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Abstract:We introduce the notion of intuitionistic fuzzy (left)h-ideals of hemirings and investigate their properties
connected with the corresponding level subsets. Methods of constructions of such intuitionistic fuzzy ideals from
given sequences of lefth-ideals of a hemiringR are presented. Some natural classification of such intuitionistic
fuzzyh-ideals is given.
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1 Introduction

Many-valued logic has been proposed to model phe-
nomena in which uncertainty and vagueness are in-
volved. One of the most general classes of the many-
valued logic is theBL-logic defined as the logic of
continuoust-norms. But in fact,BL-logic is a com-
mutative lattice-ordered semiring. So, some types
of logic such as Łukasiewicz logic, G̈odel logic and
Product logic, as special cases ofBL-logic, are semi-
rings. Hemirings, as semirings with zero and com-
mutative addition, appear in a natural manner in some
applications to the theory of automata and formal lan-
guages (see [1, 11, 12]). It is a well known result
that regular languages form so-called star semirings.
According to the well known theorem of Kleene, the
languages, or sets of words, recognized by finite-state
automata are precisely those that are obtained from
letters of input alphabets by the application of the op-
erations: sum (union), concatenation (product), and
Kleene star (Kleene closure). If a language is rep-
resented as a formal series with the coefficients in a
Boolean hemiring, then the Kleene theorem can be
well described by the Kleen-Schützenberger theorem.
Moreover, if the coefficient hemiring is a field, then
a series is rational if and only if its syntactic alge-
bra (see [11] and [12] for details) has a finite rank.
The so-called min-max-plus computations (and suit-
able semirings) are used in several areas. Continuous
timed Petri nets can be modeled by using generalized
polynomial recurrent equations in the(min, +) semi-
ring (see [5]). Very similar semirings can be used to
study fundamental concepts of the automata theory
such as nondeterminism (cf. [9]). Many other appli-
cations with references can be found in [4].

Ideals of hemirings play a central role in the struc-
ture theory and are useful for many purposes. How-
ever, they do not in general coincide with the usual
ring ideals. Many results in rings apparently have no
analogues in hemirings using only ideals. Henriksen
defined in [6] a more restricted class of ideals in semi-
rings, which is called the class ofk-ideals, with the
property that if the semiringR is a ring then a com-
plex in R is ak-ideal if and only if it is a ring ideal.
Another more restricted, but very important, class of
ideals, called nowh-ideals, has been given and inves-
tigated by Izuka [7] and La Torre [10]. Other impor-
tant results connected with fuzzy ideals in hemirings
were obtained in [8].

In this short note, we introduce the notion of in-
tuitionistic fuzzy lefth-ideals of hemirings and inves-
tigate their properties and connections with chains of
left h-ideals of the corresponding hemirings.

2 Preliminaries

By a semiringis mean an algebraic system(R,+, ·)
consisting of a nonempty setR together with two bi-
nary operations onR called addition and multiplica-
tion (denoted in the usual manner) such that(R,+)
and(R, ·) are semigroups satisfying for allx, y, z ∈ R
the following distributive laws

x(y + z) = xy + xz and (x + y)z = xz + yz.
By a zerowe mean an element0 ∈ R such that

0x = x0 = 0 and0 + x = x + 0 = x for all x ∈ R.
A semiring with zero and a commutative semigroup
(R, +) is called ahemiring.

A nonempty subsetA of R is said to be aleft ideal
if it is closed with respect to the addition and such that
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RA ⊆ A. A left idealA is called alefth-ideal(cf. [5])
if for anyx, z ∈ R anda, b ∈ A fromx+a+z = b+z
it follows x ∈ A.

A fuzzy setµ of a hemiringR is called afuzzy left
h-ideal (cf. [6]) if for all a, b, x, z ∈ R the following
three conditions hold:

µ(x + y) ≥ min{µ(x), µ(y)},
µ(xy) ≥ µ(y),
x + a + z = b + z −→ µ(x) ≥ min{µ(a), µ(b)}.

