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Abstract: In this paper we present an algorithm for solving a Dirichlet problem for the stationary equation of the form
- Ap(x, y) + K2p(x, y) = —f(x, ), (x,¥) € D =[0,1] x [0,1]. The numerical examples allow a detailed analysis of
the problem solution, which depends of the form of £, the value of £ and of the step /4 of the network defined on D.

Key words: Helmholtz equation, periodical solution, finite difference methods, Fast Fourier Transform (FFT), interpolation

polynomial.

1. Introduction

Let us consider a rectangular diaphragm D with
fixed boundary T', which vibrates under the action of
periodical forces g

g=- meny) o Ha ()

c? c?

sinot (1)

The boundary value problem for wave equation is

1 0%u(x, y,1)
Buw yt) = 5 SR = g(n ) Q)
V(x,y) € Dc R?
u|1- =0 @)

where c is a constant and the boundary T" of D is a
smooth contour. The function u(x,y,?) in the initial
moment will not be periodical. After any time will
appear the periodic oscillations with the same
frequency  of the external forces g, such that

u(x, y,t) = o(x, y) cos wt —w(x, y)sinwt (4)

where @ is a given number, which is called the
frequency of periodic oscillations and is equal to the
number of oscillations in 2x units of time.
Substituting (1) and (4) in (2), we get the following
equations in view of linear independence of the
functions cosw ¢ and sinw ¢

Ap(x, y) + k2p(x,y) = f(x,y) (4

9|r=0 ©)
and
Ap(x,y) + k2p(x,y) = h(x,y)  (6)
where :—ﬂ, :—ﬂ—z,k:Q.
C (22 C

For the problem (4)-(5), we find the values
of ¢ in the points of a network defined over the
domain D, using the finite differences schema and
the Fast Fourier Transform(FFT) to calculate the
coefficients of a trigonometric interpolation
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polynomial of /. Then, a interpolation of the reticular
function ¢ is made. The algorithm is verified by
numerical examples.

This method is an extension of the
theoretical results which was obtained by Cooley,
Tuckey [8], Marciuk [5] and Rombaldi [7], for the
stationary problems. Unlike, the other papers, the
numerical examples prove that this algorithm is
flexible and computationally efficient for the
solution of an elliptic equation.

2. Problem formulation

Let us consider a Dirichlet problem for a non-
homogeneous Helmholtz equation (4). To use the
method of finite differences, it is necessary that the
domain D = [0, 1]x[0, 1] to be replaced by a
guadratic network with the step # = 1/N, and nodes
xx=k/N,y;=1/N.Hence
Dy={(xt, ) |0<k<N, 0<IKN}.

Let " be the set of nodes of the form (xo, 1), (x,)0),
(xn v1), (x;, yw) and let function ¢(x) continuous on D
be the solution of (4) - (5). This is approximated by
a reticular function ¢ ". Defining ¢, = (x,,¥,),

the Laplacian operator in node (x;, y;) is of the form

h h h h h
hoh Pht] T Ph1] T Phisl T Pk~ APk
(A )kl = 2
! h
and pf  =0onT. (8)

Once the step # was established we denote
the reticular function ¢' with ¢ and problem (8)
becomes

Ak = Ph—11 ~ Pkl ~ Phi-1 " PhiA .

2
gy = fxpyy) ©)
(x,x;)=0 0ndD, k,l€{01,...,N}. (10)

Introducing the notations

P11 T4
221 121

o=\ . =TT ) (11)
PN-1] In-

1=12,..,N —1and defining the matrix of (V - 1)
order
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k2 -4 1 0.0 0 0

1 h2k2_-41..0 0 0

B = : : : :
0 0 0--1hr%%2_-4 1

0 0 00 1 h%k%_4

we obtain the following set of equations

2
B€01 P2 :;’ f]_
2
—ON-2 BN 1=h" N

The solutions of the eigenvalues problem

By(m) = Am (B)v(’")
is of the form

A, (B) = —2{1 + COS W} + 22 —2 (13)

m=1,2,..., N-1
and

= (- —sin—— ,k=1,2,.., N-1 14
Vi (-2 1/N N (14)

are the components of the vector v,
Since the eigenvalues of the matrix B are distinct,
the corresponding eigenvectors are linearly

