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Stochastic Finite Element Based
on Stochastic Linearization for Stochastic NonlineaOrdinary
Differential Equations with Random coefficients
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Abstract: We propose an algorithm for solving stochastic nonlinear ordinary differential equations with random
coefficients. This algorithm is based on stochastic linearization and solution of the linearized equation by stochastic
finite element method. The deterministic coefficient of the nonlinear term is dividednifgwels and the
coefficient of the linearization at each level depends on the moments of the solution at the previous level.
Numerical examples are illustrated to choose the optimuevels for each problem.
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1 Introduction

The stochastic problem can be modeled as a
differential or integral equation, linear or nonlinear
[1]. The objective of solving a stochastic differential
equation is to obtain the different moments of the
solution process and to identify its transition
probability density function. For nonlinear problems,
approximate methods should be introduced to have
an approximate form for the moments of the solution
process. For example: the stochastic averaging [2-4],
stochastic linearization [5-7], Adomian's
decomposition method [8,9] and stochastic finite
element method [10-13]. In this paper, the stochastic
nonlinear ordinary differential with stochastic
coefficient is replaced by multi-levels linearized
equations. The linearized equation is solved using
stochastic finite element method based on
discretizing the stochastic coefficient by Karhunen-
Loeve expansion and projecting the solution on two
dimension-first order chaos polynomials.

2 Random Field
2.1 Definition

A random field can be viewed as the spatial
extension of a random variable. In fact, it describes
the spatial correlation of structural parameters that

randomly fluctuate. The random fied (x,8) is

defined by its mean functionE(x) and its
covariance function

C (X, %2) = E[(\/ (xl,H)—E[xl])(\/ (x2,9)—E[x2])} 1)

The 6 dependence suggests the randomness. For
instance, the first order autoregressive field (Markov

process) is often used in numerical applications. Its

covariance function is given by

d{xg,x
C(xl,xz):afex;{— ba 2)j 0<x; X, <L 2)
whered (.,.) is an appropriate distance measwg,

is the point variance of the field ang, is its
correlation length.

2.2 Karhunen-Loeve Expansion

The use of Karhunen-Loeve (K-L) expansion
with orthogonal deterministic basis functions and
uncorrelated random coefficients gained interest
because of its bi-orthogonal property that is both the
deterministic basis functions and the corresponding

random coefficients are orthogonal. Let(x)
denotes the mean value ofs(x,8) and C(x;,X,)

denotes its covariance function which is bounded and
positive definite. It has spectral decomposition as,

c(xl,xz):i;lanfn (%) (x2). 3)

where 4, and f,(x) are the eigenvalues and the
eigenvectors of the covariance kernel, respectively.
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They are the solutions of the homogeneous Fredholm
integral equation of second kind given by,

IC X1 X (xo)ax 1= Aot (% o). 4)
Clearly, w(x,0) can be written as,
w(x,8) =w(x)+a(x,0) (5)

where a(x,6) is a process with zero mean and
covariance functionC (x,,x,). Finally, the K-L
decomposition of the field(x,6) is given by,

a@ﬂzi@@)%%@) 6)

where 7,(6) is a set of uncorrelated random

variables. For example, the eigenfunctions of the
exponential covariance described in (2) will betia
form:

fi (x)= . .ai Cos(ag x) +Sn(j x) NG
\/(1+Sn(2w)j+2(1 Sm(2&)))+S|n (@)
2 2w
where ¢ is the solution of nonlinear equation
2wCos(w)+(1—wz)Sin @)=0, (8)
Then, the eigenvalues becomes
of =2 af 9)
|

2.3 The Chaos Polynomials

The chaos polynomials are a particular basis of
the random variables space based on Hermite
polynomials of independent standard random
variables ¢;, {5, ...... ,{, . Classically, the one

dimension Hermite polynomials are defined by

12
X)EXZ

€% g2 (10)

h&)(ni———

The multlvarlable Hermite polynomials can be
defined as tensor product of Hermite polynomials.
Consider the multi-index,

a, 20, i=1m
The multivariable Hermite polynomials associated
with this sequence are:

M
a=|:1|ha, ¢)
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Finally, any random variablek (6) with finite
variance can be expressed as

k(6)=a Hi ()
i=0

where g are deterministic constants andl; are

enumeration of thed ,. The expansion is convergent

in the mean square sense. In the application aisha

polynomials, one problem is to select the number of
random variables and the order of chaos polynomials
The number of random variables can be selected
according to the K-L expansion, but no formula can

be utilized for selecting the order [14].

(11)

3 Stochastic Nonlinear Ordinary
Differential Equation
Consider the following stochastic nonlinear
ordinary differential equation
LU +eU™ =f (x), O0sx<L, (12)
where L is a stochastic linear differential operator,
g is an arbitrary parameter ane is a positive
integer. The corresponding equivalent linearization
equation is [12]
LU +ag,U =f (x),
where ay,,

Os<x <L, (13)

_is the equivalent linearization coefficient

which can be found by minimizing the expectation of
the mean square error. The error caused by thesabov
replacement is

D=l -a,,U ,

Minimizing the mean square error, we get

E |:U m+1:|
Ooqu. = E—F—7

E[u?]
Then the stochastic finite element method is
employed to calculate the moments of the solution
process [15]. Let the solution be projected on 2-
dimension-first order chaos polynomials, so the
response at every node of the finite element mesh
will be in the form:

U; =ay H0+alH1+a2H 2

41

if m=3, then we need to calculate’ anduU *;
U? =afH{+alH +aZH J+2a5a,H i +2a @ H b
+2a a8, HH,
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Uit =aiHi+aiH tragh freafaH H e a H B
+6afai HH Z+aja,HH +afa H H ,
+4a}ag HiH g+ 4a5a,H H ¢+ aja H H ,
+4a5a H3H +12%,a,HH H ,

+128{aga, H{H H o+ 125, agHH H
So the required moments at each nodé the mesh
are:

E[Uiz]:aof
E[uf]=a

At this stage we know the second and fourth
moments at every node of the mesh. Thgp can

+af +aZ , (15)

+a' +aj +6aja/+6afaj+6aa’. (16)

be evaluated with the hint of the following propdse
approach.

3.1 A Proposed Approach

1) Divide the £ value ton levels such that
£=nd = 5:% a7
2) Solve the stochastic linear differential equation
LU =f (x), (18)
and evaluate the second and fourth moments of
the solution process using equations (15) and
(16).
3) Transform the nonlinear equation

LU +dU 3 =f (x), (19)
to the corresponding linear one,
LU +alU =f (x), (20)

where a; can be evaluated using the obtained
moments in step (2) from relation,
E[u*]

E[u?]

We expect that the difference in the solution
moments between the equations (18) and (19) is
very small for a sufficiently small value o

and therefore an accurate result can be obtained.
The proposed way to get the linearization
coefficient is to discretize this coefficient over
the domain. So the coefficient of linearization
over theith elementa,, (i)can be calculated

by using linear interpolation between the values
of moments as in fig.(1)

a,=o

12
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E21P(i) Eap(i)
/ E[Uiz} E|:Ui4—1} \
. - v *
E[uiz_l} T el E[uﬂ
i thelemen
Fig.(1)
E2P(i)=> __);(i e (u i2_1)+%(i_1)E (U iz) (22)
car()=* 2 Wefus) XXV () 29

where E2P(i) and E4IP(i) are the linear
interpolating functions of second and fourth moreent
over i th element respectively, so
E4IP (i
a(i)= Ezlpgi;'
4) Solve the linearized differential equation (20)
and calculate the second and fourth moments.