As an important generalization of the notion of
fuzzy sets, Atanassov introduced in [3] the concept
of an intuitionistic fuzzy set(IFS for short) defined as
objects having the form:

A = (µA, λA) = {(x, µA(x), λA(x)) |x ∈ R},

where the fuzzy setsµA andλA denote thedegree of
membership(namelyµA(x)) and thedegree of non-
membership(namelyλA(x)) of each elementx ∈ R
to the setA respectively, and0 ≤ µA(x)+λA(x) ≤ 1
for all x ∈ R.

According to [3], for every two intuitionistic
fuzzy setsA = (µA, λA) andB = (µB, λB) in R,
we define:A ⊆ B if and only if µA(x) ≤ µB(x) and
λA(x) ≥ λB(x) for all x ∈ R. ObviouslyA = B
means thatA ⊆ B andB ⊆ A.

3 Intuitionistic fuzzy left h-ideals
Definition 1 An IFS A = (µA, λA) in a hemiringR
is called anintuitionistic fuzzy lefth-ideal if

(1) µA(x + y) ≥ min{µA(x), µA(y)},
(2) λA(x + y) ≤ max{λA(x), λA(y)},
(3) µA(xy) ≥ µA(y),
(4) λA(xy) ≤ λA(y),
(5)
x + a + z = b + z −→ µA(x) ≥ min{µA(a), µA(b)},
(6)
x + a + z = b + z −→ λA(x) ≤ max{λA(a), λA(b)}

hold for alla, b, x, y, z ∈ R.

An IFS A = (µA, λA) satisfying the first four
conditions is called anintuitionistic fuzzy left ideal.

The family of all intuitionistic fuzzy lefth-ideals
of a hemiringR will be denoted byIFI(R).

It is not difficult to see thatµA(x) ≤ µA(0) and
λA(0) ≤ λA(x) for eachA ∈ IFI(R) andx ∈ R.

Example 2 On a four element hemiring(R, +, ·) de-
fined by the following two tables:

+ 0 1 2 3
0 0 1 2 3
1 1 1 2 3
2 2 2 2 3
3 3 3 3 2

· 0 1 2 3
0 0 0 0 0
1 0 1 1 1
2 0 1 1 1
3 0 1 1 1

consider an IFSA = (µA, λA), whereµA(0) = 0.4,
λA(0) = 0.2 andµA(x) = 0.2, λA(x) = 0.7 for all
x 6= 0. It is not difficult to verify thatA ∈ IFI(R).

The following three results can be proved by the
verification of the corresponding axioms.

Proposition 3 Let A be a nonempty subset of a
hemiringR. Then an IFS(µA, λA) defined by

µA(x) =

{
α2 for x ∈ A,

α1 for x /∈ A,

λA(x) =

{
β2 for x ∈ A,

β1 for x /∈ A,

where0 ≤ α1 < α2 ≤ 1, 0 ≤ β2 < β1 ≤ 1 and
αi + βi ≤ 1 for i = 1, 2, is an intuitionistic fuzzy left
h-ideal ofR if and only ifA is a lefth-ideal ofR.

Proposition 4 An IFSA = (µA, µA), whereµA =
1−µA is an intuitionistic fuzzy lefth-ideal of a hemir-
ing R if and only ifµA is a fuzzy lefth-ideal ofR.

Definition 5 Let A = (µA, λA) be an intuitionistic
fuzzy set in a hemiringR and letα, β ∈ [0, 1] be such
thatα + β ≤ 1. Then the set

R
(α,β)
A = {x ∈ R | α ≤ µA(x), λA(x) ≤ β}

is called an(α, β)-level subsetof A = (µA, λA).
The set of all(α, β) ∈ Im(µA) × Im(λA) such

thatα + β ≤ 1 is called theimageof A = (µA, λA).

Clearly R
(α,β)
A = U(µA, α) ∩ L(λA, β), where

U(µA, α) andL(λA, β) are upper and lower level sub-
sets ofµA andλA, respectively.

Theorem 6 An IFS A = (µA, λA) is an intuitionis-

tic fuzzy lefth-ideal ofR if and only ifR(α,β)
A is a left

h-ideal of R for every(α, β) ∈ Im(µA) × Im(λA)
such thatα + β ≤ 1.

