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Abstract: We propose an algorithm for solving stochastic nonlinear ordinary differential equations with random 
coefficients. This algorithm is based on stochastic linearization and solution of the linearized equation by stochastic 
finite element method. The deterministic coefficient of the nonlinear term is divided into n levels and the 
coefficient of the linearization at each level depends on the moments of the solution at the previous level. 
Numerical examples are illustrated to choose the optimum n levels for each problem. 
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1 Introduction  
The stochastic problem can be modeled as a 

differential or integral equation, linear or nonlinear 
[1]. The objective of solving a stochastic differential 
equation is to obtain the different moments of the 
solution process and to identify its transition 
probability density function. For nonlinear problems, 
approximate methods should be introduced to have 
an approximate form for the moments of the solution 
process. For example: the stochastic averaging [2-4], 
stochastic linearization [5-7], Adomian's 
decomposition method [8,9] and stochastic finite 
element method [10-13]. In this paper, the stochastic 
nonlinear ordinary differential with stochastic 
coefficient is replaced by multi-levels linearized 
equations. The linearized equation is solved using 
stochastic finite element method based on 
discretizing the stochastic coefficient by Karhunen-
Loeve expansion and projecting the solution on two 
dimension-first order chaos polynomials. 

 
 

2 Random Field 
2.1 Definition 

A random field can be viewed as the spatial 
extension of a random variable. In fact, it describes 
the spatial correlation of structural parameters that 
randomly fluctuate. The random field ( ),V x θ  is 

defined by its mean function ( )E x  and its 

covariance function 

                          ( ) ( ) [ ]( ) ( ) [ ]( )1 2 1 1 2 2, , ,C x x E V x E x V x E xθ θ = − −
      (1)                     

The θ  dependence suggests the randomness. For 
instance, the first order autoregressive field (Markov 
process) is often used in numerical applications. Its 
covariance function is given by 

     ( ) ( )1 22
1 2 1 2

,
, exp , 0 ,v

cor

d x x
C x x x x L

l
σ

 
= − ≤ ≤  

 
           (2)                             

             where ( ).,.d  is an appropriate distance measure, 2
vσ  

is the point variance of the field and corl  is its 
correlation length. 
 
 
2.2 Karhunen-Loeve Expansion 

 The use of Karhunen-Loeve (K-L) expansion 
with orthogonal deterministic basis functions and 
uncorrelated random coefficients gained interest 
because of its bi-orthogonal property that is both the 
deterministic basis functions and the corresponding 
random coefficients are orthogonal. Let ( )xω  

denotes the mean value of  ( ),xω θ  and ( )1 2,C x x  

denotes its covariance function which is bounded and 
positive definite. It has spectral decomposition as, 

( ) ( ) ( )1 2 1 2
1

, ,n n n
n

C x x f x f xλ
∞

=

=∑                             (3)                                                           

where nλ  and ( )nf x  are the eigenvalues and the 

eigenvectors of the covariance kernel, respectively. 
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They are the solutions of the homogeneous Fredholm 
integral equation of second kind given by,          

      ( ) ( ) ( )1 2 1 1 2, .n n n

D

C x x f x dx f xλ=∫                            (4)                                                                                

       Clearly, ( ),xω θ  can be written as, 

       ( ) ( ) ( ), ,x x xω θ ω α θ= +                                             (5)                                                                                                       

where ( ),xα θ  is a process with zero mean and 

covariance function ( )1 2,C x x . Finally, the K-L 

decomposition of the field ( ),xα θ  is given by, 

( ) ( ) ( )
1

, ,n n n
n

x f xα θ ζ θ λ
∞

=

=∑                                (6) 

where ( )nζ θ  is a set of uncorrelated random 

variables. For example, the eigenfunctions of the 
exponential covariance described in (2) will be in the 
form: 

( ) ( )
( )

(2 ) 1 (2 )
1 1 ( )

2 2 2 2

2
2

Cos x Sin x
f x

Sin Sin
Sin

i i i
i

ω ω ω

ω ω ω ω
ω ω

+=
   + + − +   
   

,     (7)                                                                     

where iω is the solution of nonlinear equation 

( )22 ( ) 1 ( ) 0Cos Sinω ω ω ω+ − = ,                               (8)                                                                                         

Then, the eigenvalues becomes 
22 2i

vi i

λω σ
λ
−=                                                         (9)   

                                                                                          
                                                                                                            
