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Abstract: - This paper is an approach methodology of programming language, considerate like a tuple  
L= 〈Sem, Syn, l: Sem → Syn〉. The definition of a programming language provides a working mechanism 
for the development of language processing tools. A language processing environment is a set of 
integrated tools that support the three tasks of computer language processing: specification, 
implementation and usage. The development the tools that belong to a language processing environment 
requires language specification mechanisms that define formally all components of a programming 
language, the syntax, the semantics, and their association, by the same specification rules. The results 
presented here have as initial point [7], [8], [9].  
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1 Introduction 
Definition 1: Language L  is defined as the tuple  

L = 〈Sem, Syn, l: Sem → Syn〉 
where Sem is a ∑-algebra which is the language 
semantic, Syn is a ∑ word algebra which is the 
language syntax, and l is a partial mapping called the 
language learning function. l maps semantic 
constructs in Sem to their expressions as a syntactic 
constructs in Syn such that there exists a 
complementary homomorphism ε  :Syn →  Sem, 
called the language evaluation function, that maps 
expressions in Syn to their semantic constructs in 
Sem. When a programming language is defined in 
this manner, the carrier sets in the semnatics Sem 
contain the valid computations of the language and 
the words in the syntax. Syn are the expressions of 
the computations. l is a mechanism that allows a 
programmer to learn to express computations in Sem 
by a symbolic construct in Syn such that for any 
computation c∈ Sem, ε  (l (c)) = c.  
The evaluation function is related to the ability to 
express computation by the identity l ° ε  = 1Sem,  
where 1Sem  is the identity map on Sem.  
A language specification rule formally describes 
elements of Syn, Sem and the relationship between 
them. Equations of the form r: A0 = toA1t1A2t2….Antn
called BNF notation [6] are used as specification 
rules, where Ai, 0 ≤ i ≤ n, are parameters and ti, 0 ≤ i 

≤ n, are fixed strings. For a given specification rule 
nntAtAtAtAr ...: 221100 = ,  is the left hand side 

of the rule and is denoted by and 
 is the right hand side of the 

rule and is denoted by . We assume here that a 
programming language is specified by a finite set, R, 
T is a collection of fixed strings used by rules in R 
and 

0A
)(rlhs

nnn tAttAtAt 122110 ... −

)(rrhs

eTNW ,;o∪=  is the semigroup associative 
of words with unity e generated by concatenation o  
over the alphabet . TN ∪
For a set of specification rules R the syntax algebra, 
Syn(R) is unique, while the semantic algebra, Sem(R) 
may be a language user choice. The algebraic models 
of language processing requires both Syn(R)  and 
Sem(R) to be specified by concrete notation. Since 

 is unique, the major problem rests with the 
notation used to express . 

)(RSyn
)(RSem

 
 

2 The algebraic model of the syntax  
Definition 2: The syntax model of language 
specified by R is: 

[ ]{ } [ ]{ }RrrNAARSyn nn ∈∈= ,)( , 

where [ ] NAA nn ∈,  and [ ] , are the syntax 
interpretations of the specification rules and are 

Rrr ∈,
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defined as follows:      
- Each parameter  is interpreted as a 

family of well-formed expressions called 
syntactic domain, denoted by . 

NAn ∈

[ ]nA
- Each rule  is 

interpreted as an algebraic operation 
 which constructs the 

elements  from the 
elements , with , by the 
rule:

nnn tAttAtArRr 11100 ...:, −=∈

[ ] [ ] [ ] [ ]01 ...: AAAr n →××
[ 00 Aw ∈ ]

[ ]ii Aw ∈ ni ≤≤0

[ ]( ) nnnn twtwtwtwwwwr 12110021 ...,...,, −== . 
The specification rules of a simple language are 
illustrated in Table 1: 
 
 State = Ident “:=” Expr 
State = “if” Expr “then” State “else” 
State “fi” 
State = “while” Expr “do” State “od” 
State = B1 
State1 = State 
State1 = State “;” State1 
IdentCt1 = Ident Type 
IdentCt1 = IdentCt 
IdentCt1 = IdentCt “;” IdentCt1 
B1 = “begin” IdentCt1 “;” State1 “end” 

 
 

Table 1 
 

The model of syntax algebra of the language 
specified by the rules in Table 1 is:  

[ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ] [ ][ ] [ ][ ] ;

1,1,
,1,,,,

)(
⎭
⎬
⎫

⎩
⎨
⎧

=
BIdentCtIdentCt

SlateStateTypeExprIdent
RSyn  

[ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ]{ }10987654321 ,,,,,,,,, rrrrrrrrrr . 
 