Corollary 7 An IFSA = (µA, λA) is an intuitionistic
fuzzy lefth-ideal ofR if and only if for everyα, β ∈
[0, 1] such thatα+β ≤ 1, all nonemptyU(µA, α) and
L(λA, β) are lefth-ideals ofR.
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Lemma 8 Let A = (µA, λA) be an intuitionistic
fuzzy lefth-ideal of a hemiringR and letx ∈ R. Then
µA(x) = α, λA(x) = β if and only ifx ∈ U(µA, α),
x /∈ U(µA, γ) andx ∈ L(λA, β), x /∈ L(λA, δ) for
all γ > α andδ < β.

Theorem 9 Let{Cα}α∈Γ, whereΓ ⊆ [0, 1
2 ] be a col-

lection of lefth-ideals ofR such thatR =
⋃

α∈Γ
Cα,

and for α, β ∈ Γ, α < β if and only if Cβ ⊂ Cα.
Then an IFS(µ, λ) defined by

µ(x) = sup{α ∈ Γ | x ∈ Cα},
λ(x) = inf{α ∈ Γ | x ∈ Cα}

is an intuitionistic fuzzy lefth-ideal ofR.

Proof: According to Corollary 7, it is sufficient to
show that for everyα, β ∈ [0, 1], whereα+β ≤ 1, the
nonempty setsU(µ, α) andL(λ, β) are lefth-ideals
of R. To prove thatU(µ, α) is a lefth-ideal, we con-
sider two cases:

(i) α = sup{δ ∈ Γ | δ < α}
(ii) α 6= sup{δ ∈ Γ | δ < α}.

In the first case

x ∈ U(µ, α) ←→ (x ∈ Cδ ∀δ < α) ←→ x ∈
⋂

δ<α

Cδ.

So,U(µ, α) =
⋂

δ<α
Cδ, which is a lefth-ideal of R.

In the second case, we haveU(µ, α) =
⋃

δ≥α
Cδ. In-

deed, ifx ∈ ⋃
δ≥α

Cδ, thenx ∈ Cδ for someδ ≥ α.

Thusµ(x) ≥ δ ≥ α, i.e.,x ∈ U(µ, α). This proves⋃
δ≥α

Gδ ⊂ U(µ, α). To prove the converse inclusion

considerx /∈ ⋃
δ≥α

Cδ. Thenx /∈ Cδ for all δ ≥ α.

Sinceα 6= sup{δ ∈ Γ | δ < α}, there existsε > 0
such that(α − ε, α) ∩ Γ = ∅. Hencex /∈ Cδ for all
δ > α−ε, which means that ifx ∈ Cδ thenδ ≤ α−ε.
Thusµ(x) ≤ α− ε < α, and sox /∈ U(µ, α). There-
fore U(µ, α) =

⋃
δ≥α

Cδ. Since, as it is not difficult

to verify,
⋃

δ≥α
Cδ is a left h-ideal of R, we see that

U(µ, α) is a lefth-ideal in any case.
For L(λ, β) the proof is similar. ut
In a similar way we can prove

Theorem 10 If A = (µA, λA) ∈ IFI(R), then

µA(x) = sup{α ∈ [0, 1] | x ∈ U(µA, α)},
λA(x) = inf{β ∈ [0, 1] | x ∈ L(λA, β)}

for everyx ∈ R.

Theorem 11 For any chain
A0 ⊂ A1 ⊂ A2 ⊂ . . . ⊂ An = R

of left h-ideals of a hemiringR there exists an intu-
itionistic fuzzy lefth-ideal ofR for which upper and
lower sets coincide with this chain.

Proof: Let {αk}n
k=0 and{βk}n

k=0 be finite decreasing
and increasing sequences in[0, 1] such thatαi + βi ≤
1, for 0 ≤ i ≤ n. Let A = (µA, λA) be an intuitionis-
tic fuzzy set inR defined byµA(A0) = α0, λA(A0) =
β0, µA(Ak \ Ak−1) = αk andλA(Ak \ Ak−1) = βk

for 0 < k ≤ n. Let x, y ∈ R. If x, y ∈ Ak \ Ak−1,
thenx + y, xy ∈ Ak and

µA(x + y) ≥ αk = min{µA(x), µA(y)},
λA(x + y) ≤ βk = max{λA(x)), λA(y)},

µA(xy) ≥ αk = µA(y), λA(xy) ≤ βk = λA(y).

