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Abstract: We introduce the notion of intuitionistic fuzzy (left}ideals of hemirings and investigate their properties

connected with the corresponding level subsets. Methods of constructions of such intuitionistic fuzzy ideals from

given sequences of lefi-ideals of a hemiring? are presented. Some natural classification of such intuitionistic

fuzzy h-ideals is given.
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1 Introduction

Many-valued logic has been proposed to model phe-
nomena in which uncertainty and vagueness are in-
volved. One of the most general classes of the many-
valued logic is theB L-logic defined as the logic of
continuoust-norms. But in fact,BL-logic is a com-
mutative lattice-ordered semiring. So, some types
of logic such as tukasiewicz logic, @el logic and
Product logic, as special casesil.-logic, are semi-
rings. Hemirings, as semirings with zero and com-
mutative addition, appear in a natural manner in some
applications to the theory of automata and formal lan-
guages (see [1, 11, 12]). It is a well known result
that regular languages form so-called star semirings.
According to the well known theorem of Kleene, the
languages, or sets of words, recognized by finite-state
automata are precisely those that are obtained from
letters of input alphabets by the application of the op-
erations: sum (union), concatenation (product), and
Kleene star (Kleene closure). If a language is rep-
resented as a formal series with the coefficients in a
Boolean hemiring, then the Kleene theorem can be
well described by the Kleen-Sitzenberger theorem.
Moreover, if the coefficient hemiring is a field, then
a series is rational if and only if its syntactic alge-
bra (see [11] and [12] for details) has a finite rank.
The so-called min-max-plus computations (and suit-

Ideals of hemirings play a central role in the struc-
ture theory and are useful for many purposes. How-
ever, they do not in general coincide with the usual
ring ideals. Many results in rings apparently have no
analogues in hemirings using only ideals. Henriksen
defined in [6] a more restricted class of ideals in semi-
rings, which is called the class éfideals, with the
property that if the semiring? is a ring then a com-
plex in R is ak-ideal if and only if it is a ring ideal.
Another more restricted, but very important, class of
ideals, called now:-ideals, has been given and inves-
tigated by lzuka [7] and La Torre [10]. Other impor-
tant results connected with fuzzy ideals in hemirings
were obtained in [8].

In this short note, we introduce the notion of in-
tuitionistic fuzzy lefth-ideals of hemirings and inves-
tigate their properties and connections with chains of
left h-ideals of the corresponding hemirings.

2 Preliminaries

By a semiringis mean an algebraic syste(®, +, )
consisting of a nonempty sét together with two bi-
nary operations ork called addition and multiplica-
tion (denoted in the usual manner) such th&t+)
and(R, -) are semigroups satisfying forally, 2 € R
the following distributive laws

able semirings) are used in several areas. Continuous z(y +2) =zy +zz and (z+y)z = zz + yz.

timed Petri nets can be modeled by using generalized
polynomial recurrent equations in tfgin, +) semi-

ring (see [5]). Very similar semirings can be used to
study fundamental concepts of the automata theory
such as nondeterminism (cf. [9]). Many other appli-
cations with references can be found in [4].

By a zerowe mean an elemet € R such that
Or=20=0and0+x=xz+0=zxforallx € R.
A semiring with zero and a commutative semigroup
(R, +) is called ahemiring

A nonempty subsed of R is said to be deftideal
if itis closed with respect to the addition and such that
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RA C A. Aleftideal A is called deft h-ideal (cf. [5])
ifforanyz,z € Randa,b € Afromz+a+z =b+z
it follows x € A.

A fuzzy setu of a hemiringR is called &uzzy left
h-ideal (cf. [6]) if for all a,b, x, z € R the following
three conditions hold:

p(z +y) = min{p(z), u(y)},
w(zy) > p(y),
r+a+z=0b+z— p(x) > min{u(a), u(b)}.

As an important generalization of the notion of
fuzzy sets, Atanassov introduced in [3] the concept

of anintuitionistic fuzzy seflFS for short) defined as
objects having the form:

A= (pa,Aa) = {(z, pa(x), Aa(x)) |z € R},

where the fuzzy setg 4 and A4 denote thaelegree of
membershignamely .4 (z)) and thedegree of non-
membershignamely\ 4 (x)) of each element € R
to the setd respectively, an@ < ji4(z) + Aa(z) < 1
forall z € R.

