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Abstract:  The effective behavior of the solutions of Signorini’s nonlinear problems in periodically

perforated regular materials is analyzed. Such boundary-value problems involve the existence of

two distinct sources of oscillations, one coming from the geometrical structure of the domain and

the other one from the fact that the medium is also an heterogeneous one. In the case of a critical

size of the perforations, the effective problem is a Dirichlet one, given by a new operator, which is
the sum of a standard homogenized operator and of two extra zero-order terms generated by the
periodic geometrical structure of the heterogeneous domain and the nonlinearity of this problem.
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1 Introduction

The goal of this paper is to get the effective be-
havior of Signorini’s type-like problems in pe-
riodically perforated domains. Such boundary-
value problems are relevant in nonlinear elastic-
ity.

Let © be an open bounded set in R™ (n > 3)
and let us perforate it by holes. As a result, we
get an open set )¢, called the perforated domain,
€ representing a small parameter related to the
characteristic size of the perforations. Let us
consider a family of inhomogeneous media occu-
pying the region €2, parameterized by ¢ and rep-
resented by n x n matrices A%(x) of real-valued
coefficients defined on ).

With Qf we associate the nonempty closed
convex subset of H'(QF) :

K‘g:{veHl(Qa) |v=00n9Q, v>00n S},

where S¢ is the boundary of the holes and 012 is
the external boundary of €. Our main motiva-
tion is to study the asymptotic behavior of the

solution of the following variational problem in
QF

Find w«® € K® such that
/g(ue)(vs —u®)dx + /AEDugD(va —u®)dx
Qe Qe
> [ f(v® —uf)dz, Yo© e KE,
Qe
(1)

where f is a given function in L?(Q) and
g is a continuously differentiable function,
monotonously non-decreasing and such that
g(0) = 0.

We shall consider periodic structures defined
by A*(z) = A(%). Here, A = A(y) is a con-
tinuous matrix-valued function on R™ which is
Y-periodic and Y = (—%, %)n is the basic cell.
From a geometrical point of view, we consider
periodic perforated structures obtained by re-
moving periodically from 2, with period €, an
elementary hole T' which has been appropri-
ated rescaled. We use the symbol # to de-
note periodicity properties. We also suppose



that A € LP(€2)"*", A is a symmetric matrix

and for some 0 < o < 3, a¢]* < A(y)¢-€ <
B¢ \2, V¢, y € R™. Moreover, we shall assume
that the material represented by the matrix A is
a regular one, i.e. divA =0 in R™

Under the above hypotheses and the condi-
tions fulfilled by K¢, it is well-known by a clas-
sical existence and uniqueness result of J.L. Li-
ons and G. Stampacchia (see [6]) that (1) is a
well-posed problem.

We will just focus on the only case which gives
a real interaction between the above mentioned
sources of oscillation, i.e. the so-called critical
case, for which the size of the perforations is of
order e("=2) In this critical case, the limit
of u® is the solution of a Dirichlet problem in
) associated with a new operator which is the
sum of the standard homogenized one and two
extra term coming from the geometry and the
nonlinearity of the problem. More precisely, the
solution u® converges to the unique solution of
the following variational problem:

Find u € HZ(Q) such that

/g(u)vdaz—l—/ADuDvdm—
Q Q

H=1(Q),H} () o
Q

(2)
Here, A is the mean value
of the matrix A and  po =

inf {f A(0)D¢D(¢dx | ¢ > 1 q.e. on T}.
CeH'(R™) \Rn

In this limit problem the oscillations coming
from the periodic heterogeneous structure of the
medium are reflected by the presence of the ho-
mogenized matrix A and those due to the critical
size of the holes are reflected by the appearance
of the zero order term pou~—. The other ingredi-
ent contained in this limit problem is the spread-
ing effect of the unilateral condition u® > 0 on
5S¢, which can be seen by the fact that pg only
charges the negative part of u.

The method we used is the so-called energy
method introduced by L. Tartar (see [7]-[8])
for studying homogenization problems, coupled
with monotonicity methods and results from the
theory of semilinear problems .

