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Reducing the Error of Manipulator Jacobian in the Control System
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Abstract: In this paper, the uncertainty of Jacobian matrix and its effects in the control system are considered. A
new control approach is then provided for reducing error in the case of trajectory tracking in the task space. This
control approach is based on using feedback linearization. The joint angles, position, velocity and acceleration for
the end-effector are required to feedback. Although, the case study in this paper is a 2-link manipulator, but it can
be generalized for multi degrees of freedom robots. The control system is simulated and considered for canceling

the error.
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1 Introduction

Robot dynamic equations are highly nonlinear. For
the reason of parametric uncertainties and the un-
modeled dynamic, it is difficult to derive the exact
system model. Using feedback linearization approach
and then applying a linear controller such as the PD
and PID controller are effective for set point control,
despite the nonlinearity and uncertainty of the robot
dynamics [1-2].

End-effector is controlled in the task space while the
actuators operate in the joint space. Therefore, it is
required to transfer the joint space to task space using
the Jacobian matrix [3]. The Jacobian error produces
output error in the control system. In the robot
control it is very often to use the Jacobian matrix.
However, the exact Jacobian matrix is not available.
Because of the production limits, industrial product
parameters will be slightly different with the design.
On the other hand, considering the different
conditions in load, geometry and robot component
dimensions, Jacobian matrix involves the errors. A
PD control law based on the approximate Jacobian
has been provided for set point control of robots with
uncertainties in Jacobian matrix [4,5,6]. Required
conditions for the bound of the estimated Jacobian
matrix and stability conditions with feedback gains
are presented. Despite the fact that the Jacobian is not
certain, it is required to provide the asymptotic
stability for the system [7].

Control laws have the best operation by using the
exact model of the system. However, the exact model
of robot is not available. Moreover, a robot performs
different tasks, so its model may vary. For example:
when a robot picks up several tools with different

dimensions, or gripping point, therefore the overall
kinematics and dynamic of robot changes.

In more control methods, the Jacobian matrix is used
and the robot control law is defined in the joint space.
Singularity is one of the most important problems
which must be considered for the robot control. In
the case of singularity, the determinant of Jacobian
matrix becomes zero and as a result the system will
be out of control. Therefore, a robot can track a
trajectory where the Jacobian matrix is non-singular.
In studying uncertainty, it is propounded that Human
beings act intelligently while they don't have an
accurate knowledge of the environment. For
example, with the help of our eyes, we are able to
pick up a new tool or object and manipulate it
skillfully to accomplish a task.

In addition, Humans are able to learn and resolute
their uncertainties by using previous experiences. For
example, after using an unknown tool for a few
times, we seem to have a better knowledge of it and
we are able manipulate it more skillfully. Therefore it
is not require the exact knowledge of kinematics and
Jacobian matrix. In order to overcome dynamic and
kinematics uncertainties, we should apply suitable
control laws.

2 Jacobian error

Manipulator Jacobian or Jacobian matrix is an
important factor for robot control and analysis.
Jacobian matrix is used for planning smooth
trajectory, determining the singular cases, and
transformation from joint space to work space.
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Parametric error in system will cause Jacobian error,
and then it causes velocity error in the Cartesian
space. Jacobian matrix is derived using forward
kinematic equations as follows.

T = Fkin(q) M)

where, q € R" is joint variable vector, Fkin is the

forward kinematic function, T is a transformation

R d] where R is a rotation
0 1

matrix to show the direction of the end-effector and
d is the position of the end-effector.
Jacobian matrix is defined as:

MEH

v and o are the linear and angular velocity of the
end-effector, respectively, J and J are Jacobian

matrix related to linear and angular velocity,
respectively. In this paper, we consider to track the

end-effector position in the work space, so J_ the

Jacobian matrix is simply denoted by J and the end

effector velocity v is denoted by X .
If we show Jacobian error as 8J and the approximate
Jacobian matrix as J , then we have:

matrix defined as T {

J=J+8J 3)

Substituting Equation (3) into Equation (2), we have:

X =(J +8J)q

=Jq+ SJ:': @
As a result, approximate velocity is obtained as:
X=1Jq ©)
Therefore, the velocity error will become as:
X =dJq (6)

Then, the position error produced by Jacobian error is
derived as:

oX = j dJq dt @

3 Designing the controller
Robot dynamic equation can be expressed in joints
space as [3].

M(@)q +V(q,9) +G(q) +F(q) =7 (8)

where q is the joint variable vector, T is the applied
joint torque to the robot, M(q) is the inertia matrix,
G(q) is the gravitational force vector, F(q) is
friction force vector, V(q,q) include the coriolis
and centripetal terms.

A control law is defined using the feedback
linearization approach according to Equation (8).
Mp+h=1 9)

where his h = V(q,q) + G(q) + F(q)

Applying the above control law will result in a linear
system as follows.

