered signal
have a slight divergence at the peaks. The same result
turns up from Fig.12, in which we see that the diagram
diverges from the straight line near the edges.

Fig.11. Waveforms of information signal s(t),
recovered signal s’(t), (Horiz.: 0.5 msec/div., Vert.:
1V/div.)

Fig.12. Plot of s’(t) vs. s(t) (Horiz.: 1V/div., Vert.:
1V/div.)

4. Conclusions

In this paper we have studied the inverse system
approach of synchronization. We have applied this
method to a Duffing-type circuit, and we have
presented two different implementations of the slave
circuit.

The proposed method seems to work well,
when the two circuits (master — slave), have exactly
the same values of elements (identical). We have
checked this method in the case of coupling the two
circuits via a resistor, R,. We have observed that the
synchronization holds for small values of R,. Also, we
discovered that if we choose a bit different values of
elements, we have a slight divergence between the two
signals (information — recovered). So, we conclude
that this method of synchronization is very sensitive at
the variation of the values of the elements and of the
external conditions.
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