(uou=,v) —/fvdw Vv € H3 ().
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This paper is a generalization of the well-
known work of D. Cioranescu and F. Murat [3].
In their article, the authors deal with the asymp-
totic behavior of solutions of Dirichlet problems
in perforated domains, showing the appearance
of a “strange” extra-term as the period of the
perforations tends to zero and the holes are of
critical size. In [5], this framework was general-
ized to a class of Signorini’s problem in hetero-
geneous media, involving just a positivity condi-
tion imposed on the boundary of the holes. In
the present paper, we generalize some of the re-
sults obtained in [5], by considering also the non-
linear term given by the function g, which gives
rise in the limit to a new zero-order extra-term.

The structure of our paper is as follows: in
Chapter 2, after some necessary preliminaries,
we formulate the main convergence result, the
proof of which is given in Chapter 3.

2 Preliminaries and the main
result

Let 2 be a bounded connected open subset of
R™ (n > 3), with 99 of class C? and let T be an-
other open bounded subset of R”, with a smooth
boundary 9T (of class C?). We shall refer to T
as being the elementary hole. We assume that
0 belongs to T" and that T is star-shaped with
respect to 0. Since T is bounded, to simplify
matters, without loss of generality, we shall as-
sume that 7 C Y, where Y = (—3,2)" is the
representative cell in R"”.

Let € be a real parameter taking values in a
sequence of positive numbers converging to zero
and let r : R, — R, be a continuous map, which
will represent the size of the holes. We shall just
focus on the case in which the size r(g) of the
holes is exactly of the order of £”/("=2) We shall
refer to this case as being the ”critical“ one.

For each € and for any integer vector i € Z",
we shall denote by 77 the translated image
of r(e)T by the vector ei, i € Z". Also, let us
denote by T°¢ the set of all the holes contained
in Q, ie T°={If | TyCQ, i€ Z"}. Set
QF = Q\ T¢. Hence, Q¢ is a periodically perfo-
rated domain with holes of the size r(¢). All of
them have the same shape, the distance between



two adjacent holes is of order € and they do not
overlap. Let S = U{9T¥ | TfCQ,i € Z"}. So,
00 = 9Q U S¢. Moreover, we denote by x.,
the characteristic fur*lction of a set w and we set

_ ’Y
Y*=Y\T, ="
Y]

As already mentioned in Introduction, we are
interested in studying the behavior of solutions,
in such perforated domains, of variational in-
equalities with highly oscillating obstacles con-
straints of the form (1).

The domain €2 will be filled in by a regular
material in the sense of [5], i.e we assume that
divA =0 in R™

We shall consider that the function ¢ in
(1) is a continuously differentiable function,
monotonously non-decreasing and Such that

g(0) = 0 and we shall take G(v fg

Finally, we assume that there exist C 2 0 and
an exponent ¢, with 0 < ¢ < n/(n — 2), such

that
dg
dv

For example, we can take g to be a linear func-
tion or we can consider nonlinearities of the
Langmuir type (see [4]).

By classical results (see [1] and [6]), since K¢ is
a nonempty convex set, for any given f € L?(1),
we know that there exists a unique weak solution
u® € VE(H?(9F). We shall be interested in
getting the asymptotic behavior of this solution,
when € — 0 and the holes are of critical size.

< C(1+ Jv]9).

For obtaining the limit behavior of our ho-
mogenization problem, let us recall a result
from [4]. Let F be a continuously differentiable
function, monotonously non-decreasing and such
that F(v) = 0 iff v = 0. We shall suppose
that there exist a positive constant C' and an

exponent ¢, with 0 < ¢ < n/(n — 2), such that
oF

v
that for any 2° — 2 weakly in H} (), we get
F(2f) = F(z) weakly in W, 9(Q),  (3)
2n
qgin—2)+n’
The main result of this paper is the following
one:

< C(1+ |v|%). It is not difficult to prove

where q =
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Theorem 2.1. One can construct an extension
uf of the solution u® of the variational inequality
(1), positive inside the holes, such that

ut — u  weakly in HE (),
where u is the unique solution of

Find u € H}(Q) such that
/g(u)(v —u)dx + /ADuD(v —u)dx

Q Q

{pou™, v —u) H-1(@Q),H (@)

/fv—u z, Vv e Hi(Q).