For i > j, if x ∈ Ai \ Ai−1 andy ∈ Aj \ Aj−1, then
µA(x) = αi = µA(y), λA(x) = βj = λA(y) and
x + y, xy ∈ Ai. Thus

µA(x + y) ≥ αi = min{µA(x), µA(y)},
λA(x + y) ≤ βj = max{λA(x)), λA(y)},

µA(xy) ≥ αi = µA(y), λA(xy) ≤ βj = λA(y).

In the same manner we can verify the conditions(5)
and(6). Consequently,A = (µA, λA) ∈ IFI(R).

ObviouslyIm(µA) = {αk}n
k=0} andIm(λA) =

{βk}n
k=0. It follows that the upper level subsets and

the lower level subsets ofA = (µA, λA) are given by
the chain of lefth-ideals

U(µA, α0) ⊂ U(µA, α1) ⊂ . . . ⊂ U(µA, αn) = R

and

L(λA, β0) ⊂ L(λA, β1) ⊂ . . . ⊂ L(λA, βn) = R

respectively. Indeed,

U(µA, α0) = {x ∈ R | µA(x) ≥ α0} = A0,

L(µA, β0) = {x ∈ R | λA(x) ≤ β0} = A0.

We now prove that

U(µA, αk) = Ak = L(λA, βk) for 0 < k ≤ n.

Clearly, Ak ⊆ U(µk, αk) andAk ⊆ L(λA, βk). If
x ∈ U(µA, αk), thenµA(x) ≥ αk and sox /∈ Ai

for i > k. HenceµA(x) ∈ {α0, α1, . . . , αk}, which
implies x ∈ Ai for somei ≤ k. SinceAi ⊆ Ak,
it follows thatx ∈ Ak. Consequently,U(µA, αk) =
Ak for every0 < k ≤ n. Now if y ∈ L(λA, βk),
thenλA(x) ≤ βk and soy /∈ Ai for j ≤ k. Thus
λA(x) ∈ {β0, β1, . . . , βk}, which impliesx ∈ Aj for
somej ≤ k. SinceAj ⊆ Ak, it follows thaty ∈ Ak.
Consequently,L(λA, βk) = Ak for 0 < k ≤ n. ut
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Theorem 12 If every intuitionistic fuzzy lefth-ideal
of R has the finite image, then every descending chain
of lefth-ideal ofR terminates at finite step.

Proof: Suppose that there exists a strictly descending
chainA0 ⊃ A1 ⊃ A2 ⊃ . . . of left k-ideals ofR
which does not terminate at finite step. We prove that
the IFSA = (µA, λA) defined by

µA(x) =

{
n

n+1 if x ∈ An \An+1, n = 0, 1, . . .

1 if x ∈ ⋂∞
n=0 An,

λA(x) = 1− µA(x),

whereA0 = R, is an intuitionistic fuzzy lefth-ideal
of R with an infinite numbers of values. According to
Proposition 4 it is sufficient to prove thatµA has this
property.

Let x, y ∈ R. Assume thatx ∈ An \ An+1 and
y ∈ Ak \ Ak+1 for somen andk. Without loss of
generality, we can assume thatn ≤ k. Then obviously
y, x + y, xy ∈ An and

µA(x + y) ≥ n

n + 1
= min{µA(x), µA(y)},

µA(xy) ≥ n

n + 1
= µA(y).

If x, y ∈
∞⋂

n=0
An, thenx + y, xy ∈

∞⋂
n=0

An. Thus

µA(x + y) = 1 = min{µA(x), µA(y)},
µA(xy) = 1 = µA(y).

If x /∈
∞⋂

n=0
An andy ∈

∞⋂
n=0

An, then there existsk ∈
N such thatx ∈ Ak \Ak+1. So,x + y, xy ∈ Ak and

µA(x + y) ≥ k

k + 1
= min{µA(x), µA(y)},

µA(xy) ≥ k

k + 1
= µA(y).

Finally suppose thatx ∈
∞⋂

n=0
An and y /∈

∞⋂
n=0

An.

Theny ∈ Ar \ Ar+1 for somer ∈ N. Hencex + y,
xy ∈ Ar, consequently

µA(x + y) ≥ r

r + 1
= min{µA(x), µA(y)},

µA(xy) ≥ r

r + 1
= µA(y).

