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Abstract: In this paper, we will construct the sequences of orthogonal polynomials
with step functions as their weight functions in the interval [0,1]. We will show these
polynomials up to degree seven. The application of these orthogonal polynomials will

be illustrated with example.
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1. Introduction

The orthogonal polynomial of
degree n on the interval [0,1] with
respect to the weight function w(x) is

in the form

p,(X)=a,+a,X+a,X* +..+a,X"W
ith the property that

1

[w()p, (), ()dx =0

for all polynomials q,(x) of degree
m<n-1.

The sequence of orthogonal
polynomials {p,(x), p, (x), P, (X), ...,
p,(X),...} is said to be the sequence of

orthogonal polynomials on the interval
[0,1] with respect to the weight

function w(x) if all of orthogonal
polynomials P (X)'s are  the

orthogonal polynomials on the interval
[0,1] with respect to the weight
function w(x). In this paper, We will

introduce six sequences of orthogonal
polynomials with step functions as
their weight functions.

2. Formulation

The six  sequences  of
orthogonal polynomials are as follow.
First Sequence

0,0<x<0.5
Let w(x) = 2 05<x<1’

The first eight orthogonal
polynomials are;

Po (X) =1

p,(x) =x-0.5

p,(x) = x* —0.5416666667x +1.5

p,(x) = x* - 2.25x* +1.65x —0.3975
p,(X) =x*—3x%+3.3214285714x* —
—1.6071428571x +0.2866071429

Ps (X) = x* —3.75x* +5.5555555556%° —

4.0625x* +1.4657738095x —0.20870535714
Pe(X) = X° —4.5x° +8.3522727272x"* —

8.1818181818x° + 4.4602272727x* —
12826704545 + 0.1520055465

P, (x) = X" —5.25x° +11.7115384615x° —
14.3870192308x" +10.5091783217x° —

4.5639204545x° +1.0909455128x —
0.1107203344
Second Sequence

2,0<x<05
Let w(x) =

0,05=<x<1
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The first eight
polynomials are;

Po (X) =1

p,(x)=x-0.5

p,(X) = x*—0.5x +0.0416666667

p,(x) = x> —0.75x* +0.15x — 0.00625
p,(x) = x*—x%+0.3214285714x" —
0.35714285714x +0.00089185714

ps (X) = x* —1.25x* +0.5555555556%° —
0.1041666667x> +0.7440761905x —
0.0001240079

Pe (X) = x® —1.5x° +08522727272x" —
0.0227272727x° +0.0284090909x> —
0.0014204545x +0.0000169102

p,(x) =x" —1.75x° +1.2115384615x"° —

0.4206730769x* +0.0764860140x° —

0.0068837413x” +0.0002549534x —
0.0000022764
Third Sequence

orthogonal

0, 0<x<1/3
Let w(x)=<3, 1/3<x<2/3.
0, 2/3<x<1

The first eight orthogonal

polynomials are;

Po (X) =1

p,(x)=x-05

p,(X) = x* —x +0.2407407407

p,(x) = x* —1.5x* +0.7333333333x —
0.1166666667

p,(x) =x*—2x°+1.4761904762x> —
0.4761904762x + 0.0566137566

Ps(X) = x° —2.5x* + 2.4691358025x%° —
1.2037037037x° + 0.2895355673x —
0.0274838330

Pg(X) = x® —3x° +3.7121212121x" —
2.4242424242%° +0.8810325477x? —
0.1689113356x +0.0133447942

p,(x) = x" —3.5x° +5.2051282051x° —

4.2628205128x" +2.0758870759x° —

0.6010101010x* +0.0957757378x% —
0.0064802025.
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Forth Sequence
2/3,0<x<05

Let w(x) :{4/3, 05<x<1’

The first eight orthogonal
polynomials are;

Po (X) =1

p,(x)=x-0.5

p,(X) = x* —1.0454545455X +
0.1931818181

p,(x) = x* ~1.5628654971x° +
0.6634502924x —0.0587353801
p,(X) = x* —2.0504780575x° +
1.3641869893x* —0.3181179296x +
0.0167910801

p;(X) = x° —2.5592610403x* +
2.3415924271x°% —0.9092894413x* +
0.1349605699x —0.0046757078

ps (X) = x® —3.0522286626x° +

3.5420637705x* —1.9382084065x° +

0.4997751196x° —0.0517503342X +
0.0012780051

p,(x) =x" —3.5578364339x° +
5.0206520786x° —3.5636670512x" +

1.3283826114x> —0.2456620273x” +
0.0018719225x —0.0003439212 .
Fifth Sequence
Let