According to [3], for every two intuitionistic
fuzzy setsA = (ua,A\4) andB = (up,Ap) in R,
we define:A C Bifand only if u4(z) < pp(x) and
Aa(x) > Ap(x) for all z € R. ObviouslyA = B
means thatl C B andB C A.

3 Intuitionistic fuzzy left h-ideals

Definition 1 AnIFS A = (4, A4) in @ hemiringR
is called arintuitionistic fuzzy lefhi-ideal if

(1) paz +y) > min{pa(z), pa(y)},

(2) Aa(z +y) < max{Aa(z),Aa(y)},

(3) pa(zy) = paly),

(4) Aa(zy) < Aaly),

(5)

r+a+z=b+z— pa(r) > min{us(a),na(d)},

(6)
x+a+z=b+z— A(r) <max{Aa(a), \a(d)}

hold for alla, b, z, vy, z € R.

An IFS A = (ua,\4) satisfying the first four
conditions is called amtuitionistic fuzzy left ideal

The family of all intuitionistic fuzzy lefth-ideals
of a hemiringR will be denoted by F'I(R).

It is not difficult to see thafia(z) < pa(0) and
Aa(0) < Ag(x) foreachA € IFI(R) andx € R.

Example 2 On a four element hemiringR, +, -) de-
fined by the following two tables:

+/0 1 2 3 -0 1 2 3
0/0 1 2 3 0[0 0 0O
111 2 3 110 1 1 1
212 2 2 3 2/0 1 1 1
3|3 3 3 2 3|0 1 1 1

consider an IFSA = (ua,Aa), wherep4(0) = 0.4,
Aa(0) = 0.2 andpa(x) = 0.2, Aa(x) = 0.7 for all
x # 0. Itis not difficult to verify thatA € IFI(R).

The following three results can be proved by the
verification of the corresponding axioms.

Proposition 3 Let A be a nonempty subset of a
hemiring R. Then an IFS 4, A4) defined by

(2) = ag for x €A,
pals) = ay for z ¢ A,
Bo for x € A,

A =
alz) { f1 for z ¢ A,

where0 < a1 < ap < 1,0 < 6B < f1 < 1and
a; + B; < 1fori = 1,2, is an intuitionistic fuzzy left
h-ideal of R if and only if A is a lefth-ideal of R.

Proposition 4 An IFSA = (ua,1a), Wherefiy =
1— 4 is anintuitionistic fuzzy left-ideal of a hemir-
ing R if and only ifu 4 is a fuzzy lefh-ideal of R.

Definition 5 Let A = (ua,A4) be an intuitionistic
fuzzy set in a hemiringz and leta, 3 € [0, 1] be such
thata + 8 < 1. Then the set

R — (2 € R|a < pa(x), Aa(z) < 8}

is called an(«, 3)-level subsedf A = (114, A4).
The set of all(a, ) € Im(pa) x Im(Aa) such
thata + 5 < 1is called themageof A = (pa, Aa).

Clearly Rff’ﬂ) = U(pa,a) N L(Aa, B), where
U(pa,a)andL(A 4, 3) are upper and lower level sub-
sets ofu 4 and\ 4, respectively.

Theorem 6 AnIFS A = (ua,Aa) is an intuitionis-

tic fuzzy lefth-ideal of R if and only ifR(Aa’ﬁ) is a left
h-ideal of R for every(«,3) € Im(ua) x Im(Ay4)

such thatn + 8 < 1.

Corollary 7 AnIFSA = (4, A4) is anintuitionistic
fuzzy lefth-ideal of R if and only if for everyx, 3 €
[0, 1] such thatv+ 5 < 1, all nonempty/ (x4, o) and
L(\4, B) are lefth-ideals ofR.
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Lemma8 Let A = (ua,Aa) be an intuitionistic
fuzzy lefth-ideal of a hemiringk and letz € R. Then
pa(z) = a, Aa(z) = gifand only ifx € U(ua, «),

x ¢ U(pa,y) andz € L(Aa, (), x ¢ L(\a,0) for

all v > aandd < G.