In a similar way we can verify thatµA satisfies(5).
This, by Proposition 4, proves thatA = (µA, λA)
is an intuitionistic fuzzy lefth-ideal with an infinite
number of different values. The obtained contradic-
tion completes our proof. ut

Now we prove the converse of Theorem 12.

Theorem 13 Let R be a hemiring in which very de-
scending chain of lefth-ideals terminates at finite
step. IfA = (µA, λA) is an intuitionistic fuzzy left
h-ideals of R such that a sequence of elements of
Im(µA) is strictly increasing and a sequence of ele-
ments ofIm(λA) is strictly decreasing, thenµA and
λA have finite number of values.

Proof: Suppose thatIm(µA) is not finite. Let0 ≤
α1 < α2 < . . . ≤ 1 be a strictly increasing sequence
of elements ofIm(µA). Then everyU(µA, αt) is a left
h-ideal of R. For x ∈ U(µA, t) we haveµA(x) ≥
αt > αt−1, which implies x ∈ U(µA, αt−1).
HenceU(µA, αt) ⊆ U(µA, αt−1). But for αt−1 ∈
Im(µA) there existsxt−1 ∈ R such thatµA(xt−1) =
αt−1. This givesxt−1 ∈ U(µA, αt−1) and xt−1 /∈
U(µA, αt). Thus U(µA, αt) is a proper subset of
U(µA, αt−1), and so we obtain a strictly descending
chainU(µA, α1) ⊃ U(µA, α2) ⊃ U(µA, α3) ⊃ . . .
of left h-ideals ofR which is not terminating. This is
a contradiction. So,Im(µA) must be finite.

For Im(λA) the proof is analogous. ut

Theorem 14 Every ascending chain of lefth-ideals
of a hemiringR terminates at finite step if and only if
for any intuitionistic fuzzy lefth-ideal A = (µA, λA)
in R Im(µA) andIm(λA) are well-ordered subsets of
[0, 1].

Proof: Suppose that for an intuitionistic fuzzy left
h-ideal A = (µA, λA) the sets of values ofµA and
λA are not well-ordered subsets of[0, 1]. Then there
exists a strictly decreasing sequence{αn} such that
αn = µA(xn) for some xn ∈ R. In this case
Bn = {x ∈ R |µA(x) ≥ αn} form a strictly as-
cending chain of lefth-ideals ofR which is not ter-
minating. This is a contradiction. So,Im(µA) must
be well-ordered subset of[0, 1]. Similarly Im(λA).

Conversely, suppose that there exists a strictly as-
cending chainA1 ⊂ A2 ⊂ A3 ⊂ . . . of left h-ideals
of R which does not terminate at finite step. Then

A =
∞⋃

k=1
Ak is a lefth-ideal ofR. Define onR an IFS

A = (µA, λA) putting

µA(x) =

{
1
k for x ∈ Ak\Ak−1,
0 for x 6∈ A,

λA(x) := 1− µ(x),

whereA0 means the empty set.
Using Proposition 4 we prove thatA = (µA, λA)

is an intuitionistic fuzzy lefth-ideal ofR.
At first we consider the case whenx, y ∈ A.

In this case there arem,n such thatx ∈ An\An−1,
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y ∈ Am\Am−1. Obviouslyx + y ∈ Ak\Ak−1 ⊂ Ap,
where k ≤ p = max{m, n}. So, µA(x) = 1

n ,
µA(y) = 1

m and

µA(x + y) =
1
k
≥ 1

p
= min{µA(x), µA(y)}.

Since anyAk is an ideal,y ∈ Am, we getxy ∈ Am.
Thus,y ∈ At\At−1 for somet ≤ m, whence

µA(xy) =
1
t
≥ 1

m
= µA(y).

Now we consider the casex /∈ A, y ∈ A. In this case
y ∈ Am\Am−1 for some naturalm. HenceµA(x) =
0, µA(y) = 1

m , consequently

µA(x + y) ≥ 0 = min{µA(x), µA(y)}.
Because, as in the previous case,xy ∈ Am means that
xy ∈ At\At−1 for somet ≤ m, then

µA(xy) =
1
t
≥ 1

m
= µA(y).

The casex ∈ A, y /∈ A is analogous. The last case
x, y /∈ A is obvious.

