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Abstract: The firing squad synchronization prob-
lem has been studied extensively for more than forty
years, and a rich variety of synchronization algorithms
have been proposed. In the present paper, we give
a new optimum-time algorithm for synchronizing two-
dimensional cellular automata. Its state-efficient imple-
mentation is also given.
Key words: cellular automaton, firing squad synchro-
nization problem

1 Introduction

We study a synchronization problem that gives a finite-
state protocol for synchronizing a large scale of cellular
automata. The synchronization in cellular automata has
been known as a firing squad synchronization problem
since its development, in which it was originally proposed
by J. Myhill to synchronize all parts of self-reproducing
cellular automata [7]. The problem has been studied ex-
tensively for more than 40 years [1-18]. In the present
paper, we give a new optimum-time algorithm for syn-
chronizing two-dimensional cellular automata. The algo-
rithm can synchronize any two-dimensional array of size
m × n in optimum m + n + max(m,n) − 3 steps. Its
state-efficient implementation is also given.

2 Firing Squad Synchronization

Problem on Two-dimensional

Arrays

Figure 1 shows a finite two-dimensional (2-D) cellular
array consisting of m × n cells. Each cell is an identi-
cal (except the border cells) finite-state automaton. The
array operates in lock-step mode in such a way that the
next state of each cell (except border cells) is determined
by both its own present state and the present states of
its north, south, east and west neighbors. All cells (sol-
diers), except the north-west corner cell (general), are
initially in the quiescent state at time t = 0 with the
property that the next state of a quiescent cell with qui-
escent neighbors is the quiescent state again. At time
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Figure 1: A two-dimensional cellular automaton.

t = 0, the north-west corner cell C11 is in the fire-when-
ready state, which is the initiation signal for the array.
The firing squad synchronization problem is to determine
a description (state set and next-state function) for cells
that ensures all cells enter the fire state at exactly the
same time and for the first time. The set of states must
be independent of n. The tricky part of the problem is
that the same kind of soldier having a fixed number of
states must be synchronized, regardless of the size m×n
of the array. The set of states must be independent of m
and n.
The problem was first solved by J. McCarthy and M.
Minsky who presented a 3n-step algorithm. In 1962,
the first optimum-time, i.e. (2n − 2)-step, synchroniza-
tion algorithm was presented by Goto [1962], with each
cell having several thousands of states. Waksman [1966]
presented a 16-state optimum-time synchronization algo-
rithm. Afterward, Balzer [1967] and Gerken [1987] de-
veloped an eight-state algorithm and a seven-state syn-
chronization algorithm, respectively, thus decreasing the
number of states required for the synchronization. Ma-
zoyer [1987] developed a six-state synchronization algo-
rithm which, at present, is the algorithm having the
fewest states. Several synchronization algorithms on
2-D arrays have been proposed by Beyer [1969], Gras-
selli [1975], Shinahr [1974], Szwerinski [1982] and Umeo,
Maeda and Fujiwara [2002]. Beyer [1969] and Shinahr
[1974] first proposed an optimum-time synchronization
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Figure 2: Time-space diagarm for delayed firing squad
synchronization scheme based on the freezing-thawing
technique.

algorithm. Umeo, Maeda and Fujiwara [2002] developed
a 6-state synchronization algorithm for two-dimensional
arrays.

3 Delayed Synchronization

Scheme

First we introduce a freezing-thawing technique that
yields a delayed synchronization algorithm.

[Lemma 1] Let t0, t1, t2 and ∆t be any integer such
that t0 ≥ 0, t0 ≤ t1 ≤ n − 1, t1 ≤ t2 and ∆t = t2 − t1.
We assume that the right end cell of one-dimensional
array of length n receives a special signal from outside
at time t = t1 and t2. Then, there exists a CA that can
synchronize the array at time t = t0 + 2n − 2 + ∆t.

