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Abstract: We established a method of constructing the Dirac sequences. On the basis of this method we

construct some Dirac sequences with application in electrical engineering.
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1 Introduction

The theory of distributions (generalized
functions) represents a general and unitary
background regarding the mathematical
representation of some physical quantities and the
analysis of some discontinuous phenomena.

The Dirac sequences have important applications
in the representation of the physical quantities with
punctual support as well as in solving of boundary
value problems from mathematical-physics.

We mention that [4] and [7] have applied the
distribution theory in the mechanics of the
deformable solid and electrical engineering and also
application of Dirac sequences have been given by
[3], [1], [6], [5], [2] and other in the electrical
engineering.

We shall consider some application of the Dirac
sequences in  electrical  engineering  and

electrodynamics.

We shall denote by D(R") the Schwartz’s space
of indefinitely differentiable functions with compact
support, and by D'(R") the set of linear continuous
D(R"), named as

functionals defined on

distributions.

2 General results

Definition 1. Let f :R">R,e>0 be a
family of  locally integrable functions
( f, € L,()(,(]R")). We say that the functions f, form
a representative Dirac family or “Dirac sequence” if
in the sense of the convergence of D'(R") we have

lim £, (x) = 5(x). (1)
This means that V¢ € D(R") we have
lim(/,(x), p(x) = (5(x).0(0)) =00 (2)
If f, e C"(R"), then from (1) we obtain
lim D" /. (x) = D"5(x), G)
0 f.(x)5.erX,)

ox/' “ ?xf LLox”

partial derivative of order o« =a+..+a, of the
function 1 .

where D°f (x)= represents the

If the real function w,x € Ié" |is continuously in

the vicinity of the point a € R", then
w(x)6(x—a)=y(a)é(x—a), (4)

which represents the filtrant property of the Dirac

distribution S(x—a) e D'(R") concentrated at the

point a € R" . Particularly, we have xo(x)=0.

Continuous functions with certain properties
allow the construction of “the Dirac sequences”.
Thus, according to [4], p. 163 we can state

Proposition 1. Let feC'(R"), f:R" >R be
with the property J f(x)dx =1. Then, the family of

R

functions f,, &£ >0 having the expression
1
1= (T eriso. )
& &

form a “Dirac sequences”, hence lim f, (x) = 5(x).
>0 7

For f>0, we shall give the following
generalization of the proposition 1:

145


mailto:wwkecs@yahoo.com
mailto:antonela2222@yahoo.com

Proposition 2. Let g, :R" > R,&>0,g,(x) =
x—h(g)

=f(x— h(£))=— ( j, be a family of

functions, where #/(g) is a continuously function

with the finite limit ling h(e)=a and f>0. Then
£

we have

1 —h
limg, (x)=lim— f ( x—h(e)
£50 £50 g"

jz&(x—a). (6)
Proof. For any ¢ € D(R") we have
(£, (x=h(£)), p(x)) = (x h&)

] o(x)dx .

Making the change of Varlable x=cu+h(g),the
Jacobian of the transformation is

ooy
Ou, Ou, Ou,
O(x,5erx,) )
Ju)y=—"—"7"-"= e
o(uy,.ou,)
O, 0%, 0%
Ou, Ou, Ou,
and thus we have
(/. (x=h(&),0(x)) = j S @)p(au+ h(e))du =
(7
= [ fa[o(su+h(e) —(o(a)]du—i—(p(a),

where a =limA(e) .

&0

On the other hand since I fw)du=1 is finite
b

we have

(eu+h(e))—p(a)]du| <

[rale

< sup|(o(5u + h(g)) -
o

wherefrom on the basis of continuity of the function
o(su+h(g)) e D(R") it yields
p(a)]du

lim <0,
>0

[ r@[p(eu+n(e)-
hence

lim
&0

If(u)[¢(5”+h(5))—(0(a)]du =

Consequently, from (7) we have
lim (/, (x~h(£)),p(x)) = p(a) = (5(x —a). p(x)).
hence 1irr01fg (x - h(g)) =0(x—a).Q.E.D.
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Example 1. Let be the function f:R—> R,

f(@)=————5. We note that fe C'(R),
2(x" +1)
f(=x) = f(x) and we have
dx
j f(x)dx =2 j f(x)dx = j [

Makmg the substltutlon x=sinhu,u e R we
obtain

:tanhujzl.

j F(x)dx = j

Since the conditions from the proposition 1 are
fulfilled we obtain the Dirac sequences

1 X g
X)=—f|=|=——-,6>0,xeR,
S () gf(gj 2x7 + &%)

and thus we can write

cosh” u

2

hmf (x)= HI‘}W =0(x). (8

We consider the function 4(g) = vt = ct(1- 52)1/ 2
0 <& <1 where ¢>0,t >0 are constants.