Theorem 9 Let{Cq }acr, Wherel' C [0, 3] be a col-

lection of lefth-ideals of R such thatk = |J C,,
acl

and fora,8 € I', a < gifand only if Cg C C,.
Then an IFSy, \) defined by

p(z) =sup{a el |z € Cy},
Mz)=inf{a el |z € Cy}

is an intuitionistic fuzzy lefk-ideal of R.

Proof: According to Corollary 7, it is sufficient to
show that for every, 3 € [0, 1], wherea+3 < 1, the
nonempty seté/(u, o) and L(\, 3) are lefth-ideals
of R. To prove that (i, «) is a lefth-ideal, we con-
sider two cases:

(1) a=sup{del|d<a}
(1i) a#sup{d eIl |0 < a}.

In the first case

zeU(u,a) — (€ Cs Vo < a) — x € ﬂCg.
o<

So,U(u, ) = () Cs, which is a lefth-ideal of R.

In the second égge, we haldp, o) = U Cs. In-
deed, ifzx € |J Cs, thenz € Cs for sgr?:aé > a.
Thusp(x) 265@2 a, i.e.,x € U(u,a). This proves
U Gs C U(u,«). To prove the converse inclusion
g%?lsiderx ¢ §L>J Cs. Thenz ¢ Cs forall &6 > a.

Sincea # sup{d € I' | 0 < a}, there existg > 0
such thatla — e,) N T" = (). Hencex ¢ C; for all
0 > a—e, which means that it € Csthend < a—e.
Thuspu(z) < a—e < a,and sax ¢ U(u, o). There-
fore U(u, ) = |J Cs. Since, as it is not difficult

>
to verify, |J Cs is a left h-ideal of R, we see that
>
U(u, @) is alefth-ideal in any case.
For L(, ) the proof is similar. O

In a similar way we can prove

Theorem 10 If A = (ua, A\a) € IFI(R), then

pa(z) = sup{a € [0,1] | 2 € U(pa, @)},
Aa(z) = inf{f € [0,1] | z € L(Xa, )}

for everyxz € R.

Theorem 11 For any chain

AyC Ay CAyC...CA, =R
of left h-ideals of a hemiringR there exists an intu-
itionistic fuzzy lefth-ideal of R for which upper and
lower sets coincide with this chain.

Proof: Let{oy}}_, and{fx}}_, be finite decreasing
and increasing sequencegn1] such thaty; + 3; <
1,for0 <i <n.LetA = (us,\4) be anintuitionis-
tic fuzzy setinR defined byu 4 (Ap) = ap, Aa(Ap) =
Bo, uA(Ax \ Ar—1) = ax andAa(Ap \ Ax—1) = B
for0 < k < n. Letx,y € R. If z,y € Ay \ Ax_1,
thenz + y, zy € A and

pa(z +y) > ap = min{pa(z), pa(y)},

Az +y) < Br = max{Aa(z)), Aa(y)},
palry) > ap =pa(y), Aalzy) < Br = Aaly).
Fori > j, if v € A; \ A4 andy S Aj \ Aj—la then
pa(z) = a; = pa(y), Aa(z) = B; = Aa(y) and

x+y,xy € A;. Thus
pa(z +y) > a; = min{ua(z), pa(y)},
Aa(z +y) < B; = max{Aa()), \a(y)},
pa(ry) > ai = paly), Aalzy) < B = Aa(y).

In the same manner we can verify the conditiohs
and(6). Consequentlyd = (4, \a) € IFI(R).

ObviouslyIm(pa) = {ai}i_o} andIm(Ag) =
{Br}i_,- It follows that the upper level subsets and
the lower level subsets of = (4, A4) are given by
the chain of lefth-ideals

U(pa,a0) CU(pa,a1) C ... CU(pa,0n) =R
and
L(Aa,Bo) C L(Aa; B1) C ... C L(Aa, Bn) = R

respectively. Indeed,

U(pa, o) = {z € R| pa(z) = an} = Ao,

We now prove that
U(pa,on) = A = L(Aa, Br) for

CIearIy, A C U(uk,ak) and A4, C L()\A,,Bk). If
x € U(pa,ar), thenpa(z) > o and sox ¢ A;
fori > k. Henceua(x) € {ap,a1,...,ax}, which
impliesz € A; for somei < k. Sinced; C Ay,
it follows thatx € Aj. Consequentlyl/ (pa, o) =
Ay for every0 < k < n. Now if y € L(\a, k),
then\s(z) < Gy and soy ¢ A; for j < k. Thus
Aa(z) € {Bo, b1, - .., Bk}, which impliesz € A; for
somej < k. SinceA; C Ay, it follows thaty € A;.
ConsequentlyL.(A4, Br) = A for0 < k < n. O

0<k<n.
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Theorem 12 If every intuitionistic fuzzy lefk-ideal
of R has the finite image, then every descending chain
of left h-ideal of R terminates at finite step.

