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Abstract

In this paper a new method for the numerical solution of the
Cauchy problem for the Maxwell’s equations in a class of generalized
functions is suggested. For this purpose, the special auxiliary problem
having some advantages over the main problem is introduced. On the
basis of the auxiliary problem, an effective and economical algorithm
for the numerical solution has been developed.

Keywords Computational Electromagnetizm, Numerical Methods in a
Class of Generalized Functions

1 Introduction

It is known that the simplified Maxwell’s system of equations given below,

(see [1], [2])
WOH, OH.  ¢0H,  OH.
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have the multiple characteristics roots [3]. However this is not an obstacle
to express the system of equations in the canonical form as

O(ViH, + eE.) ¢ O(/EH, + VEE,)

- N e =0, (1.1)
o(/uH, — \/€E,) @ o(/uH, — \/€E,) —0 (1.2)
ot N O ’ |
O(ViHy — VeB:) ¢y O(/iH, — VeE:)
ot T o -0 (13)

ot Ve Ox

Here E(z,t) and H (z, t) are the electrical and magnetic fields respectively. e,
i and ¢y are the parameters of medium known as permittivity, permeability
and velocity of light in free space respectively. x is the position usually
considered in the form of z = (z, vy, 2).

In order to obtain the unknown functions H (x,t) and E (x,t) we add the
following initial conditions to the system of equations (1.1)-(1.4)

H,(2,0) = H)(2), H.(x,0) = H(x) (15)

B,(,0) = EY(x), E-(x,0) = E%(x) (16)

The system equations (1.1)-(1.4) together with the following Rienmann
invarients form the conservation laws.

VIHy +VeE., JuH.—/¢E,, JuH,—/€eE., JuH.+\/<E,

2 The Cauchy Problem

.Let us solve the system equations (1.1)-(1.4) in the frame with the initial
conditions of (1.5),(1.6). As it is known that the derivatives with respect to
x of the solution of the wave equations posses jumps on the characteristics.
Additionally, the equations (1.1)-(1.4) may not have a classical solution at
all. Furthermore if the initial values of the problem have singular points then
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the existence of the classical solution could not be achieved. Let us define
the weak solution of the problem as below.

Definition 1. The vector functions H(z,t), E(z,t) satisfing the initial
conditions (1.5),(1.6) are the weak solutions of the problem (1.1)-(1.4), and
if for the arbitrary test fuctions f(z,t) and f(x,T) = 0 the following integral
expressions hold.

/D i (ViH, + VeE.) fi + (ViH, + eE.) f.|dvdt+ /R (VAH + \/eEY)dx = 0,
(2.1)

/DT [(ViHy, + VeE.) fi + (ViHy + VeE,) fo|dxdt+ /R (VIHD + /eE%)dx = 0,
(2.2)

/DT [(ViHy, + VeE.) fi + (ViHy + VeE,) fo|dxdt+ /R (VRIHD + /eE%)dx = 0,
(2.3)

/D i [(ViHy + VeE.) f + (VitHy + VEE.) f,)dzdt+ /R (VEHS + \/eEd)dx = 0
(2.4)

Here, Dr =z € R,0 <t <T. As seen from the integral equalities (2.1)-
(2.4), the functions H,, H,, E,, E, are not necessarily to be continous.

To obtain these H,, H,, E,, E, functions, according to [4], [5] we intro-
duce the following auxiliary problem.

Ovy(z,t) o
ot e
ovY(z,t) Co

o0~ e Vil — VeEy) =0 (2:6)

OvZ(x,t) o

y _

o T e Wy = VB =0, (2.7)
ovY(x,t) Co

o +ﬂﬂﬁm+ﬁ@=ﬁ (28)
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vi(z,0) =" vi(x), vY(z,0)="0(x), (2.9)

v (2,0) =" vl (x), vY(z,t) =" v¥(x) (2.10)

Here, the functions %vZ(z), °v¥(z), °vi(z), “vi(z) are any solutions
of the equations

dvi(x) 5o d "vi(z) _ O

de Y dx ?
d v (z) d “v¥(z)
- E,)(r), o E)(z).