15 0<x<1/3
0, 1/3<x<2/3.
1.5, 2/3<x<1

The first eight orthogonal
polynomials are;

Po (X) =1

p,(x)=x-0.5

p,(X) = x* —x +0.1296296296

p,(X) = x* —~1.5x° +0.5948717949x —
0.0474358974

p,(x) =x*—2x° +1.2373145980x* —
0.2373145980x + 0.00977534912

P, (X) = X° — 2.5x* +2.2070137021x° —

0.8105205532x° +0.1104074998x —
0.0034503244

w(Xx) =
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Pe (X) = x° —3x° +3.3477440056x* —
1.6954881713x° + 0.3804668848x” —
0.0327227992x +0.0006570135

p,(x) = x" —3.5x° +4.8187842514x° —

3.2969606129x* +1.1642962057x° —
0.1994836956x* +0.1382102954x —
0.00022859 .

Sixth Sequence
Let

0.5 0<x<1/3
w(x)=4 1, 1/3<x<2/3 .

1.5, 2/3<x<1

The first eight orthogonal

polynomials are;
Po (X) =1
p,(x)=x-05
p,(X) = x*—1.0869565217x +
0.2198067633
p,(X) = x* —1.5750643692x> +
0.6796593384x —0.0640841971
p,(x) = x* —2.0909736824x° +
1.4270796895x” —0.3438897949x +
0.0187368216
ps(X) = x° —2.5777446380x* +
2.3844400859x° —0.9433146908x%° +
0.1450368782x —0.0052456985
Ps (X) = x° —3.0836348359x° +

3.6222647243x* - 2.0110920566x° +

0.5277334666x> —0.0558422318x +
0.0014127870

p,(x) =x" —3.5845979575x" +

5.1059549776x° —3.6682204298x " +

1.3895340944x° —0.2625834635x” +
0.0205263560x —0.0003872573.

3. Gauss-Quadrature Formula
Gauss-Quadrature formula is the
formula for finding the aprximated
value of the definite integral which is

in the form

j)'w(x)f (X)dx = Zn:Akf (%)
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where Xx,'s are the roots of the
orthogonal of degree n, p,(x), on the

interval [a,b] with respect to the
weight function w(x) and
1 jw(x)pn(x)dx_
Py (Xk) s XX
The following tables are the table
of the points x,'s and the values

A,'s of the above orthogonal
polynomials.