We have limh(¢) =ct and he C*([0,1]).

£—0

On the basis of the proposition 2 it yields

2
&

hm J,(x—vt) =lim =0(x—ct).

o0 2|:(x —1t) +€2]3/2

We remark that the family of Dirac sequences

2
&

f.(x=vt)= ,e>0,xeR, (9
2 x-vty+&7]" )
is used in electrodynamics [2] to the study of the
electric and magnetic fields generated by a point
charge g of mass m moving with constant velocity v
along the x axis, if the particle is at the origin (0,0,0)
at =0.
Example 2. Let ¢ : R — R be a function, where

1 1 1
2Ina \/x2+1 \/x2+a2
We note that g € C°(R), g(—x) = g(x) and thus
we have

K 1 5 1 1
_H[g(x)dx=2.(|:g(x)dx=lna j ( N W}zx

g(x)=

J,a>0,a #1.(10)
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J- dx :lner\/xz+a2

Since +C  we
VX' +a? a
. 1 x+x+1
obtain J. g(x)dx = Ina =1.
R Ina x+Nx’ +d’
Consequently, the function g satisfies the

conditions of the proposition 1, hence the family of
functions

) 1 (xj 1 1 1

gg X)= —g — | = — 5
€ \&) 2lna \/x2+82 \/x2+a282

represents a Dirac sequences. Thus, we can write

1 1 1
hm g, (x)=——Iim - =0(x).

21n g -0 \/xz e \/xz_i_azgz
Appling the proposition 2 we obtain
. 1 1
limg (x—vt)= lim -
&0 2lng -0 \/(x Vt) +8

- ! =0(x—ct).

Jx—vt)’ +a’e?
We remark that this result was used in [1]
regarding the study of the gravitational field of a
massless particle in general relativity, when v — ¢ .

Example 3. We consider the function
1
f:R >R, where f(x)— >
2 cosh” x

Obviously, feC’(R) and f(-x)= f(x). We

=tanh x|: =].

have [ f(x)dxz?.]i f(x)dxz]c.

, cosh” x

Since the conditions of the proposition 1 are
satisfied it results that the family of functions

1
f(x)—zg

,xeR,e>0,

cosh® =

g
represents a Dirac sequence. Consequently, we can
write the relations

1 1
lim f (x) = lim— - 5(x), (11)
&0 &0 28 X

2
cosh” —
&

1 1
hmf (x—ct)=lim—

=0(x—ct).(12
im —= S(x=ct) (12)

cosh? r-a
£

The study of electromagnetic wave pulses [3]

uses the formula (11) and (12) substituting

1
e=—,neN.
n
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Thus, we have

n
lim— =0(x),
1> 2 cosh’ nx )
1
lim 2~ = §(x —c).

e 2 cosh’ n(x —ct)

We remark that the Dirac sequence £/ (x)=

=———>—,neN is obtained from the functions
2 cosh”nx

1
sequence H, (x)=5(1 +tanhnx),neN, by differen-

;—hn ()C) .

tiation. Indeed, we have H' (x)—— 5
2 cosh'n

3 Applications in electrodynamics

Let ¢ be a point electrical charge in vacuum
placed at the origin of the orthogonal reference
Oxyz . If at the point M # O 1is placed an electrical

charge +1, then according to Coulomb law, the force
which acts on the charge +11is

1 -
E= 1 —2 E= —,r= OM—«/x +y*+z, (13)
4re, 47[5 r
where &, represents the dielectric constant of

vacuum.
By  definition, the wvectorial function

E:R’\{0} >R’ given by the formula (13) is
named the intensity of the -electrostatic field
corresponding to point electrical charge ¢ placed at
the origin of the reference Oxyz .

We note that the vectorial function E is a locally
integrable function, since VQ c R’, the integral

d . . .
I—:, dv = dxdydz exists and it is finite.
r

Consequently, the intensity E of the electrical
field generates a function type distribution from
D'(RY).

By definition, the function ¥V :R’\{0} >R

given by the formula
VXYY 2, (14)

is named the electrostatic field potential

corresponding to the charge ¢ placed at the origin.
The potential function V, is also a locally

integrable function which determines a function type

distribution from D'(R’).