5) Repeat steps (3) and transform the nonlinear
equation

(24)

LU +2d0°%=f (x), (25)
to the corresponding linear one,
LU +aU =f (x), (26)

where a, can be evaluated by using the moments

obtained in step (4) from relation,

E4IP(i)

E2P (i)’

6) Solve the linearized differential equation (26)
and calculate the second and fourth  moments.

7) Repeat steps (5) and (6) until we reach the
levels where

E4IP (i)

E2P(i)’

a,(i)=20 27)

a,(i)=no (28)

The main problem in this approach is to determine
the n levels at which the problem converges. This
problem is numerically studied in the following
examples.
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A proposed Approach

LU =f (x) —> E[U°LE[U*]a.

L

LU +du 3 =¢ (x)_> LU +aU =f (x)

1

E[U*].E[U"*].a,

—

LU +2w3=f (X) I LU +0’2U =f (X)

1

E[U?].E[U*].a,

1% level

2" evel

LU +ndu3=f (x) " LU *anU =1 (x)
n level

Fig.(2)

3.2 Numerical Examples
Example (1)

(Adij—o.su +0.8°%=0, ®xs<
dx dx

subjected to the following boundary conditions
— dU - . .
u(0)=0, A AXLZZ 0.21, whereA is a stochastic

d

-,

Z

(29)

process with mean one and exponential covariance as
in (2). In the suggested algorithm we must choose a
suitable value ofd or number of levelsn. This
choice was studiechumerically by drawing the
transition values of the mean of solution process a
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the end of domairu (2) from its linear solution to

the nonlinear solution at fixedn.This study is
illustrated in figure (3).

n=10 n=20
=30

n=3 n=40
n =50 n =60

Fig.(3)
The transition of mean of solution at end point aberlevels of nonlinearity

The optimum value oh makes the transition of
solution to be increasing or decreasing
monotonously. So the required valueris50, the
mean and standard deviation of solution are
illustrated at this level in the next figures.

Mean of the solution

— — —n=50
n=60
—#— Det. solution, A=1
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Distance along x

L L
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Fig.(4)
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Fig.(5)
If A=1 the equation (29) transformed to the
corresponding deterministic one which takes thenfor

dU
X2 (30)

-08) +0.B°=(

which has exact deterministic solution= tanh[xaj .

This deterministic solution was illustrated in @).
and coincide with the mean of stochastic solutibn a
very smallg?.

» Example(2)
2
&(A%}U *=sin’(x)+sinx), O<x<m (31)
subjected to the following boundary conditions
U (0)=0, U(m)=0

=0, A—

WhereA is the same as example (1).The transition of
the mean of solution process at the middle point of
the domain from linear to the nonlinear solution at
fixed n is illustrated in figure (6).

n=5

Fig.(6)
The transition of mean of solution at the middlenpoi
over the levels of nonlinearity

The requiredn is n=10, the mean and standard

deviation of solution are illustrated below at this

level.
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Fig.(7)
x10% S.D. of the solution at n=20
45 T T T T
4
35
s 3
kS
z 25
<
°
s 2
2
£ 15
1
05
0 . . . . . .
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Fig.(8)
If A=1 the equation (31) transformed to

corresponding deterministic one which takes thenfor
du

v (32)
which has exact deterministic solutidh =sin(x ).

The deterministic solution of (32) was illustratied
fig.(7) and coincide with the mean of stochastic
solution at very smalb? . We note from the previous
examples that the mean of solution process of the
given stochastic differential equations approach th
exact solution of the corresponding deterministic
equation @ =1) using very small point variance
(2 =.000001).

+U ® =sin’*(x ) +sin(x ),
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4 Conclusion

The suggested algorithm is an effective tool for
solving stochastic nonlinear ordinary differential
equations with random coefficient. The choice @& th
optimum nlevels is numerically studied for the
selected examples. This choice is based on the
transition of mean of solution process at any point
from linear to nonlinear case. This transition moest
increasing or decreasing monotonously. We can
obtain the exact deterministic solution from the
stochastic problem by assuming a small value of
point varianceg? of the stochastic process.
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