The syntax interpretation (domain) of the parameters 
used in these rules is defined by the equations in 
Table2: 
 

  
 
 

Table 2 

[ ] p
[ ] =Expr set of expressions generated by identifiers and 
constants; 
[ ] =Type set of given (predefined or defined) type names; 
[ ] [ ] [ ]{ }ExprrIdentidentridentState ∈∈== exp,exp:  

          
[ ] [ ]{ }

[ ] [ ]{ }
[ ]

[ ] ;
11

,11
1;1

,

,

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈
∈

∪

∈∈∪

∈∈∪

Statestate
IdentCtidentct

endstateidentctbegin

StatesExpreodsdoewhile

StatesExprefiselsestheneif

 

[ ] [ ] [ ] [ ]{ };1,;1 StatetStatehthStateState ∈∈∪=  

[ ] [ ] [ ]{ };, TypetIdentiitIdentCt ∈∈=  
[ ] [ ] [ ] [ ]{ };1,;1 IdentCttIdentCththIdentCtIdentCt ∈∈∪=  
[ ] [ ] [ ]{ };11,111;1 StatesIdentCtiendsibeginBl ∈∈=  

 
where operations [ ]1r  through [  are provided by 
the syntax interpretation of the specification rules 
defined by equations in Table 3.  

]10r

Syntax interpretation of the rules in Table 1: 
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ];111:

;11:
;1:

;:
;11:

;1:
;1:

;:
;:

;:

10

9

8

7

6

5

4

3

2

1

BStateIdentCtr
IdentCtIdentCtIdentCtr

IdentCtIdentCtr
IdentCtTypeIdentr
StateStateStater

StateStater
StateBr

StateStateExprr
StateStateStateExprr

StateExprIdentr

→×
→×

→
→×
→×

→
→

→×
→××

→×

 

 
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ] endsibeginsir

ththr
iir

titir
ththr

ssr
bbr

odsdoewhileser
fiselsestheneifsser

eidentridentr

1;1)1,1(
;),(

)(
),(

;),(
)(
)(

),(
),,(

:)exp,(

10

9

8

7

6

5

4

3

21212

1

=
=

=
=
=

=
=
=

=
==

 

 
Table 3 

 
Fact 1:  is embedded in the semi group )(RSyn

ε,;oTNW ∪=  by derived operations. A 

component relation, , can now be defined by: Syn≤
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for all ,  if ')(', RSynww ∈ 'ww Syn≤ ww =  or 

there is Rr ∈  such that  and 
 for some , 

[ ]( )kwwrw ,...,' 1=

iSyn ww ≤ i ki ≤≤1 . 

 
 
3 The algebraic model of the semantics 
Definition 3: The semantic algebra of language 
specified by R is 

[ ][ ]{ } [ ][ ]{ }RrrNAARSem nn ∈∈= ,)( , where 

 and , are the semantics 
interpretations of the parameters and specification 
rules and are defined as follows: 

[ ][ ] NAA nn ∈, [ ][ ] Rrr ∈,

- Each parameter  is interpreted as a 
family of computations called semantic domain, 
denoted by ; 

NAi ∈

[ ][ ]iA
- Each rule  is 

interpreted as an algebraic operation 
 which 

constructs the elements  from the 
elements , with , by the rule: 

. 

nnn tAttAtArRr 11100 ...:, −=∈

[ ][ ] [ ][ ] [ ][ ] [[ 01 ...: AAAr n →×× ]]
]

]
[ ][ 00 Ac ∈

[ ][ ii Ac ∈ ni ≤≤0
[ ][ ]( ) 021 ...,,, ccccr n =

The computations expressed in this language are 
machine-independent. Each computation is however 
specified in terms of three generic elements [8]: an 
universe of discourse defined by a collection of 
types, a state defined as a mapping assigning values 
of types given in the universe to a finite set of terms 
(variables and constants), and a state transition that 
maps the state before computation into the state after 
computation. The universe of types contains the type 
computation process whose values are processes 
performing given computation. We assume that a 
computation operates on a set D of typed data 
variables and constants, that denote values in the 
universe of types, and a set C of control variables 
and constants that denote processes in the universe of 
types. To simplify presentation we use here only two 
control variables denoted by  which identifies a 
computation process before its execution, and  that 
identifies a computation process after its execution. 

