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Abstract: - We have studied an autonomous 4th order circuit, which exhibits sensitive dependence on initial 
conditions. The circuit contains a non linear resistor RN of N-type.  We have observed the dynamics of the non 
linear circuit for various values of its parameters. A diversity of phenomena has been detected, such as 
antimonotonicity, period doubling route to chaos and bubbles. We have seen crisis events, which are seem to 
lead to the catastrophe of the above phenomena. 
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1   Introduction 
Dawson et al [1] coined the term antimonotonicity 
to characterize creation and annihilation of periodic 
orbits. Namely, in contrast to the monotone 
bifurcations of the logistic map, in many common 
nonlinear dynamical systems, periodic orbits can be 
both created and destroyed, via reverse bifurcation 
sequences, as a control parameter of the system is 
increased.  

The intermittent behavior of a 4th order 
autonomous nonlinear electric circuit has been 
studied. The electric circuit contains two active 
elements, one linear negative conductance and one 
nonlinear resistor exhibiting a symmetrical 
piecewise linear v-i characteristic. The two 
capacitances C1 and C2 serve as the control 
parameters of the system. The antimonotonicity, the 
formation of “bubbles” in the bifurcation region as 
well as the chaotic behavior of this circuit were 
reported in two recent publications [2, 3]. 
Additionally, a crisis-induced intermittency was 
detected, occurring when the corresponding spiral 
attractor suddenly widens to a double-scroll one [2]. 

Due to the advantages which electric circuits 
offer to experimental chaos studies, such as 
robustness and convenient implementation, most 
chaotic and bifurcation effects cited in the literature, 
have been observed in such circuits. Moreover, their 
potential applications in chaotic ciphering are 
supporting their use in secure communications. Such 
circuits exhibit among others the period-doubling 
route to chaos [4, 5], the intermittency route to chaos 
[6, 7], the quasiperiodicity route to chaos [8, 9] and 
of course the crisis [10, 11]. 
 
 

2   The Non Driven 4th Order Circuit 
The circuit, we have studied, is shown in Fig.1, 
while in Figs.2 and 3 we can see the v-i 
characteristic of the nonlinear resistor and negative 
conductance respectively. 
 

 
Fig.1. The 4th order non driven electric circuit. 
 

 
Fig.2. The v-i characteristic of nonlinear resistor RN. 
 

 
Fig.3. The v-i characteristic of the negative 
conductance. 
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The state equations of the circuit are: 
 

( )C1
L1

1

dv 1 i i
dt C

= −     (1) 

( )C2
C2 L1 L2

2

dv 1 G v +i i
dt C

= − ⋅ +    (2) 

( )L1
C2 C1 1 L1

1

di 1 v v R i
dt L

= − −    (3) 

( )L2
C2 2 L2

2

di 1 v R i
dt L

= −     (4) 

 
where 

C1 b C1 a b C1 p C1 pi=g(v )=G v +0.5(G -G )(|v +B |-|v -B |)  (5) 
 

The circuit’s parameters are: L1=33mH, 
L2=100mH, C2=15nF, R2=90Ω, Gn=-0.45mS, 
Gp=0.45mS, LR=7.5V, Ga=-0.105mS, Gb=7mS and 
Bp = 0.68V, while R1 varies from 900Ω to 300Ω and 
C1 from 21nF to 1nF. 
 
 
3   Dynamics of the 4th Order Circuit 
The bifurcation diagrams of circuit’s dynamics are 
shown in Figs.4-10. Giving constant values to 
resistor R1, we have plotted the bifurcations 
diagrams iL2 vs. C1. The comparative study of the 
bifurcation diagrams gives the qualitative changes of 
system’s dynamics, as C1 takes different discrete 
values. 

The bifurcation diagram, iL2 vs. C1, for R1=930Ω 
is shown in Fig.4. As C1 is decreased, the system 
always remains in periodic state with period-1. The 
bifurcation diagram for R1=890Ω is shown in Fig.5. 
The system remains in a periodic state, following the 
scheme: period-1 (for C1 > 17.63nF) → period-2 (for 
15.21nF < C1 < 17.63nF) → period-1 (for C1 < 
15.21nF). Bier and Bountis [12] named this scheme 
“primary bubble”. The bifurcation diagram for 
R1=870Ω is shown in Fig.6. The system remains in a 
periodic state, following the scheme: period-1 (for 
C1 > 17.41nF) → period-2 (for 16.65nF < C1 < 
17.41nF) → period-4 (for 15.60nF < C1 < 16.65nF) 
→ period-2 (for 14.57nF < C1 < 15.60nF) → period-
1 (for C1 < 14.57nF). The bifurcation diagram for 
R1=865Ω is shown in Fig.7. The system remains 
again in a periodic state, following the scheme: 
period-1 (for C1 > 17.36nF) → period-2 (for 16.77nF 
< C1 < 17.34nF) → period-4 (for 16.26nF < C1 < 
16.77nF) → period-8 (for 15.77nF < C1 < 16.26nF) 
→ period-4 (for 15.34nF < C1 < 15.77nF) → period-
2 (for 14.42nF < C1 < 15.34nF) → period-1 (for C1 < 
14.42nF). 