independent. The factor \/% has been chosen since

the basis is orthonormal in the space R"™.
Now we verify this property of the vectors {v™},
m = 1,2,.., N-1. In R"* space the product scalar of

the two vectors is of the form
N-1

(v,w) = 2 vewg, vg =vy =0 (15)
k=0

Then, for m # r , we have

N-1
(M, vy = 2 3 (=)™ sin M i TR _
N 5 N N
_ (=™ Nilcos (m—r)kz
N o
(=Y Nt cos (m + r)krz
N oo '
But
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_l1-el" +11—e‘”” [0, if Zeven
2 2 il 1, if Jodd
l-e VN l-e N

Then, for m = r, (v(’”) v() =0 and for m = r

N1 2mk7r

vim) ym)y = =3 cos0— — =
( ) = Z N Z N
=h-N-h-0=1.
In space R¥! the vectors f; , [ = 1,2,..., N-1 are
represented as:
N-1
fi = X Fp ™ (16)
m=1
or
Jix = Z zvz({m) (17)
where
2 N-1 . 2mkrx
F_,=.— sin 18
m,1 N]Elfz,k oN (18)
It should be observed that
Fm,l = (fl’v(m)) (19)
and
(1, 1) = Z Ky (20)

The sum (16) is the finite Fourier series for the
function f; and (20) is Parseval’s formula.

Now we assume that, the unknown functions
are represented as

N-1 ()
Q= ngm,lv ) (21)

Using (16) and (21) in (12) and multiplying
with the vector v “, one obtains for each fixed 4,, a
system of equations with a band coefficients matrix
ﬂ’m(Dm,l - (Dm,Z = Fm,l
_q)m,l—l +imq)m,l _q)m,l+l :Fm,l’ (22)
[=2,..,.N-2
- (Dm,N72 + ﬂ’mq)m,Nfl = Fm,Nfl

We remind that, for a periodic function /* having the
period 7.=1, the interpolation polynomial is of the
form
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£ = 1) =P(x;) = % + “TNcos 27N +

vt (23)
+ Z(ak CoS 27kx ; + f3, sin anxj)
k=1
where
1 2nN-1
ay=— X f,C082rmkx,
N j=0
(24)
1 2nv-1 j
B Y j:ij sin 2zmx ;, x; =N
ke{0,..,N},me{l,.,N-1}, je{01,....2N -1} .

We observe that the relations (18) differ from the

Fourier coefficients £ by a constant. Using (18) and
(24), we get for #%f; that

1 /2
=— |— 25
/ NW/Nﬂm (25)
for each fixed /.

Let us described the method for the
estimation of £, coefficients using FFT, [3], [5], [7].
In order to this, a network on [0,1] with 2N nodes
was considered for each fixed / and fo, = fy; =.....=
fovas = 0. To halve the computations number one
separates the components of f;; with even index from
those with odd index for each /. Let

u =fo +ifo1, j=0,1,...,N-1 (26)

and define Direct Discret Fourier Transform
(DDFT)
el 27)
u; = cpv
U= N

with v/ = exp(z’ 2’;\’;’), j e{01,., N-1}. DDFT

can be expressed matriceally as:

where
U=(ug,ty,tiy ) C=(co,CprCyy)
and ¢ — the operation of transposition.

1 1 1 1
1Lovy vy vy

T:(vé):% vf v§ 'V]2\]1'
CON-1 N-1 . N-1
Lvim mvy m vy |
2ri

where v = ¢ N |
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2
_j2m
Since [v|=1and v =e N =1/v one obtains

TT =TT = NIy, where T is the conjugate
matrix of 7. It follows from the form of 7 thatitis a

. . 1 1= .
nonsingular matrix so that 7 1 :ﬁT' Thus, using

(27) one obtains
1 N1 .
z vilug ;. j€{0,4.., N -1} (28)

c.
fN

which define the Inverse Discrete Fourier Transform
and they can be written in a matrix form as

c-try (29)
N

Considering that ka = Vk ~/ and (29) we get

C= iPTU (30)
N
where P is a permutation matrix.
With the next theorem,[1], we find the

coefficients f,, from (30) and (25) for every L.

Theorem, [8].