Proof: Suppose that there exists a strictly descending
chainAg D A1 D Ay D ... of left k-ideals of R
which does not terminate at finite step. We prove that

the IFSA = (u4, A1) defined by
g if € Ay \ Apyr, n=0,1,...
pa(e) =4 " s
1 if ze Nyl An,

Aa(z) =1 — pa(x),

where Ay = R, is an intuitionistic fuzzy lefti-ideal
of R with an infinite numbers of values. According to
Proposition 4 it is sufficient to prove thaty has this
property.

Letz,y € R. Assume thatr € A4,, \ A,41 and
y € Ag \ Agyy for somen andk. Without loss of
generality, we can assume tha& k. Then obviously
v, +y,xy € A, and

par+y) > g = minfua(e), pa(v)},
paley) > —— = pa(y).

n+1
oo o0
If 2,y € N A, thenz +y,xy € (| A,. Thus

n=0 n=0
pa(z +y) =1 =min{ua(z), na(y)},
pa(zy) =1 = pa(y).
If x ¢ Oﬁ A, andy € F]O A,, then there exists €
N suctﬁﬁa’m € A\ AZTF? So,z +y,xy € A and

k
>

. = min{ua(z), na(y)},

pa(r +y)

pa(ry) > = pA(y).

“k+1
Finally suppose that € ﬂ A, andy ¢ ﬂ A,.

Theny € A, \ A, for somer € N. Hencex + v,
xy € A,, consequently

T = min{pa(e), ma(v)},

pa(z +y) >

> — paly)
_r_i_l—MAy-

In a similar way we can verify that 4 satisfies(5).
This, by Proposition 4, proves that = (u4,\4)
is an intuitionistic fuzzy lefth-ideal with an infinite
number of different values. The obtained contradic-
tion completes our proof. O

pa(zy)

Now we prove the converse of Theorem 12.
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Theorem 13 Let R be a hemiring in which very de-
scending chain of lefh-ideals terminates at finite
step. IfA = (ua,A4) is an intuitionistic fuzzy left
h-ideals of R such that a sequence of elements of
Im(p4) is strictly increasing and a sequence of ele-
ments oflm(A4) is strictly decreasing, thep 4 and

A4 have finite number of values.

Proof: Suppose thalm(u4) is not finite. Let0 <
a1 < ag < ... < 1 be a strictly increasing sequence
of elements ofm(u4). Then everyU (p 4, o) is a left
h-ideal of R. Forz € U(ua,t) we haveps(z) >
ar > 41, which impliesz € U(ua,a—1).
HenceU(ua, o) € U(pa,ai—1). But for oy €
Im(pa) there existse;—; € R such thayus(z:—1) =
ay—1. This giveszy_1 € U(pa,aq—1) anday_; ¢
U(pa, o). Thus U(pa,aq) is a proper subset of
U(pa,at—1), and so we obtain a strictly descending
chainU(ua, 1) D U(pa,a2) D U(pa,as) D ...
of left h-ideals of R which is not terminating. This is
a contradiction. Sdm(u 4) must be finite.

For Im()\4) the proof is analogous. O

Theorem 14 Every ascending chain of left-ideals
of a hemiringR terminates at finite step if and only if
for any intuitionistic fuzzy lefb-ideal A = (j4,\4)

in RIm(p4) andIm(X4) are well-ordered subsets of
[0, 1].