 
Fig.4. Bifurcation diagram iL2 vs. C1 for R1=930Ω. 
 
 

 
Fig.5. Bifurcation diagram iL2 vs. C1 for R1=890Ω. 
 
 

 
 

Fig.6. Bifurcation diagram iL2 vs. C1 for R1=870Ω. 
 
 

 
Fig.7. Bifurcation diagram iL2 vs. C1 for R1=865Ω. 
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As R1 is decreased, chaotic states appear, as we 
can observe in Fig.8, where the bifurcation diagram, 
iL2 vs. C1, for R1=862 is shown. The bubbles are 
now chaotic. The bifurcation diagram for R1=855Ω 
is shown in Fig.9, where crisis begins. Finally, the 
bifurcation diagram for R1=820Ω is shown in 
Fig.10, where crisis becomes enlarged in the region 
15.00nF < C1 < 15.80nF.  
 

 
Fig.8. Bifurcation diagram iL2 vs. C1 for R1=862Ω. 
 

 
Fig.9. Bifurcation diagram iL2 vs. C1 for R1=855Ω. 

 
Fig.10. Bifurcation diagram iL2 vs. C1 for R1=820Ω. 
 
 
4   Route to Chaos 
Using the bifurcation diagram of Fig.9 (R1=855Ω), 
we have chosen the values of C1 to demonstrate the 
route to chaos through period doubling and reverse 
period doubling. In the next two paragraphs we 
present both simulation and experimental results.  

4.1   Simulation Results for R1 = 855Ω  
In Figs.11-18 we can see the theoretical phase 
portraits vC2 vs. vC1 for R1=855Ω and various values 
of capacitance C1.  

 
Fig.11. vC2 vs. vC1 for C1=14.0nF and R1=855Ω 
(period-1). 

 
Fig.12. vC2 vs. vC1 for C1=14.2nF and R1=855Ω 
(period-2). 

 
Fig.13. vC2 vs. vC1 for C1=15.0nF and R1=855Ω 
(period-4). 

 
Fig.14. vC2 vs. vC1 for C1=15.2nF and R1=855Ω 
(period-8). 
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Fig.15. vC2 vs. vC1 for C1=16.0nF and R1=855Ω 
(chaotic attractor). 
 

 
Fig.16. vC2 vs. vC1 for C1=16.6nF and R1=855Ω 
(period-4). 
 

 
Fig.17. vC2 vs. vC1 for C1=16.9nF and R1=855Ω 
(period-2). 
 

 
Fig.18. vC2 vs. vC1 for C1=17.3nF and R1=855Ω 
(period-1). 
 

4.2   Experimental Results for R1 = 855Ω 
In Figs.19-26 we observe the experimental phase 
portraits vC2 vs. vC1 for corresponding values of 
capacitance C1 as in Figs.11-18, respectively.  
 

 
Fig.19. Experimental diagram vC2 vs. vC1  (period-1). 

 
Fig.20. Experimental diagram vC2 vs. vC1  (period-2). 

 
Fig.21. Experimental diagram vC2 vs. vC1 (period-4). 

 
Fig.22. Experimental diagram vC2 vs. vC1 (period-8). 
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Fig.23. Experimental diagram vC2 vs. vC1 (chaotic 
attractor). 

 
Fig.24. Experimental diagram vC2 vs. vC1  (period-4). 

 
Fig.25. Experimental diagram vC2 vs. vC1 (period-2). 

 
Fig.26. Experimental diagram vC2 vs. vC1  (period-1). 
 
 

5   Conclusion 
In this paper we have studied a non driven 4th order 
circuit, which contains a non linear resistor RN of N-
type v-i characteristic. We have observed the 
dynamics of the circuit for various values of C1, C2 
and R1. We have seen a diversity of phenomena, 
such as antimonotonicity (800Ω < R1 < 870Ω), 
period-doubling route to chaos (R1 < 920Ω) and 
bubbles (p-1). We have located crisis phenomena of 
the system inside the bubbles (840Ω < R1 < 855Ω) 
and crisis phenomena outside the bubbles (800Ω < 
R1 < 840Ω) which appear function like a mechanism 
of catastrophe of the above phenomena. 
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