Let D,y be a network on the interval [0, 1], {f},
ke{0, 1, ..., 2N-1} be the reticular function, where N
= 2, peN" and u; defined by (27). Then the
coefficients of trigonometrically polynomial (23) are
computed from the formulas

aj—lﬂj

1 _
ZE(cj +Cy_j)—

) _ T
17 —cN_,-)exp(—z—’), Bo =By =0cy =co
(CN Jj +c])

_E(c] CN— J)eXp(lN) j=01....,N.
(31)

In general, the complex products number
from FFT algorithm has value N log.N. If u is not
defined by (26), the number of the computations
decreases if the matrix 7 of NxN dimensions is
replaced by a product of sparse matrices.

After we determine F,,; , m, [ =1, 2,..., N-1
with (25), we will solve (22) for each A,, and from
(21) we get

N-1
wjl = z (Dm ZV(m),j,Zzl,z,...,N_l
m=1 wJ

(32)

3. Numerical examples

I. Let’s define a quadratic network with
N =4, h =14 k¥ =1 and a periodic function

f(x,y) = - 272)sin zxsin 7y with period 7, =1.
In this case, the matrix B from (12) is of the form

-394 1 0
B=| 1 -394 1
0 1 -39%

and the eigenvalues have the values

M =-2523, Ay =-3.94, i3 =535 (33)

Generally, Ay, is arithmetic mean of the others
eigenvalues.

Let us now find the eigenvector components
corresponding to eigenvalues A, with m = 1, 2, 3.
These are

wm = “lgn e _ L g 2m
\/_ IR Ne > a
(m) _ ~1L gjp 3™
3 \/E 4
and (22) will be
ﬂ“mq)m,l - (Dm,Z = Fm,l
- cI)m,l + /1mq)m,2 - q)m,S = Fm,2 (35)

- cDm,Z + /1mq)m,3 = Fm,3

where we have successively m =1, 2, 3.

To obtain the solutions of (35), the Fourier
coefficients of the vectors f;, /{1, 2, 3} have to be
computed. For each fixed / we use 2N = 8 nodes on
[0,1], x; = jI2N,j = 0,1,..., 2N-1 and in this aim we
define the matrix

(/0. fom f7]1T=[0 11 f31 000 O]Tv
i f11
Jo +i-f3
0 .
0

U= (36)

In our case, the distribution of f;, k£, I =1,2,3 is
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Tabel 1
X 0 1/4 12 3/4

[=1 0 | -936 |-1324| -9.36
(v = 1/4)

[=2 0 |-13241-1872 | -13.24
(v =1/2)

[=3 0 | -936 | -1324| -9.36
(v = 3/4)

Since v’ =v]iv_’, the permutation matrix is

obtained as
01 2 3
P= (37)
0 3 21
and using (30) we obtain for /=1
C=£PTU=
4
0 0.0
1000| [Yo Y1 V2 V3 —9.36i
C1l0001]| |vg vivE vi| |-1324-93i
Tal0010] |42 2,22 0
0 "1 "2 "3
0100] |23 ,3,3 0
11 1 1 —9.36/
_ 1-i-1 4 —-13.24 - 9.3i
Taf1-11 -1 0
1 i -1-§ 0
-33-4.7i
1 |-233+097i
c==.
4 3.3
2.34 — 5.65;

From (31) and (25) we find
forl=1:
H=0,p=-662 £=0,=0andthen
Fl,l =-1.17, F2,1 =0, F3,1 =0;

for/=2:

Fp =-1654, F;,=0, F3,=0 (38)
for/=3:

F1,3 = —1.17, F2’2 = 0, F3,2 = 0

Now we can verify Parseval’s formula for / = 1:

3 3
> (2 fia)? = X Fly (39)
k=1 m=1
1 2 2 2 2
Indeed, 4—4 9.36% +13.244 +9.36¢ )=1.17¢ .

