
 
A Compact and Simple Form of Inertia Tensor   

 
MOHAMMAD MEHDI  FATEH   

Department of Electrical and Robotic Engineering 
Shahrood University of Technology, Shahrood, IRAN 

 
Abstract: In this paper, formulation of inertia tensor for rigid bodies in a dynamic system is derived based on 
analytical method using skew symmetric matrixes. This formula describes the inertia tensor in a simple and 
compact form to simplify the related mathematical operations. The inertia tensor can be simply transformed in 
a desired coordinate frame by this formulation.  
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1  Introduction 
The principles and applications of tensors are 
usually considered in the linear algebra [1-4]. 
Robot dynamic is a very active area of tensor 
applications [5]. In robotics, the homogenous 
transformations, Denavit-Hartenberg representation 
Jacobian matrix of manipulator, dynamic 
equations, rigid motions and robot control are 
formulated using tensors. Matrix representation of 
dynamic equations can simplify the control design 
of a dynamic system and also its analysis. For 
example we can find many of such applications for 
a multi-link open-chain system [6].  
Skew symmetric matrixes are very useful for 
deriving the dynamic equations of a manipulator. 
Some kind of transformation matrixes and skew 
symmetric matrixes are applied for a model-based 
control of a dynamic system [7]. It has been 
reported that skew symmetric matrixes are used for 
providing Hamel coefficients and deriving 
Lagrange equations for the n-dimensional rotation 
of a rigid body [8].  
First of all, in this paper, we describe the features 
of skew symmetric matrix and rotation matrix. A 
novel formula for inertia matrix is then analytically 
derived based on kinetic energy of a rotational 
motion of a rigid body using the skew symmetric 
matrix. This formula which is presented in a simple 
and compact form can simplify the formulations 
which are related to the inertia matrix. After that, 
the transformations and descriptions of inertia 
matrix are formulated to transfer the inertia matrix 
from the center of mass coordinate frame to other 
frames which have significant applications in 
engineering. Finally, the derivative of the inertia 
matrix is also formulated for dynamic equations. 
 
 

2  Skew Symmetric Matrix 
S represents a 33×  skew symmetric matrix [5] as 
follows 
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where is a vector of the form . a [ ]Tzyx a,a,a=a
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whereα andβ are real constants, a  and b  are 
vectors. 
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                                              (6)  TRS(a)RS(Ra)=
 
where R is a 33×  rotation matrix which is an 
orthogonal matrix such as IRRT =  where I  is a 
unit matrix.  
  

TRS(ωR )=                                                         (7) 
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where  that θ  is the angular velocity of the 
rotation matrix. 

θ= aω

 
 
3  Deriving the Inertia Matrix 
Assume a rigid body named b which rotates about 
center of its mass with no transferal motion. Attach 
a frame named C to the body such that its origin is 
coinciding on the center of mass. Position of a 
particle of the body in a reference frame named B 
which is fix and its origin is coinciding on the 
center of mass is calculated as 
  

C
C
BB PRP =                                                           (8) 

 
where  is position of the particle 

in the frame C and  is a rotation matrix to 
describe the frame C in the frame B. Derivative of 

 can be computed as 
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The kinetic energy K can be calculated as 
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Substituting  from Equation (9) into Equation 
(10) leads to 
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Use of Equation (7) as 
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Then, using Equation (8) leads to 
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The angular velocity vector  is not dependent to 
m. Therefore,  
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Rewriting the kinetic energy in the frame B as 
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BI  represents the inertia tensor of the rigid body b 

in the frame B as a simple and compact form. It can 
be rewrite in the frame C as 
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rom Equation (2) and , then 
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bstituting in Equation (20), leads to 
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                                                                            (22) 
4  Transformation of Inertia Tensor 
The inertia formula is then rewritten to transform
the inertia tensor from one frame to other frame. 
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ince BB = and  is not dependent to 
, hence 
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hen, substituting Equation (20) in Equation (25), 

leads to 
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on (28) is a transformation of inertia tensor 
om frame B to frame C.  

 the inertia tensor from frame 
C to a desired 

llows: 
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The first term in Equation (32) is simplified as 
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Substituting BP  into Equation (19), yields 
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Then, using E ation (6), leads to 
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Equation (26) is a transformation of inertia tensor 

om frame C to frame B. Then fr
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fr
In order to transform

frame named A, we continue  as 
fo
Position of a particle of the rigid body in the frame 
A named AP is 
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As a result of substituting  
 

                 (37) 
 
 
The inertia tensor in a expand form can be written 
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We can transform the inertia tensor from frame C 
to the desired frame A using Equation (37). 
If frame A is parallel with frame C, then 

which yields . Therefore 
 

                               (39) 
 
 
5  Conclusion 
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of the compact form of inertia tensor. The formula 
can be used in the derivative of kinetic energy to 
analyze and control of dynamic systems. 
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