Proof: Suppose that for an intuitionistic fuzzy left
h-ideal A = (u4,\4) the sets of values gf 4 and
A4 are not well-ordered subsets [0f 1]. Then there
exists a strictly decreasing sequereeg,} such that
an = pa(x,) for somez, € R. In this case
B, = {x € R|pua(x) > a,} form a strictly as-
cending chain of left.-ideals of R which is not ter-
minating. This is a contradiction. Som(z4) must
be well-ordered subset @, 1]. Similarly Im(\ 4).
Conversely, suppose that there exists a strictly as-
cending chaimd; C Ay C Az C ... of left h-ideals
of R which does not terminate at finite step. Then

A= U Ay is alefth-ideal of R. Define onR an IFS

A= (MA, A4) putting

for x € Ak\Ak—h
for z ¢ A,

I
——
O =

Aa(r) =1 - p(),

whereAy means the empty set.
Using Proposition 4 we prove that =
is an intuitionistic fuzzy lefti-ideal of R.
At first we consider the case wheny € A.
In this case there arey, n such thatr € A,\A4,_1,

(pa, Aa)
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y € Ap\Am—1. Obviouslyz +y € Ap\Ar_1 C 4,
wherek < p = max{m,n}. S0, pa(z) = 1,
pa(y) = 5 and
1 1 .
pale+y) = = = min{ua(z), pa(y)}-

Since anyAy is an idealy € A,,, we getry € A,,.
Thus,y € A;\ A;—; for somet < m, whence

pa(ry) =

Now we consider the case¢ A, y € A. In this case
y € A\ A1 for some naturain. Hencep 4 (z) =
0, ua(y) = L, consequently

pa(z +y) = 0 =min{pa(z), pa(y)}.

Because, as in the previous casg,c A,, means that
xy € A\ Ay, for somet < m, then

pa(ry) =

The caser € A,y ¢ Ais analogous. The last case
x,y ¢ Alis obvious.

In this way we have proved that is a fuzzy left
ideal of R.

To verify (5), i.e., thatz + a + z = b + z im-
pliespa(z) > min{pa(a), na(b)} we must consider
the following four casesa) a,b € A, (b) a € A,

b ¢ A (¢)a géAbeA()abq_fA The

last three cases are obvious because in these casedStsy € R such thatf(y) = = we haveu(y)

min{pa(a), ua(b)} = 0. We verify (a). If a,b €
A\ Ag_1, then, according to the assumption 4g,
we havexr € A, whence

1 .
pale) 2 - = pa(b) = min{pa(a), pa(b)}-
If a € Ap\Ak—1, b € Ap\Ap_1, for somek # p,

then, in the casé < p, we getr € A,. Consequently

pa(e) 2+ = ua(®) = min{jea(a), a(h)}
In the casé > p, we haver € A, and
pa(e) > 3 = pala) = minfpua(a), (b)),

This proves thaji 4 is a fuzzy lefth-ideal. Since the
chainAd; C A, C A3 C ...isnotterminatingy 4 has
a strictly descending sequence of values. This con-
tradicts that the value set of any fuzzy ideal is well-
ordered.

Proposition 4 completes the proof. a
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4 Characteristic intuitionistic fuzzy
left h-ideals of hemirings

For any mapping/ from R to S we can define inR
a new fuzzy setu/ putting /' (z) = p(f(x)) for all
x € R. Consequentlydf = (uf, A7).

).

Clearly puf (x1) = pf (x3) for zy, z9 € f~
Definition 15 A left h-ideal A of a hemiringR is said
to becharacteristicif f(A) = Aforall f € Aut(R),
whereAut(R) is the set of all automorphisms &.

Definition 16 An IFS A = (4, 4) of R is called
anintuitionistic fuzzy characteristiif Al = A, ie,if
iy (x) = pa(z) and M, (z) = Aa(z) forall z € R
andf € Aut(R).

Theorem 17 A € IFI(R) is characteristic if and
only if each its nonempty level set is a characteristic
left h-ideal of R.

Proof: AnIFS A = (ua,Aa) is an IF lefth-ideal if
and only if all its nonempty level subsets are Ikft
ideals (Theorem 8). So, we will be prove only that
A is characteristic if and only if all its level subsets
are characteristic. 4 = (ua,\4) is characteris-
tic, « € Im(ua), f € Aut(R), v € U(ua,a),
then uﬁ(:{:) = pua(f(z)) = pa(z) > «, which
means thaif (z) € U(ua, ). Thusf(U(pa,a)) C
U(pa,a). Since for eache € U(ua, ) there ex-

wh(y) = pa(f(y)) = pa(z) > a. Thereforey €
Ulpa,a). Thusz = f(y) € f(U(pa,)). Hence
F(U(ua, @) = Upa, ). Similarly, f(L(\1, 5)) =
L(Aa, ). This proves thaU(pa,«) and L(A4, 3)
are characteristic.