2.3  The Chaos Polynomials 

The chaos polynomials are a particular basis of 
the random variables space based on Hermite 
polynomials of independent standard random 
variables 1ζ , 2ζ , ……,ζ ∞ . Classically, the one 
dimension Hermite polynomials are defined by 

1
12
2

2
2( )

( ) ( 1) .

xn xn
n n

d e
h x e

dx

−

= −                               (10)  

The multivariable Hermite polynomials can be 
defined as tensor product of Hermite polynomials. 
Consider the multi-index, 

{ }1,....., 0, 1:m i i mα α α α= ≥ =                           

The multivariable Hermite polynomials associated 
with this sequence are: 

1

( )
M

i
i

iH hα α ζ
=

=∏                                                                                                                                                                                                                     

Finally, any random variable ( )k θ  with finite 

variance can be expressed as  

0

( ) ( )i i
i

k a Hθ ζ
∞

=

=∑                                           (11)                                             

where ia are deterministic constants and iH are 
enumeration of the Hα . The expansion is convergent 
in the mean square sense. In the application of chaos 
polynomials, one problem is to select the number of 
random variables and the order of chaos polynomials. 
The number of random variables can be selected 
according to the K-L expansion, but no formula can 
be utilized for selecting the order [14].  
 
 

3  Stochastic Nonlinear Ordinary 
Differential Equation 
Consider the following stochastic nonlinear 

ordinary differential equation 

( ) , 0mLU U f x x Lε+ = ≤ ≤ ,                            (12)                                         

where L  is a stochastic linear differential operator, 
ε  is an arbitrary parameter and m  is a positive 
integer. The corresponding equivalent linearization 
equation is [12] 

( ). , 0equLU U f x x Lα+ = ≤ ≤ ,                            (13)                                                          

where .equα  is the equivalent linearization coefficient 

which can be found by minimizing the expectation of 
the mean square error. The error caused by the above 
replacement is 

.
m

equU Uε αΦ = − , 

Minimizing the mean square error, we get 
1

. 2

m

equ

E U

E U
α ε

+ 
 =
 
 

.                                                (14)                                                   

Then the stochastic finite element method is 
employed to calculate the moments of the solution 
process [15]. Let the solution be projected on 2-
dimension-first order chaos polynomials, so the 
response at every node i  of the finite element mesh 
will be in the form: 

0 0 1 1 2 2i i iiU a H a H a H= + + , 
if 3m = , then we need to calculate 2iU  and 4

iU ; 
2 2 2 2 2 2 2

0 0 1 1 2 2 0 1 0 1 0 2 0 2

1 2 1 2

2 2

2
i i i i i i i

i i

iU a H a H a H a a H H a a H H

a a H H

= + + + +

+
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iU a H a H a H a a H H a a H H

a a H H a a H H a a H H

a a H H a a H H a a H H

a a H H a a a H H H

a a a H H H

= + + + +

+ + +

+ + +

+ +

+ + 2 2
2 1 0 2 1 0i i

a a a H H H

So the required moments at each node i of the mesh 
are: 

2 2 2 2
0 1 2i i iiE U a a a  = + +  ,                                          (15)                                                                               

4 4 4 4 2 2 2 2 2 2
0 1 2 0 1 0 2 1 26 6 6

i i i i i i i i iiE U a a a a a a a a a  = + + + + +  . (16)                                                          

At this stage we know the second and fourth 
moments at every node of the mesh. Then .equα  can 

be evaluated with the hint of the following proposed 
approach. 
 
 
3.1  A Proposed Approach  

1) Divide the ε  value to n  levels such that 

    n n
εε δ δ= ⇒ =                                          (17)                                                                                                                               

2) Solve the stochastic linear differential equation 
     ( )LU f x= ,                                                     (18)                                                

and evaluate the second and fourth moments of 
the solution process using equations (15) and 
(16). 