k

The following tables are the
table of the points a, 's and the values

A, 's of the above orthogonal
polynomials.
n X, A,
1 | 0.5000000000 | 1.0000000000
2 | 0.6056624327 | 1.3660254038
0.8943375673 | -0.3660254038
3 | 0.5563508326 | -2.8888888889
0.7500000000 | 2.5899416688
0.9436491673 | 1.2989472201
4 | 0.5347159222 | 6.3020742435
0.6650047391 | -11.2763732373
0.8349952609 | 8.7334701401
0.9652840779 | -2.7591711463
5 | 0.5234550385 | 18.10085195710
0.6153826725 | -40.68870622427
0.7500000000 |42.3511111111
0.8846173275 | -26.07951658671
0.9765449615 | 8.3162597428
6 | 0.5168826214 | 58.3297359639
0.5846976534 | -149.1381890430
0.6003452035 | 179.4016159134
0.8096547965 | -148.5546808270
0.9153023466 | 87.7716993838
0.9831173786 | -26.1018139120
7 | 0.5127230219 | 60.6746933907
0.5646172036 | -126.6055373802
0.6485387122 | 88.72545731010
0.7500000000 | -0.0083393184
0.8514612878 | -57.4598086256
0.9353827964 | 56.9648410778
0.9872769781 | -21.2913064545
Table 1 w(x) = {O’ 0=x<03
2,05<x<1
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n X, A, 0.3897984356 | -40.9711200349
1 [ 0.5000000000 | 1.0000000000 0.4602301357 | 20.4866377352
501056624327 | 0.3660254038 0.5397698643 | 20.4866377352
03943375673 | 19600254038 0.6102015644 | -40.9711200349
31 0.0563508327 | 12980479201 0.6554115857 | 20.9844822998
0.2500000000 | -5 8388383889 7 103418153479 | -2.3527156680
04436491673 | 25899416688 0.3764114691 | -0.6179878514
11 0.0347159070 | 2 7501711463 0.4323591414 | 43.1263903414
01650047391 | 89334701401 0.4500000000 | -133.1770998347
03349950600 | 110763720373 0.5676408586 | 214.2579139544
04652840779 | 63000742435 0.6235885309 | -202.4650336923
: 0.6581846521 | 82.2285327506
5 | 0.0234550385 | 8.3162597428
01153826725 | -26.0795165867 Table 3
0.2500000000 | 41.3511111111 0, 0<x<1/3
0.3846173275 | -40.6887062243 w(x)=13, 1/3<x<2/3
0.4765449615 | 18.1008519571 0 2/3<x<1
6 | 0.0168826214 | -26.8101813912
0.0846976534 | 87.7716993838 X, A,
0.1903452035 | -148.5546808270 1 | 0.5000000000 | 1.0000000000
0.3096547965 | 179.4016159134 2 | 0.2397750091 | 0.3929040895
0.4153023466 | -149.1481890430 0.8056795363 | 0.6070959105
0.4831173786 | 58.3297359639 3 | 0.1196945387 | 0.1971953135
7 10.0127230222 | 94.8688557837 0.5484526011 | 0.4578967348
0.0646172036 | -315.0890432623 0.8947183573 | 0.3449079518
0.1485387122 | 557.1221084993 4 | 0.0734604906 | 0.1229528595
0.2450000000 | -736.2481632653 0.3563477130 | 0.2504895984
0.3514612878 | 762.0132897338 0.6870045536 | 0.4052338144
0.4353827996 | -566.0528307570 0.9336653003 | 0.2213237277
0.4872769781 | 204.3857832742 5 | 0.0487540728 | 0.0821315924
2,0<x<05 0.2406970070 | 0.1675043239
Table 2 w(x) = {0 05<x<1 0.5350902760 | 0.2966878418
! 0.7796888263 | 0.3023707147
n Xy Ay 0.9550308580 | 0.1513055272
1 | 0.5000000000 | 1.0000000000 6 | 0.0350439728 | 0.0593050052
2 | 0.4037749551 | 05000000000 0.1763606851 | 0.1258622892
0.5962250449 | 05000000000 0.4030783272 | 0.1791493257
3 | 0.3709005551 | 2.5000000000 0.6342390093 | 0.2931856689
0.5000000000 | -4.0000000000 0.8362106516 | 0.2319082641
0.6290994449 | 2.5000000000 0.9672960166 | 0.1105894468
4 | 0.3564772814 | 2.3039595906 7 10.0261805153 | 0.0444182826
0.4433364927 | -1.8039595906 0.1331241008 | 0.0962145122
0.5566635073 | -1.8039595906 0.3071142571 | 0.1328576507
0.6435227186 | 2.3039595906 0.5278474413 | 0.2196360852
5 | 0.3489700257 | 17.5719199857 0.7134622225 | 0.2429426819
0.4102551150 | -44.5919199857 0.8748326868 | 0.1802335192
0.4500000000 | 55.0400000000 0.9753212103 | 0.0836972682
0.5897448850 | -44.5919199857 Table 4
0.6510299743 | 17.5719199857 2/3,0<x<05
6 | 0.3445884143 | 20.9844822998 w(X) { 413 05<x<1
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n X, A, 0.9557685302 | 0.1770265033
1 | 0.5000000000 | 1.0000000000 6 | 0.0359392627 | 0.0912099813
0.8469443332 | 0.5000000000 0.4107863017 | 02473754400
0.5000000000 | 0.4628099154 0.8397717100 | 0.1668817340
0.8938631807 | 0.2685950413 0.9679429371 | 0.0817069819
7 10.0268900596 | 0.0667733402
* | 024360017122 | 04320445586 01372789394 | 0157784915
0.7563908288 | 04329445586 0.3275496101 | 0.2012930105
0.9437895277 | 00670554414 0.5189858847 | 0.1937620656
5 | 0.0436637199 | 0.1057250867 0.7212279935 | 0.1914051542
0.2088926361 | 0.2318783050 0.8769647653 | 0.1254402232
0.4500000000 | 0.3247932165 0.9757007050 | 0.0635412878
07911073639 | 0.2318783050 Table 6
0.9563362801 | 0.1057250867 05, 0<x<1/3
6 | 0.0282556233 | 0.1221274604 w(x)={ 1 1/3<x<2/3
0.1376506980 | -0.0459339394 15 2/3<x<1
0.2799633195 | 0.4238064790
0.7200366848 | 0.4238064790
0.8623493020 | -0.0459339394 4 Examples
0.9717443767 | 0.1221274604 There will be one example in
7 10.0234707223 | 0.0622653676 this section. We will use the above
0.1177912100 | 0.1120717337 forty-two formulas to find the
0.2590600838 | 0.1921654975 numerical value of the definite integral
0.5000000000 | 0.2669948024 of this example.
0.7409399162 | 0.1921654975 Example 1
0.8822087900 | 0.1120717337 Find the value of the definite
1
0.97652927'T'Zlble 2'0622653676 integral ofJ'ede. The exact value of
0
15 0<x<1/3 this integral is e—1=1.7182818285.
w(x)=< 0, 1/3<x<2/3 The numerical results of six
1.5, 2/3<x<1 sequences of orthogonal polynomials
are in following table 1 to table 6.
n Xk Ak
1 | 0.5000000000 | 1.0000000000 Seq. | Cal. Value Error
2 0.2685930991 | 0.5790844061 1 |1.6094377560 | 0.1088440724
0.8183634310 | 0.4209155939 2 | 1.6717452055 | 0.0465366229
3 ] 0.1304685506 | 0.3197058931 3 | 2.2490495458 | 0.5307677173
0.5475716836 | 0.4348282482 4 1.2839582688 | 0.4343235596
0.8970241350 | 0.2454658587 5 |1.7239956217 | 0.0057137933
4 | 0.0757494353 | 0.1968595442 6 1.5581046763 | 0.1601771522
0.7037464438 | 0.2846221764
0.9359419648 | 0.1607119465
5 [ 0.0510480585 | 0.2076033849
0.2606512006 | 0.0385479510
0.5258401241 | 0.5503636418
0.7844367246 | 0.0264585191
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Table 6 Six Points