In this way we have proved thatµA is a fuzzy left
ideal ofR.

To verify (5), i.e., thatx + a + z = b + z im-
pliesµA(x) ≥ min{µA(a), µA(b)} we must consider
the following four cases(a) a, b ∈ A, (b) a ∈ A,
b /∈ A, (c) a /∈ A, b ∈ A, (d) a, b /∈ A. The
last three cases are obvious because in these cases
min{µA(a), µA(b)} = 0. We verify (a). If a, b ∈
Ak\Ak−1, then, according to the assumption onAk,
we havex ∈ Ak, whence

µA(x) ≥ 1
k

= µA(b) = min{µA(a), µA(b)}.

If a ∈ Ak\Ak−1, b ∈ Ap\Ap−1, for somek 6= p,
then, in the casek < p, we getx ∈ Ap. Consequently

µA(x) ≥ 1
p

= µA(b) = min{µA(a), µA(b)}.

In the casek > p, we havex ∈ Ak and

µA(x) ≥ 1
k

= µA(a) = min{µA(a), µA(b)}.

This proves thatµA is a fuzzy lefth-ideal. Since the
chainA1 ⊂ A2 ⊂ A3 ⊂ . . . is not terminating,µA has
a strictly descending sequence of values. This con-
tradicts that the value set of any fuzzy ideal is well-
ordered.

Proposition 4 completes the proof. ut

4 Characteristic intuitionistic fuzzy
left h-ideals of hemirings

For any mappingf from R to S we can define inR
a new fuzzy setµf putting µf (x) = µ(f(x)) for all
x ∈ R. Consequently,Af = (µf , λf ).

Clearlyµf (x1) = µf (x2) for x1, x2 ∈ f−1(x).

Definition 15 A left h-idealA of a hemiringR is said
to becharacteristicif f(A) = A for all f ∈ Aut(R),
whereAut(R) is the set of all automorphisms ofR.

Definition 16 An IFS A = (µA, λA) of R is called
an intuitionistic fuzzy characteristicif Af = A, i.e, if
µf

A(x) = µA(x) andλf
A(x) = λA(x) for all x ∈ R

andf ∈ Aut(R).

Theorem 17 A ∈ IFI(R) is characteristic if and
only if each its nonempty level set is a characteristic
left h-ideal ofR.

Proof: An IFS A = (µA, λA) is an IF lefth-ideal if
and only if all its nonempty level subsets are lefth-
ideals (Theorem 8). So, we will be prove only that
A is characteristic if and only if all its level subsets
are characteristic. IfA = (µA, λA) is characteris-
tic, α ∈ Im(µA), f ∈ Aut(R), x ∈ U(µA, α),
then µf

A(x) = µA(f(x)) = µA(x) ≥ α, which
means thatf(x) ∈ U(µA, α). Thusf(U(µA, α)) ⊆
U(µA, α). Since for eachx ∈ U(µA, α) there ex-
ists y ∈ R such thatf(y) = x we haveµA(y) =
µf

A(y) = µA(f(y)) = µA(x) ≥ α. Thereforey ∈
U(µA, α). Thusx = f(y) ∈ f(U(µA, α)). Hence
f(U(µA, α)) = U(µA, α). Similarly, f(L(λA, β)) =
L(λA, β). This proves thatU(µA, α) andL(λA, β)
are characteristic.

Conversely, if all levels ofA = (µA, λA) are
characteristic lefth-ideals of R, then for x ∈ R,
f ∈ Aut(R) and µA(x) = α, λA(x) = β, by
Lemma 8, we havex ∈ U(µA, α), x /∈ U(µA, γ) and
x ∈ L(λA, β), x /∈ L(λA, δ) for all γ > α, δ < β.
Thusf(x) ∈ f(U(µA, α)) = U(µA, α) andf(x) ∈
f(L(λA, β)) = L(λA, β), i.e., µA(f(x)) ≥ α and
λA(f(x)) ≤ β. ForµA(f(x)) = γ > α, λA(f(x)) =
δ < β we havef(x) ∈ U(µA, γ) = f(U(µA, γ)),
f(x) ∈ L(λA, δ) = f(L(λA, δ)), which implies
x ∈ U(µA, γ), x ∈ L(µA, δ). This is a contradiction.
ThusµA(f(x)) = µA(x) andλA(f(x)) = λA(x).
So,A = (µA, λA) is characteristic. ut

