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Abstract: In order to approximate function f : [0,00) — IR, with | f(z)| < Ma* for M = M(f) > 0and z > 0,
we introduce the approximation operators 7, : f — F, f, with

(Fuf)(z) = (n2)n+1 /ltnx—l(l_t)nf <1t_t> dt, >0, a>0,

n! 0

where n > ng with ng = [a] + b+ 1 and n € IN* - be fixed. Our aim is to find some properties for the above

operator.
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1 Introduction
Let Y, linear space of all function
f:10,00) = IR,

with the property that M exists, M = M (f) > 0 and
a > 0 such that |f(z)] < Mz, forall x > 0. We
define the operators F,, : f — F,f, where n > ny,
ng 1S noted,

(Fnf)(2) =
(n®)n41 /1 L g g (1 i t) . (1)

n! 0

where z > 0, « > 0and n. > ny with ng = [a]+b+1,
n € IN* - fixed.

2 Main Results

In the following we prove if f € Y,, then it’s image
of fthatis F,f € Y,.

Theorem 1 If (F,,)n>n, are operators defined by (1)
and f € Yy, |f(z)| < M(f)z* a >0,z > 0then it
exists M (F, f) > 0so that Vo > ¢ > 0 we have

[(Fuf)(@)] < M(Fnf)z?,

2

where M (F, f) = M(f)ere

Proof: We have successively

[(Fnf)(2)] <

1
1 t «
n! 0 t

— M(nﬂf);lJrl /1 tnz+a71(1 _ t)nfoHrlfldt —
n! 0

B MI‘(m: +n+1)I(ne+a)l'(n —a+1)
N n!l'(nx) L(n+nz+1) '

So, we have

I'(n—a+ 1)I'(nz + a)

()

In the following we use the next theorem

Theorem 2 (Bohr & Mollerup) There is only one
function g : (0, 00) — (0, co) which verifies

1 g(1)=1

2. g(z+1) =zg(x)

3. Ingis convex on (0, c0),
then g(z) =T'(z), Vx > 0.

From theorem 2 it follows that for all 0 < z; <
T9 < T3 < 0o We have

(€1, %2, 23;InI] > 0, (3)
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or
(D))" 7" = (T(21))™ 72 (T (23)) ™7™ (4)

Wechoose 0 <z1 =z+1l—a<zs=2z+1<
T3 = z 4+ 2 < oo. From (4) we have

C(z+ 1)) > (D(z4+1—-a))((z+ 1)D(z 4+ 1))“

SO

I'(z+1)
— < @ .
F(Zle_Oé)_(val),‘v’z—i—1>oz>0 (5)

Wechoose 0 < 21 =z —a < a9 =z+1—-a<
r3=z+1—a<z+1< oo, it follows

(0 +1—ape > ((E L Dger )
SO
Fz+1-a) 1
et S Goa Vz>a>0. (6)

From (5) and (6) we have
1 < F(z+1-—a) 1
(z4+ Do~ T(z+1) ~— (z—a)’

forall z > a > 0. We choose in (4) 0 < 1 = nz <
To=nr+a<rz3=nzr+a+1l<oo,itfollows

()

ni o a+1
(M) < (P(n))(T(nz + a+1))°,

(nz + )
SO

I'nz+a+1)

T(nz) < (nz+a)*, V>0, a>0,

(nz + la)I'(nz + )

< a+1
T(na) < (nz+a)*,

follows

I'(nx + «)

< a .
T(na) <(nz+a)* Vz>0,a>0. (8

We choosein ()0 <z =nz —1 < x20 = nx <
T3 = nr + a < oo, it follows

T(na)*+! < (%)a T(nz + ),
K 0< (nz—1)* < L2+ a) ©)
— TD(nz)

withnz —1 > 0and « > 0. From (8) and (9) we have

I'(nx + «)

(nz —1)° T(nz)

IN

< (nz + a)?, (10)
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forallz > L and 2 > 0, @ > 0. So using (7) and (10)
in (2) we obtain

(F @] < ()
= onr+ )" 7% a+ 2\" _
M(f)z (n— ) = M(f) <1+n—a> —
e 228y
SO
|(‘7:nf)($)|<M(f)xae2 nma < (11)