↑
↓

A machine independent computation is a sequence of 
transitions 

..,,...,, 1121
112211 ⎯⎯→⎯⎯→⎯⎯⎯→⎯⎯→⎯⎯→⎯ +−
++

iii
iiii TTTT τττττ σσσσ  

The initial state of a computation is a state whose 
variables and constants satisfy an initial condition: 

{ } { ;,,: falsetrueD →↓↑∪Θ } the final state of a 

computation in a state whose variables and constants 
satisfy a final condition: 
 { } { }falsetrueD ,,: →↓↑∪Φ . 
 To construct the algebraic model of the semantic we 
first observe that computational interpretation of 
parameters N used in R is one of: type, state and 
mapping. Type parameters represent families 
of sets 

Nt∈
[ ][ ]( ) Nttt ∈=ν ,)( ; state parameters N∈σ  

represent functions mapping sets of names (of 
variables and constants), D, to values in the universe 
of their types, [ ][ ]( ) ;,: NttD ∈→σ  mapping 
parameters N∈τ  represent state-transitions, 
mapping functions [ ][ ] NttDtt ∈→σ ,:  into 
functions [ ][ ] NttD tt ∈→σ ','':' '' . These 
interpretations of the parameters in N can be unified 
as transitions, as follows: 

[ ][ ]

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=

→⎯→⎯→
=

→⎯→⎯→
=⎯→⎯

=

tiontransformap

tDttDt
statep

tDttDt
typeppp

p

,)(:,)(:,

,)(:,)(:,
,,,

'''' νσνσ

νσνσ
φφ

τ

ι

ι

 

The rules nnn sAssAsArRr 11100:, −=∈ K  are 
interpreted as computation steps. For the example 
given in Table 1 the semantic domain specification is 
shown in Table 4: 
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 [ ][ ] [ ]
[ ][ ] ( ) ( )

[ ][ ]
[ ] [ ][ ]

[ ][ ] ( )
( )

( )
( )

( )
( )
[ ] [ ][ ]

[ ][ ] ( )
( )

( )
( )

( )
( )
[ ]
[ ][ ] [ ][ ] ( )
( )

( )
( )

( )
( )
[ ] [ ][ ]

[ ][ ] ( )
( )

( ) ( )↑⎯→⎯↓

↓⎯→⎯

↑∪

==∈∀
↑⎯→⎯

↓

↓⎯→⎯

↑

↑⎯→⎯

↑∪=

=∈∀
↑⎯→⎯

↓

↓⎯→⎯

↑

↑⎯→⎯

↑∪

==∈∀
↑⎯→⎯

↓

↓⎯→⎯

↑

↑⎯→⎯

↑∪

==∈∀
=/=

↓=⎯→⎯=↑∪

==∈∀=
=

odsdoewhileDodsdoewhileD
odsdoewhileD

odsdoewhileDState
falseeodsdoewhilewStatew

odsdoewhileD
odsdoewhileD

odsdoewhileD

odsdoewhileD
odsdoewhileD

odsdoewhileDStatetruee
odsdoewhilewStatew

fiselsestheneifD

fiselsestheneifD
fiselsestheneifD

fiselsestheneifD
fiselsestheneifD

fiselsestheneifDState

falseefiselsestheneifwStw
fiselsestheneifD

fiselsestheneifD
fiselsestheneifD

fiselsestheneifD
selsestheneifD

fiselsestheneifDState
trueefiselsestheneifwStw

eelseidentxifxx
eidDeidentDState

theneidentwStwState

e

s

e

s

e

s

e

,','
,'

,
thenandif

,"
,"