1
Vix,y.z)=—->L r=

dre, r
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Between the intensity £ of the electrostatic field
and the potential V we have the relation

E =—gradV . (15)
Generally, if we denote by p the volume density
of the electrical charge, represented by a distribution

from D'(R*) and with V the field potential, then the
quantities E,V, p considered distributions from

D'(R?) satisfy the Poisson equation

AV =-£, (16)

2

hence divE = —div(grad V) =-AV = ﬁ.
gO
The Eqgs. (15) and (16) considered in the
distributions space constitute the fundamental
equations of the electrostatics.

We remark that the Eqgs. (15) and (16) can be

particularly applied on R or R’. In these cases p
represents the linear and the surface density of the
electrical charge, respectively.

We will study the case when the electrical charge
g is moving linear with constant velocity v.

Let ¢ be a point electrical charge of mass m
moving with constant velocity v along the x axis.
We admit that the electrical charge ¢ at =0 is at

the origin O € R’. Then [2], the electric field E and
the magnetic field B at any point M(x,y,z) and
time ¢ > 0 have the expressions

E= y—?[(x—vt)f+yj+zl€] , (7
dre, v

s _ My rqvr = -

B=—""—"|—-zj+yk |, (18)
Az I: Iy ]

where
2 \Y2
yz[l—v—zj o=y (=) +y + 27, (19)
c

and u, represents the magnetic permeability of

vacuum.
From (18) and (19) we obtain
B =(u,e,)vi xE . (20)
From above it results that the magnetic field B is
perpendicular on the i direction of the axis x and
also on the electric field E .
A very important problem is the behaviour of the
electric and magnetic fields when v — ¢, ¢ being

the speed of light in vacuum.
The limit case v — ¢ is equivalent with y — .

From the expressions of the fields £ and B it
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results that imE and limB don’t exist in the

Y>> y—®©
classical sense.

We shall show that these limits exist in the
generalized sense that means in the distributions
space.

Since the electrical charge ¢ is moving along the
Ox-axis with constant velocity v, the coordinates y

and z being constants, the quantities £ and B are
vectorial distributions with components from D'(R)

with respect to the variable x.
From (17) and (18) it results that

E =timE=—1[(x—co)i + yj + =k Jlim L, (21)
v 47[50 voe p
B =1imB =22 G4 i JimZ.  (22)
472' vV—C ]/'

v—e

Proposition 3. Denoting p’ =y’ +z" >0 we
have

2
lim % = lim £ = = 5(x—cr). (23)
v—C v Yoo p p

Proof. Taking into account (19) we have
4 4

I”_3: 20 N2, 2 V2 2 Y2
[ 7 (x—vty'+p° ] , [(x_w)z P }

. (29
)
,02
Denoting —- = &’ and since y — 400 it results

e—0.
Thus, the expression (24) becomes

/4 1 g
—= e>0.

r _?[(x—vt)2 +52]3/2 ’

Consequently, on the basis of the formula (10)
we have

2

1
limZ = lim £ = —lim e
voe p yo® p Y2, &0 I:(X—Vt)z +6‘2:|
2
=—F0(x—ct).
P

Q.E.D.
Applying this result and taking into account (21)
and (22) we obtain

E =lim E=—1
voe 4re

s
I:(x—ct)i +yj+zk]—25(x—ct) ,
0

0

" " L2
B =limB =T G 1 yk | = s(x—cn),
: 4 y2)

where p* =y’ +2°.

148



Since uo(u)=0, it results that

(x—ct)o(x—ct) =0 and thus we can write

ElzlimE: %5(x—ct)(yf+zl€),
v—c 27[(90 Yol

_ _ 1 o
B =limB = w—zé'(x—ct)li—zj +yk].
v 272' p

Between the fields E, and B, we have the

relation

B = ,uogocf X El ,

which shows that the magnetic field B, is
perpendicular on Ox-axis direction as well as on the
electric field E, .

Taking into account the results shown in [3], the

. n .
Dirac sequence 4 (x—ct)=— is used

2 cosh’(x —ct)
for studying the electromagnetic wave pulses.

Thus, the electric fields of three pulses are given
by the expressions

E (x,t) = Ah (x —ct),

E,(x,t) = Bh (x—ct),

E, (x,t) =Ch'(x —ct).
The energy density of a plane electromagnetic
wave in vacuum is given by W =g E’> which

obviously is written using the generalized functions
h (x—ct),h (x—ct),h(x—ct).

4 Conclusions

The distributions theory constitutes the adequate
mathematical tool in the representation of the
physical quantities and in the study of some
phenomena with discontinuities.

The Dirac sequences allow the study of some
physical quantities such as electric and magnetic
fields, when the charges have the velocity which
tends to the light speed.

These limit cases when v — ¢ don’t exist in the
classical manner, but in the generalized manner of
theory of distributions.
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