2a
< M(f)z%evein-—o),
We fix b € IN* and define
np=la+b+1]=[a|+b+1>a+b+ 1

Next n > ng it follows n — a > b + 1, that is

From (11) it follows

(Faf)(@)] < M(f)a®e V5 <

with M (Fpf) = M(f)a%etve, |
Next we calculate (F,e;)(z), where e;(z) = z7.
We obtain successively

(Fuey)(z) = (nT)nt1 /1 il (1 — ) =

n! 0
= —F(nﬁ(:;;n—t_ 1)B(nac +jn—j+1)=
Tz +n+1)Tnz+5)Tn—-5+1)
['(nx)n! F(nz+n+1)
(@) T—j+1) __ (na),
I'(n+1) (n—j74+1);

So we have (Fpeo)(z) = 1, (Fper)(z) = =, respec-
tively
(nz)(nz+1) nz(nz+1)

(Fne2)(z) = (n—2+1), - n(n —1) B

1—
n—1

Starting from the theorem
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Theorem 3 (A. Lupas [3]) If

lim (Lej)(z) = [@(x)), j=0,1,2

n—o0

then
lim (Lf)(x) = f(p(z)),

n—o0

for f continuous on [0, M], M > 0.

Using theorem 3 it follows the following statement is
true

Theorem 4 Let f : [0,00) — IR, with
|f(z)] < Mz™, a>0, M >0,

when z — oo. If F,, are positive linear operators
defined as is (1), then

Tim (Ff)(x) = f(=),
for f continuous on [0, M], M > 0.
A. Lupas [5] prove the following proposition

Theorem 5 If
L: C(K) — C(Kl), K1 = [a,l,bl] g K,

is a positive linear operator, then for all f € C(K)
and § > 0 we have

Lf = LSk, < (IS - lleo — Leol |k, +
+int {l|Leoll, + 07" |Lul 1, Yol 5,
where || - || = m}z(tx| | and Q,,(t) = (t — x)™.
We have the following theorem

Theorem 6 If F, f is define by (1), then for all
feYyanC[0,00), a > 2 we have

17 = Fufll < Jo (£ =)

Proof: We consider m = 2, Q(t) = (t — z)2.
Taking into consideration the above we have (see

[6], [81)

.2 fE(l_ﬂf)_ 2, 2 z(l—1x)
(Fnf22)(z) == +7n—1 20°+12° = 1
choosing § = —-— and using the fact that

1
1—g) <=
z(l—2) < 7,
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it follows

I/ = Fufll < 3o (i o= )

In the following we consider the Post-Widder
positive operator

1 o0 —tynr—1 t
Waf)lo) = o [ e ety () at, @2)
L(nz) Jo n
Theorem 7 For F,, f operators defined in (1) we have
-7:nf = Wnana

where W,, are Post Widder operators, G,,f Gamma
operators respectively.

Proof: Starting from representation of Gamma oper-
ators

1 [ _ nT
Guf)lo) = [ty (B )
for z = L we have

(Gnf) <%) = %/Ooo e s f (2) ds.

We calculate successively

_ 1
" nll(nz)

o0 o0 t
/ e tgnel (/ e °s"f <—> ds) dt =

0 0 s

1 o0 —Ss.n

- nll(nz) /0 ¢

: (/Ooo e el (2) dt) ds.

we chance the variable g =y, that is ¢t = ys and we
have

(WG f) () = 771!&”33) [Tenr

oo 1
. —ys, nr—1 — .
( /0 e Pyt f (y)dy) ds I ()
/0 (/0 es(1+y)sn+nzd8> y”“lf(y)dy,

1
we note that s(1 +y) = T, ds = rdT and we
)
have

1 1

(WnGnf)(z) = n!F(nx)/o (1 +y)n+n:v+1'
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. </oo e_TTn—i-nxdT) ynx—lf(y)dy’ [8]
0
but
F(n + nx + 1) — / e*TTnJrnde, [9]
0
it follows
(WnGnf)(z) =
_I'(n+nzx+1) [ yne=l - [10]
_ (nT)pa1 /oo yn:v—l
ol 0o (1+y)rtnaetl fy)dy. (1]
Va1
We note -— ;o t, dy = i t)th’ we have

(WoGn) () = 1221

LG5 S () e
_ (nT)n41 /1 =11 — ) (L) dt —

n! 0 1—1¢
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