3) Transform the nonlinear equation 

     ( )3LU U f xδ+ = ,                                          (19)                                                                                          
        to the corresponding linear one, 

     ( )1LU U f xα+ = ,                                          (20)                                                                                          
       where 1α  can be evaluated using the obtained               

moments in step (2) from relation, 

     
4

1 2

E U

E U
α δ

  =
  

.                                                 (21)                                                                                               

We expect that the difference in the solution 
moments between the equations (18) and (19) is 
very small for a sufficiently small value of δ  
and therefore an accurate result can be obtained. 
The proposed way to get the linearization 
coefficient is to discretize this coefficient over 
the domain. So the coefficient of linearization 
over the i th  element ( ).equ iα can be calculated 

by using linear interpolation between the values 
of moments as in fig.(1) 

 
 

( ) ( ) ( ) ( ) ( )2 2
1

1
2 i i

x x i x x i
E IP i E U E U

h h−
− − −

= +
−

(22)                       

( ) ( ) ( ) ( ) ( )4 4
1

1
4 i i

x x i x x i
E IP i E U E U

h h−
− − −

= +
−

(23)                           

where ( )2E IP i  and ( )4E IP i  are the linear 

interpolating functions of second and fourth moments 
over i th element respectively, so 

( ) ( )
( )1

4

2

E IP i
i

E IP i
α δ= .                                              (24)                                            

4) Solve the linearized differential equation (20) 
and calculate the second and fourth moments. 

5) Repeat steps (3) and transform the nonlinear 
equation  

     ( )32LU U f xδ+ = ,                                        (25)                                            
        to the corresponding linear one, 
     ( )2LU U f xα+ = ,                                          (26)                                                                           

where 2α  can be evaluated by using the moments 
obtained in step (4) from relation,          

     ( )
( )2

4
( ) 2

2

E IP i
i

E IP i
α δ= ,                                      (27)                                                                   

6) Solve the linearized differential equation (26) 
and calculate the second and fourth    moments. 

7) Repeat steps (5) and (6) until we reach the n  
levels where 

     ( )
( )

4
( )

2n

E IP i
i n

E IP i
α δ= .                                      (28)                                                          

The main problem in this approach is to determine 
the n  levels at which the problem converges. This 
problem is numerically studied in the following 
examples.  

 
 
 
 

••
2

1iE U − 
 

 

2 4
1i iE U E U −   

   

 

4
iE U 

 

( )2E IP i ( )4E IP i

 

i th element 

Fig.(1) 

•••
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3.2  Numerical Examples 
• Example (1) 

30.5 0.5 0, 0 2
d dU

A U U x
dx dx

 − − + = ≤ ≤ 
 

          (29)                                        

subjected to the following boundary conditions 

( )
2

0 0, 0.21
x

dUU A dx =
= = , where A  is a stochastic 

process with mean one and exponential covariance as 
in (2). In the suggested algorithm we must choose a 
suitable value of δ  or number of levels n . This 
choice was studied numerically by drawing the 
transition values of the mean of solution process at 

the end of domain ( )2U  from its linear solution to 

the nonlinear solution at fixed n .This study is 
illustrated in figure (3). 
 
                                                                    
 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
The optimum value of n  makes the transition of  
solution to be increasing or decreasing 
monotonously. So the required value is 50n ≥ , the 
mean and standard deviation of solution are 
illustrated at this level in the next figures. 
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( )LU U f xnα+ =  

2nd  level 

A proposed Approach  

( )LU f x=  

( )1LU U f xα+ =  

( )2LU U f xα+ =  

2 4
1, ,E U E U α      

 

2 4

2, ,E U E U α        

2 4

2, ,E U E U α        

( )3LU U f xδ+ =

( )32LU U f xδ+ =  

nth  level 

( )3LU n U f xδ+ =  

Fig.(2) 

1st  level 

Fig.(3) 
The transition of mean of solution at end point over the levels of nonlinearity 

 

10n =

 

20n =

 

30n =

 

40n =

  

50n = 60n =
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If 1A =  the equation (29) transformed to the 
corresponding deterministic one which takes the form 

2
3

2
0.5 0.5 0

d U
U U

dx
− − + = ,                                      (30)                                                                     

which has exact deterministic solution tanh
2

x
U

 =  
 

. 

This deterministic solution was illustrated in fig.(4) 
and coincide with the mean of stochastic solution at 
very small 2

vσ . 
 
 
• Example (2) 

( ) ( )
2 2

3 3
2 2

sin sin , 0
d d U

A U x x x
dx dx

π
 

+ = + ≤ ≤  
 

    (31)                                                                                                     

subjected to the following boundary conditions 

( ) ( )
2 2

2 2
0

0 0, 0

0, 0
x x

U U

d U d U
A A

dx dx π

π

= =

= =

 = =


  

WhereA is the same as example (1).The transition of 
the mean of solution process at the middle point of 
the domain from linear to the nonlinear solution at 
fixed n  is illustrated in figure (6). 