(Proof sketch) The array operates as follows:

1. Start an optimum-time firing squad synchronization
algorithm [1, 5, 6, 11, 17] at the left end of the ar-
ray. A 1/1-speed signal is propagated towards the

1 2 3 4 5 6 7 8 9 10 11

0 M L L L L L L L L L L

1 M C L L L L L L L L L

2 M C C L L L L L L L L

3 M C R C L L L L L L L

4 M C R B C L L L L L L

5 M C C B R C L L L L L

6 M C C R R B C L L L L

7 M C C R B B R C L L L

8 M C C C B R R B C L L

9 M C R C R R B B R C L

10 M C R C R B B R R B M

11 M C R C C B R R B A M

12 M C R B C R R B Q R M

13 M C C B C R B Q R Q M

14 M C C B C C Q R L Q M

15 M C C B R M R A Q Q M

16 M C C R Q M C L Q Q M

17 M C C Q Q M C C Q Q M

18 M C M M Q M C M M Q M

19 M M M M M M M M M M M

20 F F F F F F F F F F F

1 2 3 4 5 6 7 8 9 10 11

0 M L L L L L L L L L L

1 M C L L L L L L L L L

2 M C C L L L L L L L L

3 M C R C L L L L L L L

4 M C R B C L L L L L L

5 M C C B R C L L L L L

6 M C C R R B C L L L L

7 M C C R B B R C L L L

8 M C C C B R R B C L L

9 M C R C R R B B R C L

10 M C R C R B B R R B F5

11 M C R C C B R R B FB F4

12 M C R B C R R B FB FB F3

13 M C C B C R B FB FB FB F2

14 M C C B C C FB FB FB FB F1

15 M C C B R FC FB FB FB FB M

16 M C C R FR FC FB FB FB A M

17 M C C FR FR FC FB FB Q R M

18 M C FC FR FR FC FB Q R Q M

19 M FC FC FR FR FC Q R L Q M

20 FM FC FC FR FR M R A Q Q M

21 FM FC FC FR Q M C L Q Q M

22 FM FC FC Q Q M C C Q Q M

23 FM FC M M Q M C M M Q M

24 FM M M M M M M M M M M

25 F F F F F F F F F F F

Figure 3: Configuration for Balzer’s optimum-time firing
squad synchronization algorithm on n = 11 cells (above)
and its delayed version (∆t = 5, below).

right direction to wake-up cells in quiescent state.
We refer the signal as wake-up signal. A freezing
signal is given from outside at time t = t1 at the
right end of the array. The signal is propagated in
the left direction at its maximum speed, that is, 1
cell per 1 step, and freezes the configuration pro-
gressively. Any cell that receives the freezing signal
from its right neighbor has to stop its state-change
and transmits the freezing signal to its left neighbor.
The frozen cell keeps its state as long as no thawing
signal will arrive.

2. A special signal supplied with outside at time t = t2
is used as a thawing signal that thaws the frozen
configuration. The thawing signal forces the frozen
cell to resume its state-change procedures immedi-
ately. See Fig. 2. The signal is also transmitted
toward the left end at speed 1/1.

The readers can see how the two signals work. We can
freeze the entire configuration during ∆t steps and delay
the synchronization on the array for ∆t steps. It is eas-
ily seen that the freezing signal can be replaced by the
reflected signal generated at the right end cell at time
t = n − 1.
Note that the freezing signal must be given at latest at
time t = n − 1, otherwise some cells of the array will
fire before freezing operations. Figure 3 shows snap-
shots of configurations for Balzer’s optimum-time syn-
chronization algorithm on eleven cells (left) and its de-
layed version (∆t = 5, right). We refer the scheme
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Figure 4: Two-dimensional array of size m×n is regarded
as consisting of m rotated L-shaped 1-D array.

as freezing-thawing technique. In the next section, the
freezing-thawing technique will be employed efficiently in
the design of optimum-time synchronization algorithms
for two-dimensional cellular arrays. A similar technique
was used by Romani [15] in the tree synchronization.