(4)
Here, A is the mean value of the matriz A
and it coincides, in this case, with the ho-

mogenized matriz associated to A and py =

inf {fA 0)DwDwdz | w>1 g.e onT}
weH1(R™)

3 Proof of the main result
Let Y. = €Y denote the periodicity cell and let
N € N, N > 1 and w% be the unique solution of
the following minimization problem on Y;:

min {/AaD’wad:L‘ | w=0in T°,
weH (Y
w=1o0nY:\ Byy)},

where By, () is the ball of radius Nr(e) and
center 0 included in Y;. We extend w}; by e-
periodicity to all of R™.

Q
/AEDwvawfvdm o~ LJ/AaDw}e\,Dw?Vd:L',
Q Ye

since the number of cells Y2 included in  is
equivalent to || /e™. Hence,

/AEDwvawfvdx o~
Q
itl min { / A*DwDwdx | w=0inT*,

e weH(Y:)
Bnr(e)
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w=1on aBNT(g)}.
By changing the scale,

x = r(e)y,
we get
/AEDwvawivdx ~
Q
7’(5)”*2‘9| min {/ A( —y)Dwady |
€™ weH (BN (0

w:OmT,w:lon@BN}.

Consider the sequence fi of positive Radon
measures on {) defined by

(o 0) = / ADuf Duwiypdr,  (5)

for any ¢ € CJ(Q). Tt is easy to see that if
we assume that the matrix A is continuous, the
sequence fi, converges weakly * in the space of
Radon’s measures on §) to a limit measure 7y
defined, for any ¢ € CQ(f2), by

(B, ) = uzv/sodx, (6)
Q
where
- inf A(0)DwDwd
IN = e o / (O)DwDwdz |
Bn(0)

w=0inT,w=1on dBy}.
If we let N — +00, we get
T —
N KN = Ho,
where, for any ¢ € CQ(Q), (fig, ¢) = po [ pdz
Q

and

po = inf

/A 0) DwDwdzx |
weH (R")

w>1q.eonT}.

The sequence wj; is bounded in H'(f2), and
hence relatively compact in L?(£2). Introducing

18

Xe equal to one on Ui(}/f:‘i\B};Vr(s)) and zero else-
where, we have (wi, —1)xc = 0 on R" and it
is not difficult to see that w$, — 1 strongly in
L2(9).

Now, we can pass to the proof of Theorem 2.1.
We shall divide it into three steps.

First step. The main convergence result of
this paper, given by the above mentioned theo-
rem, involves any extension u® of the solution uf
of the variational inequality (1) inside the holes
such that it depends continuously on u° and it
is positive in T¢. In fact, for example, one could
just decide to use the positive part of any classi-
cal continuous extension of u® (see [2]). Clearly,

2 1y oy < €

Consequently, by passing to a subsequence, still
denoted by uf, we can assume that there exists
u € H} () such that

uf — u weakly in HJ(Q).

It remains to identify the limit variational in-
equality satisfied by wu.

Second step. Let us introduce the functionals:

/AeDvada:—i—Q/G )dx — 2/fvdx

QE

and

/A DvDvdz + (o, (v )2> +

Q

2/G dm—2/fvda:.

Q
Let v € D(Q2) = C§°(€2) be given and, for a fixed
N, let us consider

v* =0T —wiu.