Seq. | Cal. Value Error Seq. | Cal. Value Error
1 ]17166955350 | 0.0015862934 1 ]1.7174597543 | 0.0008220742
2 | 1.7175241521 | 0.0007576763 2 | 1.7182226383 | 0.0000591902
3 | 1.8495870765 | 0.1313052480 3 | 1.7290520761 | 0.0107702477
4 | 15619658430 | 0.1563159855 4 | 1.6995598772 | 0.0187219512
5 |1.7174373640 | 0.00084446450 5 |1.7182818284 | 0.0000000000
6 | 1.7170219221 | 0.00125990640 6 | 1.7181937670 | 0.0000880615
Table 2 Two Points Table 7 Seven Points
Seq. | Cal. Value Error 5. Conclusion
1 ]1.7174486963 | 0.00083313212 The results from the example,
2 | 1.7178204304 | 0.00046139811 indicated that the first, second, fifth
3 [ 1.9565479956 | 0.23826616714 and sixth sequences of the orthogonal
4 124553418617 | 0.73706003321 polynomials give the expected results
5 |1.7182729217 | 0.00000890676 but not the third and forth sequences of
6 |1.7182733379 | 0.00000849056 the orthogonal polynomials. We
Table 3 Three Points strongly recommend the fifth sequence
and the sixth sequence.
Seq. | Cal. value Error
1 | 1.7174687850 | 0.00081304346 References:
2 | 1.7178451667 | 0.00043666177 [1] B. Carnahan, H.A. Lither and J.O.
3 | 1.7504438839 | 0.03216205540 Wilkes, Applied Numerical Methods,
4 | 1.6679239491 | 0.05035787938 John Wiley & Sons, Inc., 1969
5 |1.7182976508 | 0.00001582234 [2] S.D. Conte and C. de Boor,
6 [1.7182817265 | 0.00000010194 Elementary Numerical Analysis, 3"
Table 4 Four Points Edition, McGraw-Hill, 1980.
[3] Maitree Podisuk and Sirikul
Seq. | Cal. value Error Bunditsapvapak, Som_e Orthogonatlh
1 4.5469097570 | 2.82862792850 POlynomlals, PrO-CeedlngS of the 7
2 | 1.7177401328 | 0.00054169566 WSEAS International Conference on
3| 1.7300685189 | 0.02078669041 APPLIED MATHEMATICS, Cancun,
4 | 1.6841009484 | 0.03418088002 %‘;X'CO’ May 11-15, 2005, Page 102-
5 |1.7182817422 | 0.00000008621 . . .
[4] Maitree Podisuk, Witchaya
6 l_l_?at?sglgil ?Poioﬁ :;0000000826 Rattanametawee and Decha Samana,
Applications of Orthogonal
Polynomials, Proceedings of the 7%
Seq. | Cal. value Error WSEAS International Conference on
2 | 1.7178798885 | 0.00040193997 Mexico, May 11-15, 2005, Page 125-
3 1.8424288684 | 0.12414704000 130
4 | 1.6935541559 | 0.02472767255 [5] Maitree Podisuk and Pongpan
5 | 1.7182807388 | 0.00000108964 Rattanathanawan, Six New Sequences
6 1.7182776358 | 0.00000419278 of Orthogona| Po|yn0mia|s’ WSEAS

Transaction on Mathematics, Issue 6,
Volume 5, June 2006, Page 770-775.
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