We will identify the solutions of the system
(35) for me{1, 2,3} with A,, from (33). The values

Fox lead to only matrix equation, which
corresponds to A; = -2.52:
-253 -1 0 OME] 1.17
-1 -253 -1 |-|®p,|=|-1654
0 -1 -253] |dy3 1.17

in accordance to the signs of eigenvectors. From
(21) and (34), the approximate solution ¢ and the
exact solution, ¢, = sin(zx)sin(zy) are presented in
the tables 2

Table 2

Xk 1/4 1/2 3/4

@ @e 4 Pe ® Pe
053 | 05 ] 074 | 071 ] 053 0.5

1
21 075 |0.71] 1.06 1 0.75 0.71
3] 053 | 05 ]0.74 | 071 ] 0.53 0.5

~~] ~

I1. Now will be considered the same example, but
with N = 2% . The eigenvalues are: 4; = -2.14,
Ap=-2.6, A3=-3.2, 14=-3.9, As=-4.7, 1¢=-5.4, 1;=-5.8
and the numerical solution is presented in table 3.

Table 3
k 1 2 3 4 5 6 7
=1 0.148 0.274 0.358 0.388 0.358 0.274 0.148
=2 0.274 0.506 0.661 0.716 0.661 0.506 0.274
=3 0.358 0.661 0.864 0.936 0.864 0.661 0.358
o (x) =4 0.387 0.716 0.936 1.013 0.936 0.716 0.387
=5 0.358 0.661 0.864 0.936 0.864 0.661 0.358
=6 0.274 0.506 0.661 0.716 0.661 0.506 0.274
=7 0.148 0.274 0.358 0.388 0.358 0.274 0.148
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I11. Let us now consider the different values for
constant k2.

a. If & = 10, the eigenvalues are:
Ay =-1.96, 1, =38, 13 = -5.23
and the numerical solution

Table 4
Xk 1/4 1/2 3/4
=1 0.55 0.786 0.55
[=2 0.786 1.112 0.786
=3 0.55 0.786 0.55

b. If ¥ = 100, the eigenvalues are:
A =3.66, 1, = 2.25, 13 = 0.836
and the numerical solution

Table 5
X 1/4 1/2 3/4
=1 0.494 0.698 0.494
=2 0.698 0.988 0.698
=3 0.494 0.698 0.494

IV. If in the first case on replaced f* with

fy)=x0l-x)(y-1)+2(x+y-x%-y?)

we obtain the approximate solution (k = 1):

Table 6
Xp 1/4 1/2 3/4
=1 -0.034 -0.045 -0.035
=2 -0.048 -0.064 -0.048
/=3 -0.034 -0.045 -0.034

In this case, the exact solution is of the form:
@. = =xy(l-x)(y-1) and in the point of
network it has the values

Table 7
X 1/4 1/2 3/4
=1 -0.035 -0.047 -0.035
=2 -0.047 -0.063 -0.047
/=3 -0.035 -0.047 -0.035

6. CONCLUSIONS

If we denote g(x) = ¢ (x,y,) for fixed / and
x<[0,1], then it may be expanded in a
trigonometric Fourier series at any point x of this
interval:

g(x) = o 4 > (a, co0s2znx +b, sin2znx)  (40)
n=1

where
1 1
a, = Z.fg(x) cos2zwnxdx, b, = 2jg(x)sin2ﬂnxdx .
0 0

Let us now consider Py(x), the Fourier
interpolation polynomial for g and we get

QMFRH%)M=%J=MWJE

g(xo)=g(xy)
where

Ay, N2 .
Py (%) =7° + (4, cos2zkx + B, sin 27kx).
P

The increase of nodes number N of the network leads to
a good approximation of the solution, which may be
verified with discrete Parseval’s equality

1, 1N2 12y,
—Aj +—= A +B))=— X;
4 0 2’122‘41( n n) N lg;,)g (1)

When N increases, the sum from the right part tends to

1
jgz(x)dx. If the integral is bounded, the sum is
0

bounded. Therefore, the sum of the left converge and
A, B, will be small. Thus, the trigonometric
interpolation will converge for continuous function g or
for function g with a finite number of points of
discontinuity.

The numerical examples were obtained with the
help of a program written in MathCAD. We show that
the increasing of the & value leads to the increasing of
the eigenvalues. Also, we find how depends the sign of
the eigen-values of the k . Besides, we observe that the
error, e=¢ —¢,, has negative value for positive
eigenvalues and
eigenvalues.

As before, it follows from the analysis of
numerical results that the error tends to zero with
increasing N. The numerical results prove that the
errors are smaller when the periodical force is a
polynomial, than it is a periodical trigonometric force.

positive value for negative
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