P=4q (10)
Derivative of X in Equation (4), will be:

X =i +Jq+83q+5Ji
(11)

And, then:

i = I X = (Jq + 83 + 8Jij)] (12)

Thus, from Equations (10) and (12), the control input
is derived as:

p=J X -@q+83q+8J)] (13)

To control robot in task space for tracking a
trajectory, we can apply the following control low in
Cartesian space.
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X=X, +K,X, - X)+K, (X, -X) (14)

Let e=X,—X, where e is the position error.
Therefore we have:

e+Ke+K,e=0 (15)
As t—oo, the position error approaches zero
asymptotically. Substituting Equation (14) into

Equation (13) and then substituting equation (13) into
Equation (9) will result in a control low as:

T=MJ'[X, +K, (X, - X)+K, (X, ~X)

R . (16)
-(Jq+0Jq+06Jq)]+h
From equation (11), we have:
3 - X = —(Jq +8Jq + 8J§) (17)

As a result of substituting Equation (17) into
Equation (16):

T=MJ'[é+K é+Ke+Jgl+h (18)
The control law is arranged as:

T=M[J'(é+Ke+K,e)+d]+h (19)
In order to make the control low given by Equation

(19), the variables named as ¢, X, X, X should be

feedback in control system. The control system is
shown in Fig.1.

-
E

i

o] 3
X, 4&2 = Fhin

Fig.1 block diagram of the control system.

In this paper, although the case study is a 2-link
manipulator shown in Fig.2, but it can be generalized
for multi degrees of freedom robots.

Fig.2 the 2-link manipulator.

Forward kinematic Equations are given by:

X, =1, cosq, +1,cos(q, +1,)

. . (20)
X, =l,;sing, +1,sin(qg, +g,)

Where X =[x, x,[, I, and 1, are the link lengths,

m,and m, are the link masses, ¢,and ¢, are the

joint variables, respectively. And, the Jacobian
matrix of 2-link manipulator is then derived as:

J :|:_|15inq1 _|ZSin(ql +Q2) —|28in(q1 +qz):| (21)
|1 €osq, + |2 Cos(ql +q2) Iz Cos(ql +q2)

In this simulation, m, is 2kg and m, is 1kg, I, is 1m
and 1, is 5m.

4 Simulation
If it is assumed that &J=kJ, Ok@ and

J= (1—k)J . Substituting J into Equation (16), the
control law is written as follows:

T=M I Xy +k, (Xg—X) +k, (Xg —X)—
(A+K)IG+KI §)]+h 22)

The simulation results are obtained for different
values of k. The reference signal is shown in Fig.3.
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Fig.3 reference signal.

Choosing  k, =[100 0 } kp = {7 0}, k=0.6,
0 100 0 7

tracking error in task space is presented in Fig. 4. The

error has an overshoot about 0.21 at time 0.5 sec. and

it approaches zero after 1sec.

Now, we increase k. So, by selecting k=0.8,

100 O 7 0 . .
k, = , kp= , the tracking error is
0 100 0 7

presented in Fig.5. In comparison with Fig.4, the
overshoot of error increases to 0.3m at time 0.4 sec
and it reaches to zero after 1sec. Anyway, the
position error approaches zero.

0.4

0.2r

&
8

0.4

Position error, m

0.6

0.8

L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
time, sec

Fig.4 The position error.

To consider the effect of ko, 0N the control system, we
increase it. The tracking error is shown in Fig.6 by

; 100 0 20 0 -
given kv{o 100}, p{o 20] k=0.6. In
comparison with Fig.5, the position error approaches
zero with no overshoot. The control system operates
well to provide a desired output.

Position error, m

12 I I I I I I . . .
0 1 2 3 4 5 6 7 8 9 10
time, sec

Fig.5 The position error.

Now, we consider k,. Tracking error is presented in
20 0

Fig.7 where k=0.6, k, = 200 0 , kp= . The
0 200 0 20

error has an overshoot that is not much. The error
approaches zero well.
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Position error, m
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09 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
time, sec

Fig.6 The position error.
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Fig.7 The position error.
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Finally in the case of k=0.6, k:{lzo 0},
0 120

Vv

0
has no overshoot and approaches zero well.

20 0 . -
Kp :[ 20] the tracking error shown in Fig.8. It

0.2

0.2+

0.4+

0.6

Position error, m

. . . . . . . . .
1 2 3 4 5 6 7 8 9 10
time, sec

Fig.8 The position error.

5 Conclusion

The Jacobian error causes the error for tracking a
desired trajectory in task space. A control law has
been developed to cancel the Jacobian error using
feedback linearization. Simulation results have been
provided and the tracking error has been considered
to approach zero. To implement the control law, the
acceleration of the joint angles, and also the position
and velocity acceleration of the end-effector in the
task space are required to feedback.
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