,"

,'
,'

, then   and
if

,"

,"
,"

,'
,'

,

then and if
,"

,"
,"

,'
,'

,
then and if

)()('where
:,':,

:if

21

21

21

21

21

21

21

21

21

21

21

21

21

21

2

1

:

ι

τ

ι

τ

τ

ι

τ

τ

ι

τ

τ

τ

σσ

o

o

o

o

o

o

o

 

Table 4  

 
We illustrate the construction of model algebra 
Sem(R) using the specification rules given in Table 
1, assuming that  is the universe of names, 

 is the universe of values, and  is the 
set of types. For ,  and 

[[ Ident]]
]] ]]

]
[[ Expr [[Type

[ ]Identx∈ [Expre∈ [ ]Typet∈  
we denote with ,  and , respectively, the 
corresponding transitions in , 

xτ eτ tτ
[ ][ ]Ident [ ][ ]Expr , 

[ ][ ]Type , respectively. In addition, [ ][ ] [ ][ ]Expre ∈  is the 
value of the expression e computed to current state, 
replacing each variable that occur in e with its value 
in the current state; [ ][ ]State  is shown in Table 4.  
The semantic algebra of the language specified by 
the rules in Table 1 is: 

[ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ] [ ][ ] [ ][ ] ;

1,1,
,1,,,,

)(
⎭
⎬
⎫

⎩
⎨
⎧

=
BIdentCtIdentCt

SlateStateTypeExprIdent
RSem

[ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ]{ }ι,,,,,,,,,,, 10987654321 orrrrrrrrrr , 

where the operations  through [ ][ ]1r [ ][ ]10r  are in 
Table 5. 
Fact 2: Sem(R) is embedded in the semi group 
[ ][ ]{ } ι∈ ,,oNAA  by derived operations. 

The semantic interpretations of the rules in Table 1 
are shown in next table: 
 
 [ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ]( )

[ ][ ]
[ ][ ] [ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ]( ) [ ][ ]
[ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ]( ) [ ][ ] ( )( )
[ ][ ]

[ ][ ] [ ][ ] [ ][ ]
[ ][ ]( )
[ ][ ] [ ][ ] [ ][ ]
[ ][ ]( )
[ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ]( )
[ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ]( )

[ ][ ] [ ][ ] [ ][ ]
[ ][ ]( )
[ ][ ] [ ][ ] [ ][ ] [[ ]
[ ][ ]( )
[ ][ ] [ ][ ] [ ][ ] [ ][ ]
[ ][ ]( ) 212110

10

21219

9

8

8

7

7

21216

6

5

5

4

4

1

33

3

21212

2

1

1

,
;111:

,
;11:

;1:
,@

),(,
;:

,
;11:

;:

;1:

,,
;:

,,
;:

,

),(,

;:

ττττ

ττττ

ττ

ε

εσττ

ττττ

ττ

ττ

τ
ττττττ

τττττ

σττ

τ

τ

o

o

o

oo

=
→×

=

→×

=

→

→→

→=

→×
=

→×

=
→

=
→

=
=

→×

==
→××

↓→→

↑→=

→×

r
BStateIdentCtr

r
IdentCtIdentCtIdentCtr

r
IdentCtIdentCtr

x

xxr
IdentCtTypeIdentr

r
StateStateStater

r
StateStater

r
StateBr

elsetrueeif
rr

StateStateExprr
elsetrueeifr

StateStateStateExprr

eex

exxr

StateExprIdentr

t

tx

ee

e

ex

t

e

 

]

Table 5 

 
A component relation, , on Sem(R) can now be 
defined by: for all transitions 

Sem≤

 , 

,  

( ) ( ↓→↑=τ
τ

wDTwDT
w

,',',, 11111 )
)( ) ( ↓→↑=τ

τ

',','',, 22222

'

wDTwDT
w
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21 τ≤τ Sem  if ( )ιτ=τ ,,' oww E . 

Note that if  then . If we 
denoted by  the expression of the computation 
performed by a transition 

[ ]ww∈' 'wSemw τ≤τ
)(τw

τ  then we can see that  
 implies  and vice-

versa. 
)()( 21 τ≤τ ww Sem 21 τ≤τ Sem
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