Obviously, v* € K¢ and v* — wv strongly in
L%(9). Using v° in (1), we get

JE(uF) < JF(v°). (7)

Computing J&(v°), we get

JE(v°) = /AEDU+DU+dl‘+



/AE(’LU]&V)QDU_DU_dx—F/ A Dws; Dwiy(v™)2de
Qe Qe

—2/A€w§VDv+Dv_d:r+2/G(v+—w§\,v_)dac—
Qe Qe

—2 / A%y~ Dvt DuwSdz+
Qe

Q/AgwfvvDva%dm—Q/f(v*—w}svv)dm.
Qe Qe

Due to our hypotheses and using (3) written for
G, it is easy to pass to the limit in all the terms
of the above equation. Hence, taking the supre-
mum in N, we have

lim J¢(v¥) = JO(v).

e—0
So, from (7) we get
limsup J®(uf) < JO(v), Yo € D(Q).  (8)

e—0

Third step. Let us decompose uf as (uf)t —

(uf)~. Obviously, since (u®)* is bounded in
HE(Q), it converges weakly in HE(Q) to ut.
The classical lower semicontinuity of the en-
ergy implies
lim inf ASD(uf) T D(ué) dx >
Q

/ADu+Du+dx. 9)
Q

On the other hand, (uf)~ is also bounded in

H}(Q) and it converges weakly in H(€2) to u™.

Let ¢ € D(Q2). Consider, for fixed N, the inte-

gral X¢ = [ A*(Du; —pDws, —wiDy)(Du; —
(913

eDwg, — wiyDy)dx. By construction Dw§, =
wf = 0 on the holes and also, due to the fact
that u® > 0 on the holes, D(uf)~ = (u)~ = 0
on holes. So, we get (uf)~ € HI(9°) and
X° = [ AS(D(wF)~ — pDuy —wi, Dig) (D(if)~ —
Q

eDw§; —wi Dy)dzr. Expanding X¢, which is ob-
viously nonnegative, we get

/ A*D(uf)” D(uf) " dx + / A% p? DwSy Dwiydz+
Q Q
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/A5 lw|? DeDpdz — 2/A5w§VD(ﬁ\5)_D<deS
Q Q

9 / A D, D()~ pdat
Q

+2/A€w§VDw?V<ngpd:U > 0. (10)
Q

Let us extract a subsequence, still denoted by ¢,
such that

lim [ A°D(uf)” D(uf) dx =

e—0

Using our hypotheses and the techniques devel-
oped in [4] and [5], we can easily pass to the limit
in each term of the above inequality. Hence,
passing to the limit and taking the supremum
in N, we obtain

hm%lf/AED(Je)—D(EE)—dx >
E—
QE

2 / ADu~ Dpdx—
Q

—/ADwDCPdm—<M0,802>+2<M07<PU>. (11)
Q

The above inequality holds true for all ¢ € D(£2).
By density, we get:

e—0 -

nminf/AED(Je)—D(Je)—dx >
Q

/ADu_Du_dx + (o, (w7)?. (12)
Q

Finally, from (9) and (12) we get
e—0

lim inf / A DuE DuEdx >
Q

/ADuDud:U + (o, (u_)2> : (13)
Q



On the other hand, since 6 — wu weakly in
H(Q) and strongly in L?(Q),

hm fusda;—/fudx (14)

and

i [ G(uf)da = / Glu (15)

Hence
lim inf J* (u®) > JO(u). (16)
E—>
Recalling (8), we have just proved that u €
HE(Q) satisfies

/ADuDuda: + 2/G(u)d$—|—
o)

{po, (u_)2> - 2/fud;r <

Q

/ADvada:—i—?/G )dx+

<,u0, —Z/fvd:z

for any v € D(Q2) and hence, by density, for any
v € HE(Q). So, the function u is the unique solu-
tion of (4) and also of the minimization problem

JO(u) = inf JOv).

Find u € H}(Q) such that
vEHE (D)

As u is uniquely determined, the whole sequence
uf converges to u and the proof is finished. No-
tice that u also satisfies (2).

4 Conclusions

The general question which made the object
of this paper was the homogenization of some
nonlinear Signorini’s type-like problems in
periodically perforated domains. Such prob-
lems involve the existence of two sources of
oscillations, one coming from the geometrical
structure of the domain and the other one from
its heterogeneity. It is shown how these sources
interact to produce the limit behavior of the
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system. In the case of a critical size of the
perforations, the limit problem is a Dirichlet
one, associated to a new operator which is
the sum of a standard homogenized operator
and two extra terms, coming from the special
geometry and the nonlinearity of the problem.
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