Proposition 18 Let f : R → S be a homomorphism
of hemirings. IfA = (µA, λA) is an IF lefth-ideal of
S, thenAf = (µf

A, λf
A) is an IF lefth-ideal ofR.
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Proof: Let x, y ∈ R. Then

µf
A(x + y) = µA(f(x + y)) = µA(f(x) + f(y))

≥ min{µA(f(x)), µA(f(y))}
= min{µf

A(x), µf
A(y)},

λf
A(x + y) = λA(f(x + y)) = λA(f(x) + f(y))

≤ max{λA(f(x)), λA(f(y))}
= max{λf

A(x), λf
A(y)},

µf
A(xy) = µA(f(xy)) = µA(f(x)f(y))

≥ µA(f(y)) = αf
A(y),

λf
A(xy) = λA(f(xy)) = λA(f(x)f(y))

≤ λA(f(y)) = λf
A(y).

If x + a + z = b + z, thenf(x) + f(a) + f(z) =
f(b) + f(z), whence

µf
A(x) = µA(f(x)) ≥ min{µA(f(a))µA(f(b))}

= min{µf
A(a), µf

A(b)},
λf

A(x) = λA(f(x)) ≤ max{λA(f(a)), λA(f(b))}
= max{λf

A(a), λf
A(b)}.

This proves thatAf = (µf
A, λf

A) is an IF lefth-ideal
of R. ut

Proposition 19 Letf : R → S be an epimorphism of
hemirings. IfAf = (µf

A, λf
A) is an IF lefth-ideal of

R, thenA = (µA, λA) is an IF lefth-ideal ofS.

Proof: Sincef is a surjective mapping, forx, y ∈ S
there arex1, y1 ∈ R such thatx = f(x1), y = f(y1).
Thus

µA(x + y) = µA(f(x1) + f(y1)) = µA(f(x1 + y1))

= µf
A(x1 + y1) ≥ min{µf

A(x1), µ
f
A(y1)}

= min{µA(x), µA(y)},

proves thatµA satisfies the first condition on Defini-
tion 1. In a similar way we can verify others condi-
tions. ut

As a consequence of the above two propositions
we obtain the following theorem.

Theorem 20 Let f : R → S be an epimorphism of
hemirings. ThenAf = (µf

A, λf
A) is an IF lefth-ideal

of R if and only ifA = (µA, λA) is an IF lefth-ideal
of S.

5 Equivalence relations

For anyα ∈ [0, 1] define onIFI(R) two binary rela-
tionsUα andLα as follows:

(A,B) ∈ Uα ←→ U(µA, α) = U(µB, α)
and

(A,B) ∈ Lα ←→ L(λA, α) = L(λB, α),

respectively, whereA = (µA, λA), B = (µB, λB).
Then clearlyUα andLα are equivalence relations on
IFI(R).

For anyA = (µA, λA) ∈ IFI(R), let [A]Uα

(resp. [A]Lα) denote the equivalence class of a mod-
ulo Uα (resp.Lα), and denote byIFI(R)/Uα (resp.
IFI(R)/Lα) the system of all equivalence classes
moduloUα (resp.Lα).

Now letI(R) denote the family of all lefth-ideals
of R and letα ∈ [0, 1]. Define two mapsfα andgα

from IFI(R) to I(R) ∪ {∅} by

fα(A) = U(µA, α), gα(A) = L(λA, α)

for all A = (µA, λA) ∈ IFI(R). Thenfα andgα are
clearly well-defined.

Theorem 21 For anyα ∈ (0, 1) the mapsfα andgα

are surjective fromIFI(R) to I(R) ∪ {∅}.
Proof: Let α ∈ (0, 1). Note that0∼ = (0, 1) is in
IFI(R), where0 and1 are fuzzy sets inR defined
by 0(x) = 0 and1(x) = 1 for all x ∈ R. Obviously
fα(0∼) = U(0, α) = ∅ = L(1, α) = gα(0∼). Let
∅ 6= B ∈ I(R). For B∼ = (χB, χB) ∈ IFI(R),
we havefα(B∼) = U(χB, α) = B andgα(B∼) =
L(χB, α) = B. Hencefα and gα are surjective. ut
Theorem 22 The quotient setsIFI(R)/Uα and
IFI(R)/Lα are equipotent toI(R) ∪ {∅} for every
α ∈ (0, 1).