4 Optimum-time Algorithm A
In this section we develop an optimum-time firing squad
synchronization algorithm A operating in m + n +
max(m, n)−3 steps for any array of size m×n. Without
loss of generality we assume that m ≤ n. We regard a
two-dimensional array of size m × n as m rotated (π/2
in counterclockwise direction) L-shaped one-dimensional
arrays. Each L-shaped array is denoted by Li, 1 ≤ i ≤ m.
Each Li consists of three segments. The length of each
segment is i, n − m, and i, respectively. See Fig. 4.

4.1 Segmentation and initiation of syn-
chronization process

At time t = 0 a two-dimensional array M has a General
on C11 and any other cell of the array is in quiescent
state. The General generates three signals sV , sD and
sH , each propagating at 1/1-speed in the vertical, diago-
nal and horizontal directions, respectively. The sV -signal
travels along the first column and reaches on Cm1 at time
t = m − 1. Then, it returns there and begins to travel
at 1/2-speed along the same first column towards C11.
When returning, it initiates the synchronization process
for the first segment of each Li. Thus a General for
synchronization is generated at time t = 3m − 2i − 1
for Li, 1 ≤ i ≤ m. The sD-signal travels along a diag-
onal line by repeating a zig-zag movement of going one
cell to the right then going down one cell. Each time it
visits Cii, it marks a special symbol to denote the begin-
ning of the second segment. The sH-signal also travels
along the first row at 1/1-speed and reaches at C1n at
time t = n − 1. Then it reflects there and returns the
same route at a 1/2-speed. Each time it visits a new cell

t=m-1

t=n-1

t=m+2n-3

t=3m-3

t=2m+n-3

1/1

1/1

1/2

1/2

1/1

Cm1 C11 Cn1C1 n-m. . . . .. . . . . . . . . .

1st column 1st row

Figure 5: Time-space diagram for the initiation of syn-
chronization operations for the 1st and 3rd segments in
Li, 1 ≤ i ≤ m. Signals shown in bold line initiate the
synchronization at every two steps.

again on the first row, it generates a General at time
t = 2m + n− 2i − 1 to initiate a synchronization for the
third segment on each Li, 1 ≤ i ≤ m. Note that the syn-
chronization process on the first and second segments
starts at the left end of each segment. On the other
hand, the synchronization process on the third segment
is started at the right end of the segment. In Fig. 5
we show a time-space diagram for the initiation of syn-
chronization operations for the 1st and 3rd segments in
Li, 1 ≤ i ≤ m. Signals shown in bold line initiate the
synchronization. The initiation for the second segment
will be described later.

4.2 Synchronization of Li

First we consider the synchronization process on Lm.
Figure 6 shows a time-space diagram for synchronizing
Lm. As was mentioned in the pervious section, the syn-
chronization of the first and third segments of Lm are
started at time t = m− 1 and t = n− 1, respectively. At
time t = 2m − 2 the first signal for the synchronization
of the first segment reaches at its right end and gener-
ates a freezing signal for the segment. Simultaneously,
it initiates synchronization on the second segments. The
freezing signal for the first segment propagates in left di-
rection at 1/1-speed. The wake-up signal for the second
and third segments meets Cmn at time t = m + n − 2,
where Cmn acts as both ends of the two segments. A
freezing signal is generated there for the second and third
segments. It propagates in right and left directions at
1/1-speed to freeze the synchronization operations on
the second and third segments, respectively. The freez-
ing signal for the second segment reaches at its left end
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Figure 6: Time-space diagram for synchronizing Lm.

at time t = 2n − 3, which generates a thawing signal
for the first segment at time t = 2n − 2. A new signal
is generated at time t = 2m − 2 by the left end of the
second segment. The signal, propagating in the right
direction at 1/2-speed, reaches at its right end of the
segment at time 2n − 2 and generates a thawing signal
for the third segment. See Fig. 6. As for the thawing of
the second segment, a similar new signal with 1/2-speed,
generated by the right end of the third segment at time
t = n − 1, initiates the generation of the thawing signal
at time t = 2m + n − 2 on its right end. Thus thawing
signals are generated at time t = 2n− 2, t = 2m + n− 2
and t = 2n − 2 for the 1st, 2nd and 3rd segments, re-
spectively. Synchronization operations on each segment
are delayed for ∆tmj , 1 ≤ j ≤ 3 such that:

∆tmj =




2(n − m) j = 1
m + 1 j = 2
n − m j = 3

(1)

The synchronization for the first segment is started at
time t = m − 1 and its operations are delayed for ∆t =
∆tm1 = 2(n − m) steps. Now letting t0 = m − 1,∆t =
∆tm1 = 2(n−m) in [Lemma 1], the first segment of Lm
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Figure 7: Time-space diagram for synchronizing Li.

can be synchronized at time t = t0 + 2m − 2 + ∆t =
m + 2n − 3. In a similar way, the second and the third
segments can be synchronized at time t = m + 2n − 3.
Thus, Lm can be synchronized at time t = m + 2n − 3.
Now we discuss the synchronization for Li, 1 ≤ i ≤ m.
Figure 7 shows a time-space diagram for synchronizing
Li. The wake-up signals for the three segments of Li are
generated at time t = m + 2(m− i) − 1, 3m− i− 2, and
n+2(m− i)−1, respectively. Generation of freezing and
thawing signals are done in a similar way as employed
in Lm. Synchronization operations on each segments are
delayed for ∆tij , 1 ≤ j ≤ 3 such that:

∆tij =




2(n −m) j = 1
i + 1 j = 2
n − m j = 3

(2)

The synchronization for the first segment of Li is started
at time t = t = m + 2(m − i) − 1 and its operations are
delayed for ∆t = ∆ti1 = 2(n − m) steps. Now letting
t0 = m +2(m− i)− 1,∆t = ∆ti1 = 2(n−m) in [Lemma
1], the first segment of Li can be synchronized at time
t = t0 + 2i − 2 + ∆t = m + 2n − 3. In a similar way,
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the second and the third segments can be synchronized
at time t = m + 2n − 3. Thus, Li can be synchronized
at time t = m + 2n − 3.
Figure 8 shows some snapshots of the synchronization
process operating in optimum-stpes on 5× 8 array. Now
we can establish the next theorem.
[Theorem 2] The algorithm A can synchronize any m×
n rectangular array in optimum m + n + max(m,n) − 3
steps.

5 Conclusions

We have proposed a new optimum-time synchronization
algorithm for two-dimensional cellular arrays. The algo-
rithm can synchronize any two-dimensional array of size
m × n in optimum m + n + max(m,n) − 3 steps.
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Step:0
1 2 3 4 5 6 7 8