 

 

 

 

 

The required n  is 10n ≥ , the mean and standard 

deviation of solution are illustrated below at this 

level. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

If 1A =  the equation (31) transformed to 
corresponding deterministic one which takes the form 

( ) ( )
4

3 3
4

sin sin
d U

U x x
dx

+ = + ,                                 (32)                        

which has exact deterministic solution ( )sinU x= .                                                                                             
The deterministic solution of (32) was illustrated in 
fig.(7) and coincide with the mean of stochastic 
solution at very small 2

vσ . We note from the previous 
examples that the mean of solution process of the 
given stochastic differential equations approach the 
exact solution of the corresponding deterministic 
equation ( 1A = ) using very small point variance 
( 2 .000001vσ = ).                                                                
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Fig.(6)  
The transition of mean of solution at the middle point 

 over  the levels of  nonlinearity  

Fig.(5) 
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4 Conclusion 
The suggested algorithm is an effective tool for 

solving stochastic nonlinear ordinary differential 
equations with random coefficient. The choice of the 
optimum n levels is numerically studied for the 
selected examples. This choice is based on the 
transition of mean of solution process at any point 
from linear to nonlinear case. This transition must be 
increasing or decreasing monotonously. We can 
obtain the exact deterministic solution from the 
stochastic problem by assuming a small value of 
point variance 2

vσ  of the stochastic process. 
 
 
References 
[1] Bernt Øksendal, Stochastic differential 

equations: an introduction with applications, 
Springer-verlage, (1998). 

[2] G.Q. Cai and Y.K. Lin, Strongly nonlinear 
system under non-white random excitation, 
stochastic structural dynamic, 11-16, (1999). 

[3] Peter H. Baxendale, Stochastic averaging and 
asymptotic behavior of the stochastic Duffing-
Van der Pol equation, stochastic processes and 
their applications 113, 235-272, (2004). 

[4] H. Hein and U. Lepik, On stochastic response 
of nonlinear oscillators, dynamical systems and 
applications, 395-407, (2004). 

[5] L. Duval and M.N. Noori, Direct stochastic 
equivalent linearization of SDOF smart 
mechanical systems, 8th ASCE specialty 
conference on probabilistic mechanics and 
structural reliability, (2000). 

[6] Carsten Proppe, stochastic linearization of 
dynamical systems under parametric poisson 
white noise excitation, International journal of 
non-linear mechanics 38, 543-555, (2003). 

[7] Giovanni Falsone, An extension of Kazakov 
relationship for non-Gaussian random 
variables and its use in the nonlinear 
stochastic dynamics, probabilistic engineering 
mechanics, 45-56, (2005). 

[8] M. El-Tawil, M.M. Saleh, M.M. Elsaidy and I.L. 
El-kalla, Decomposition solution of stochastic 
nonlinear oscillator, International journal of 
differential equations and applications, vol. 6, no. 
4, 411-421, (2002). 

[9] M.M. Saleh and I.L. El-Kalla, On the generality    
and convergence of Adomian's method for   
solving partial differential equations, 
International journal of differential equations and 
applications,    vol. 6, (2002). 

[10] Marcin Kaminski, Stochastic second order 
perturbation approach in   computational 
mechanics, numerical methods in continuum 
mechanics, (2000).  

[11] M. El-Tawil, W. El-Tahan and A. Hussein, A 
proposed technique of SFEM on solving 
ordinary random differential equation , 
Applied mathematics and computations 161, 35-
47, (2005). 

[12]  Stephen A. Rizzi and Alexander A. Muravyov, 
Comparison of nonlinear random response 
using equivalent linearization and numerical 
simulation, the 7th international conference in 
structural dynamics, vol. Π , 833-846, (2000). 

[13]  P.D. Spanos and N.P. Politis, nonlinear 
stochastic drill-string vibrations, journal of 
vibration and acoustics, (2002). 

[14]  Jorge E. Hurtado, Analysis of one-
dimensional stochastic finite element using 
neural networks, probabilistic engineering 
mechanics, 35-44, (2002). 

[15]  Roger G. Ghanem and Pol D. Spanos, 
Stochastic finite element: a spectral approach, 
springer, Verlage, (1991). 

 

 

               
 
 
 
 
 
 
 
 
 

Proc. of the 5th WSEAS Int. Conf. on Non-Linear Analysis, Non-Linear Systems and Chaos, Bucharest, Romania, October 16-18, 2006       109