Proof: Forα ∈ (0, 1) let f∗α (resp.g∗α) be a map from
IFI(R)/Uα (resp. IFI(R)/Lα) to I(R) ∪ {∅} de-
fined by f∗α([A]Uα) = fα(A) (resp. g∗α([A]Lα) =
gα(A) ) for all A = (µA, λA) ∈ IFI(R). If
U(µA, α) = U(µB, α) andL(λA, α) = L(βB, α) for
A = (µA, λA) andB = (µB, βB) in IFI(R), then
(A,B) ∈ Uα and(A,B) ∈ Lα. Thus[A]Uα = [B]Uα

and [A]Lα = [B]Lα . This proves that the mapsf∗α
and g∗α are injective.

Now let ∅ 6= D ∈ I(R) andD∼ = (χD, χD).
Then obviouslyD∼ ∈ IFI(R),

f∗α([D∼]Uα) = fα(D∼) = U(χD, α) = D

and

g∗α([D∼]Lα) = gα(D∼) = L(χD, α) = D.
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Finally, for 0∼ we get

f∗α([0∼]Uα) = fα(0∼) = U(0, α) = ∅
and

g∗α([0∼]Lα) = gα(0∼) = L(1, α) = ∅.
This shows thatf∗α and g∗α are surjective. This com-
pletes the proof. ut

For anyα ∈ [0, 1], we define another relationRα

on IFI(R) as follows:

(A,B) ∈ Rα ←→ R
(α,α)
A = R

(α,α)
B .

Then the relationRα also is an equivalence relation
on IFI(R).

Theorem 23 For anyα ∈ (0, 1) the map
ϕα : IFI(R) → I(R) ∪ {∅}

defined byϕα(A) = R
(α,α)
A is surjective.

Proof: Let α ∈ (0, 1). Thenϕα(0∼) = R
(α,α)
A =

U(0, α) ∩ L(1, α) = ∅. For any H ∈ IFI(R),
there existsH∼ = (χH , χH) ∈ IFI(R) such that

ϕα(H∼) = R
(α,α)
A = U(χH , α) ∩ L(χH , α) = H.

So,ϕα is surjective. ut

Theorem 24 For any α ∈ (0, 1), the quotient set
IFI(R)/Rα is equipotent toI(R) ∪ {∅}.

Proof: Let α ∈ (0, 1) and let
ϕ∗α : IFI(R)/Rα → I(R) ∪ {∅}

be a map defined byϕ∗α([A]Rα) = ϕα(A) for all
[A]Rα ∈ IFI(R)/Rα.

If ϕ∗α([A]Rα) = ϕ∗α([B]Rα) for any [A]Rα ,

[B]Rα ∈ IFI(R)/Rα, thenR
(α,α)
A = R

(α,α)
B , i.e.,

(A,B) ∈ Rα. It follows that[A]Rα = [B]Rα so that
ϕ∗α is injective.

Moreover,ϕ∗α([0∼]Rα) = ϕα(0∼) = R
(α,α)
0∼ = ∅.

For anyH ∈ I(R) we considerH∼ = (χH , χH).
ThenH∼ ∈ IFI(R) and

ϕ∗α([H∼]Rα) = ϕα(H∼) = R
(α,α)
H∼

= U(χH , α) ∩ L(χH , α) = H.

This proves thatϕ∗α is surjective. ut

6 Conclusion
In the present paper we present the basic results on in-
tuitionistic fuzzy lefth-ideals of hemirings. It is clear
that the most of these result can be simply extended to
intuitionistic (S, T )-fuzzy left h-ideals, whereS and

T are given imaginable triangular norms. In our opin-
ion the future study of (intuitionistic) fuzzy ideals in
hemirings and semirings can be connected with(1) in-
vestigating semiprime and prime (intuitionistic) fuzzy
h-ideals;(2) finding intuitionistic and/or interval val-
ued fuzzy sets and triangular norms. The obtained re-
sults can be used to solve some social networks prob-
lems and decide whether the corresponding graph is
balanced or clusterable.
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