1 G S S S S S S S

2 S S S S S S S S

3 S S S S S S S S

4 S S S S S S S S

5 S S S S S S S S

Step:1
1 2 3 4 5 6 7 8

1 XY X S S S S S S

2 Y S S S S S S S

3 S S S S S S S S

4 S S S S S S S S

5 S S S S S S S S

Step:2
1 2 3 4 5 6 7 8

1 XY X X S S S S S

2 Y XY S S S S S S

3 Y S S S S S S S

4 S S S S S S S S

5 S S S S S S S S

Step:3
1 2 3 4 5 6 7 8

1 XY X X X S S S S

2 Y XY X S S S S S

3 Y Y S S S S S S

4 Y S S S S S S S

5 S S S S S S S S

Step:4
1 2 3 4 5 6 7 8

1 XY X X X X S S S

2 Y XY X S S S S S

3 Y Y XY S S S S S

4 Y S S S S S S S

5 T61 S S S S S S S

Step:5
1 2 3 4 5 6 7 8

1 XY X X X X X S S

2 Y XY X S S S S S

3 Y Y XY X S S S S

4 Y1 S Y S S S S S

5 T62 TR S S S S S S

Step:6
1 2 3 4 5 6 7 8

1 XY X X X X X X S

2 Y XY X S S S S S

3 Y Y XY X S S S S

4 T61 S Y XY S S S S

5 T6 TR1 T6 S S S S S

Step:7
1 2 3 4 5 6 7 8

1 XY X X X X X X Y61

2 Y XY X S S S S S

3 Y1 Y XY X S S S S

4 T62 TR Y XY X S S S

5 T6 TR2 T_ TR S S S S

Step:8
1 2 3 4 5 6 7 8

1 XY X X X X X X1 Y62

2 Y XY X S S S S YR

3 T61 S XY X S S S S

4 T6 TR1 T6 XY X S S S

5 T6 TR T_1 TS T11 S S S

Step:9
1 2 3 4 5 6 7 8

1 XY X X X X X Y61 Y6

2 Y1 XY X S S S S YR1

3 T62 TR XY X S S S Y6

4 T6 TR2 T_ T71 S S S S

5 T6 TR T62 T_ T12 TRQ S S

Step:10
1 2 3 4 5 6 7 8

1 XY X X X X X1 Y62 Y6

2 T61 XY X S S S YR YR2

3 T6 TR1 T11 S S S S Y_

4 T6 TR T_1 T72 TRQ S S YR

5 T6 TR T6 T_1 T1 TR1 T6Q S

Step:11
1 2 3 4 5 6 7 8

1 Y1 X X X X Y61 Y6 Y6

2 T62 T71 S S S S YR1 YR

3 T6 TR2 T12 TRQ S S Y6 Y_1

4 T6 TR T_2 T7 TR1 T6Q S S

5 T6 TR T6 T_2 T1 TR2 T_ 4L

Step:12
1 2 3 4 5 6 7 8

1 T6 S X X X1 Y62 Y6 Y6

2 T6 T72 TRQ S S YR YR2 YR

3 T6 TR T1 TR1 T6Q S Y_ Y62

4 T6 TR T_ T7 TR2 T_ 44 Y_

5 T6 TR T6 T_ T1 TR T_1R 4L

Step:13
1 2 3 4 5 6 7 8

1 T6 TR X X Y61 Y6 Y6 Y6

2 T6 T7 TR1 T6Q S YR1 YR YR

3 T6 TR T1 TR2 T_ 4L Y_1 Y6

4 T6 TR T_ T7 TR T_1R 44 Y_1

5 T6 TR T6 T_ T1 TRR T_2 L6

Step:14
1 2 3 4 5 6 7 8

1 T6 TR T6 Y1 Y62 Y6 Y6 Y6

2 T6 T7 TR2 T_ 44 YR2 YR YR

3 T6 TR T1 TR T_1R 4L Y_2 Y6

4 T6 TR T_ T7 TRR T_2 44 Y_2

5 T6 TR T6 T_ T1K TR T_ L6K_

Step:15
1 2 3 4 5 6 7 8

1 T6 TR T_ 4L_K Y6 Y6 Y6 Y6

2 T6 T7 TR T_1R 44k_ YR YR YR

3 T6 TR T1 TRR T_2 4Lk_ Y_ Y6

4 T6 TR T_ TLk TR T_ 44KK Y4

5 T6 TR T6 T4 T1K TR T_ L6KK

Step:16
1 2 3 4 5 6 7 8

1 T6 TR TL 4Lk_ Y6 Y6 Y6 Y6

2 T6 T7 TRR TL2 44k_ YR YR YR

3 T6 TR T1K TR TL 4LKK YL YL

4 T6 TR TL TLk TR TL 44KK YR

5 T6 TR TL TR T1K TR TL 4LKK

Step:17
1 2 3 4 5 6 7 8

1 T6 T4 T6 4LKK Y6 Y6 Y6 Y6

2 T6 TLk T4 T6 44FF Y4 Y4 Y4

3 T6 T4 T1F T4 T6 4LKK Y6 Y6

4 T6 T4 T6 TLk T4 T6 44FF Y4

5 T6 T4 T6 T4 T1F T4 T6 4LKK

Step:18
1 2 3 4 5 6 7 8

1 F F F F F F F F

2 F F F F F F F F

3 F F F F F F F F

4 F F F F F F F F

5 F F F F F F F F

Figure 8: Snapshots of the synchronization process on
5 × 8 array.
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