Conversely, if all levels ofd = (u4,\4) are
characteristic lefth-ideals of R, then forz € R,
f € Aut(R) and pua(zr) = «, a(x) = 3, by
Lemma 8, we have € U(ua,a), x ¢ U(ua,y) and
x € L(Aa,0), x ¢ L(Aa,0) forally > a, 6 < .
Thus f(z) € f(U(pa, ) = Ulpa, ) and f(z) €
f(L(Aa, B)) = L(Aa, B), -8, pa(f(z)) = o and
Aa(f(x)) < B. Forpa(f(z)) =7 > a, Aa(f(z)) =
6 < B we havef(z) € U(ua,v) = f(U(pa,)),
flz) € L(Aa,0) = f(L(\a,d)), which implies
x € U(pa,v), z € L(pa,d). This is a contradiction.
Thus pa(f(z)) = pa(z) and Aa(f(z)) = Aa().
So0,A = (a4, Aa) is characteristic. O

Proposition 18 Let f : R — S be a homomorphism
of hemirings. IfA = (ua, A4) is an IF lefth-ideal of

S, thenA/ = (4/,, \) is an IF lefth-ideal of R.
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Proof: Letz,y € R. Then

phiz +y) = pa(f(z +1) = palf(@) + f())
> min{pa(f(2)), pa(f(y))}
= min{ph (@), 1y ()},
M@ +y) = (@ +9) = Aalf(2) + £()
< max{Aa(f(2)), Aa(f (1))}
= max{\} (z), My (1)},
ph(zy) = palf(2y)) = pa(f(2) f(y))
> ua(f(y)) = oy (),
Mi(xy) = Aa(f(zy)) = Ma(f (@) f(y))
(f(

If 2 +a+2z=0b+z2thenf(x) + f(a) + f(z) =
f(b) + f(2), whence

whix) = pa(f(2)) = min{ua(f(a)palf(b))}
= mm{ma) wh(d)},
My() = Aa(f(2)) < max{Aa(f(a)), \a(f(0))}

)
J(@),

= max{\)

AGKE

This proves thatt/ = (u/, \)) is an IF lefth-ideal
of R. O

Proposition 19 Let f : R — S be an epimorphism of
hemirings. IfAf = (uA,)\f) is an IF left h-ideal of
R, thenA = (ua,Aa) is an IF lefth-ideal of S.

Proof: Sincef is a surjective mapping, far,y € S

there arerq,y; € R suchthatt = f(z1), y = f(y1)-
Thus
pa(@+y) = palf(@1) + f(y1)) = palf(z1 +y1))

= ph (1 + 1) = min{pd (21), 1y (11)}
=min{pa(z), pa(y)},

proves thaiu 4 satisfies the first condition on Defini-
tion 1. In a similar way we can verify others condi-
tions. O

As a consequence of the above two propositions
we obtain the following theorem.

Theorem 20 Let f : R — S be an epimorphism of
hemirings. Them/ = (uﬁ, /\f;) is an IF lefth-ideal
of Rifand only if A = (ua,A4) is an IF lefth-ideal
of S.
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5 Equivalence relations

For anya € [0, 1] define onl F'I(R) two binary rela-
tionsi/® andL¢ as follows:

(A,B) eU* «—— U(pa,a) =U(up, )
and

(A,B) € LY «—— L(Aa, ) = L(A\p, o),
respectively, wheredl = (ua,\4), B = (B, AB).

Then clearlyi/* and£* are equivalence relations on
IFI(R).

For anyA = (ua, a) € IFI(R), let [Alye
(resp.[A] ) denote the equivalence class of a mod-
uloU® (resp.L*), and denote by FI(R)/U* (resp.
IFI(R)/L%) the system of all equivalence classes
modulol/® (resp.L®).