Theorem 1. If vi(x,t), v(x,t), vi(x,t) and v¥(x,t) are the solutions
of the equation system (2.5)-(2.10), then

O (z, t
A= %a(j) = VpH, + VeE, (2.11)
Y
A, = W — VEiH, — \<E,, (2.12)
X
ovz(z,t)
Ay = =577 = il — VeE., (2.13)
X
Yy
Ay = &’Za(;f’t) — VIH. + \/<E, (2.14)

are the weak solutions of the problem (1.1)-(1.6) in means (2.1)-(2.4).
If we write down the unknowns as H,, H,, E,, I, then the algebrical
system equations (2.11)-(2.14) can be expressed as

VIH, +0.H, +0.E, + /£, = A4,

0.H,+ /p.H, —\eE,+0.E, = A,
(2.15)
VAH, +0.H, — 0.E, + \/eE. = A3,

V0 + /pH, + \/eE, + 0.E, = Ay.
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The necessary and satisfactory condition for existence and uniqueness of
the solution of the algebric equation system above is to have non-zero valued
determinant of the coeficient matrix. The calculation of this determinant
yields 4e.

2.1 The Numerical Algorithm of the Cauchy Problem

In order to organize a numerical algorithm for the problem (1.1)-(1.6), at
first, we cover the region D7 by the grid with the steps h,, hy, h, and h;.

At any point (x;,y;, 2, ti) of the grid wp, p, 4. -, We approximate the aux-
iliary problem (2.1)- (2.6) by the finite difference scheme as follows

k+1vyz _k V; 4 C,li)be(\/ﬁkHy + \/EkEZ)’ (216)
ktlyg ko Co (\/— H, — /e E) (2.17)
kHLyE ks \/C/E(\/_ H,— /e E), (2.18)
By oy \/Cfﬁ(\/_ H, + /¢ E) (2.19)
0y =0 wp(a), VI =), (220)
V,z =0 v¥(zy), O v (xy). (2.21)

Here, the grid functions kV;f, kY, kV;JZ, vy *H, *H, *E, and
"E. represent approximate values of the functions v (x,t), v¥(z,t), v}(z,t),
vY(x,t), Hy(z,t), H.(z,t), Ey(z,t) and E,(z,t) at any point of the grid re-
spectively.

Theorem 2. If the grid functions "'V, *1Vy F1VE - and VY are
the numerical problem (2.16)-(2.21), then

k+1H - (kJrl
y =

VZ)@’ TH. = (kﬂvg)f;’

are the numerical solutions of the main problem (1.1)-(1.6).
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3 Conclusion

In this study, on the basis of a newly introduced auxiliary problem, an orig-
inal method for finding the numerical solution of the Cauchy problem for
Maxwell’s equations in a generalized functions is suggested. Using this aux-
iliary problen an economical and effective finite differences scheme has been
developed.

References

[1] Cheng, D.K. Field and Wave Electromagnetics. Addison-Wesley, 2001
[2] Engineering Electromagnetics, 2001 Edition, McGraw-Hill.

[3] Godunov, S.K. Equations of Mathematical Physicis. Nauka, Moskow,
1979.

[4] Rasulov, M.A. On a Method of Solving the Cauchy Problem for a First
Order Nonlinear Equation of Hyperbolic Type with a Smooth Initial
Condition, Soviet Math. Dok. 43, No.1, 1991.

[5] Rasulov, M.A. Finite Difference Scheme for Solving of Some Nonlinear
Problems of Mathematical Physics in a Class of Discontinuous Func-
tions, Baku, 1996.

[6] Rasulov, M.A., Ragimova, T.A. A Numerical Method of the Solition of
ne Nonlinear Equation of a Hyperbolic Type of the First Order Differ-
ential Equations, Minsk, Vol. 28, No.7, pp. 2056-2063, 1992.

[7] Rasulov M.A., Karaguler T., Bahaddin Sinoysal. Numerical solution of
Cauchy problem for second order nonlinear wave equation with change-

able type in a Class of Discontinuous Functions. Applied Mathematics
and Computation, 147/2, pp. 423- 437, 2004, USA.

218