Now letI(R) denote the family of all left-ideals
of R and leta € [0, 1]. Define two maps, andg,
fromIFI(R)to I(R) U {0} by

fa(A) =U(pa,a),  ga(A) = L(Aa, q)

forall A = (ua,\a) € IFI(R). Thenf, andg, are
clearly well-defined.

Theorem 21 For anya € (0, 1) the mapsf, and g,
are surjective from/ F'I(R) to I(R) U {0}.

Proof: Leta € (0,1). Note thato. = (0,1) is in
IFI(R), where0 and1 are fuzzy sets ik defined
by 0(x) = 0 and1(xz) = 1 for all x € R. Obviously
fa(0~) = U(0,a) = 0 = L(1,a) = ga(0~). Let
0 # B € I(R). ForB. = (xB,xB) € IFI(R),
we havef,(B.) = U(xp,a) = B andg,(B~) =
L(xB,«) = B. Hencef, and g, are surjective. O

Theorem 22 The quotient setsIFI(R)/U* and
IFI(R)/L> are equipotent tol (R) U {0} for every
€ (0,1).

Proof: Fora € (0,1) let f (resp.g) be a map from
IFI(R)/U* (resp.IFI(R)/L%) to I(R) U {0} de-
fined by f:([Alue) = fa(A) (resp. g5 ([Alge) =
ga(A)) for all A = (ua,ra) € IFI(R). |If
U(pa,a) =U(pup, ) andL(Aa, ) = L(Bp, «) for
A = (na,Aa) andB = (up,fp) in IFI(R), then
(A,B) e U*and(A, B) € L. Thus[A]ye = [Blye
and [A]z« = [B]ce. This proves that the mapg?
and g, are injective.

Now let®) # D € I(R) andD.. = (xp,XD)-
Then obviouslyD.. € IFI(R),
fa[DrJue) = fa(D~) = Ulxp,a) = D
and
9a([D~]ce) = ga(D~) = L(XD; @) = D.
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Finally, for 0. we get

fa([0~Jue) = fa(0~) = U(0,0) =0
and

9a([0~]ze) = ga(0~) = L(L,a) = 0.
This shows thatf: and g7, are surjective. This com-
pletes the proof. a

For anya € [0, 1], we define another relatioR®
onIFI(R) as follows:

(A7B> € Ra — quoz,a) — RS_E?’O[).

Then the relatioriR™ also is an equivalence relation
on IFI(R).

Theorem 23 For anya € (0, 1) the map
pa : IFI(R) — I(R)U{0}
defined by, (4) = R is surjective.

Thenyp,(0.) = R =
= (. ForanyH € IFI(R),
there existsH., (xm,xm) € IFI(R) such that
eolH.) = B = Ulyy.0) 0 Lixi.a) = H.
S0,p, IS surjectlve. O

Proof: Leta € (0,1).
U(0,a) N L(1, a)

Theorem 24 For any a € (0,1), the quotient set
IFI(R)/R“is equipotent tol (R) U {0}.

Proof: Leta € (0,1) and let

o IFI(R)/R™ — I(R) U {0}
be a map defined by ([A]re) = @a(A) for all
[Alge € IFI(R)/R".

It oo ([Alre) = @o([Blre) for any [A]ga,
[Blge € IFI(R)/R®, thenR™™ = R je
(A, B) € R Itfollows that[A]g« = [B]gr~ so that
v} is injective.

Moreover,p ([0~]ra) = pa(0.) = Roaa = 0.
ForanyH € I(R) e considerH. = (xu,XH)-
ThenH. € IFI(R) an

e([Holre) = pa(Ho) = R

=U(xmg,a) N L(xg, o) = H.

This proves thaty}, is surjective. a

6 Conclusion

In the present paper we present the basic results on in-

tuitionistic fuzzy lefth-ideals of hemirings. It is clear

that the most of these result can be simply extended to

intuitionistic (.S, T')-fuzzy left h-ideals, whereS and

T are given imaginable triangular norms. In our opin-
ion the future study of (intuitionistic) fuzzy ideals in
hemirings and semirings can be connected wijhn-
vestigating semiprime and prime (intuitionistic) fuzzy
h-ideals;(2) finding intuitionistic and/or interval val-
ued fuzzy sets and triangular norms. The obtained re-
sults can be used to solve some social networks prob-
lems and decide whether the corresponding graph is
balanced or clusterable.
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