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Abstract

In this paper, free and forced vibrations of thin and thick plates are studied using the finite element method and
two types of elements, namely, Lagrange and heterosis elements. At first, numerous of plate applications are
mentioned, and then the plate and its various characteristics are described. A background of Lagrange and
heterosis elements in static analysis of plate is discussed, and then a novel approach for dynamic analysis of
thin plates is introduced applying of heterosis element. The governing equations of plates are derived by
rewriting the Mindlin-Reissner theory in tensorial notations, and then the required variational equations for the
FEM are obtained using Hamilton principle and applying divergence theorem. Assuming linear shape functions
in the finite elements modeling, the stiffness and the mass matrices are obtained. Two types of elements,
namely, Lagrange and heterosis elements are used to analyze the free and forced vibrations of thin and thick
plates. The finite element and exact solutions are compared in special cases and the results show the acceptable
accuracy of the method. The ability of this method for calculating the stiffness and mass matrices provides the
necessary conditions that are needed for vibrations control of the plates. Finally, the results are summarized,
and the preference of the heterosis elements and the presented finite element method with linear shape
functions for the vibration analysis of thin plates are exhibited.
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than Lagrange elements [1]. Some preferences have
been shown by Hughes [1] only for elastostatic
plate problems. At this paper applying Heterosis
element for studying plate vibrations is discussed

1. Introduction

The plates in more engineering structures form the
base part of structure. For example frame vehicle,
thin and flat parts such as roof and walls in homes,

different parts of airplane wing and the bodies of
ships, flat parts in water or oil tanks, cutting blades,
blades of some turbo-machines and est., satisfy
plate model for them [6]. At this paper for studying
dynamic behavior and vibrations of these
structures, accurate theory of plate by using
tensorial notations are described. Based on
tensorial notation from governing equations on the
plate behavior, the FEM are developed and then
obtained equation from the FEM are applied for
studying vibrations of thin and thick plates. In the
FEM, has been used from two types elements,
namely, Lagrange and Heterosis elements that
Heterosis element has special preferences rather

that provide solution ability for both thin and thick
plates. Because applying this method is not well
possible by common engineering softwares,
detailed program using MATLAB for analyzing
and simulating plate vibration has been developed.
At this program possibility of studying free and
forced vibration modes show and control of plate
vibrations have been provided. Kirshhoff-Love and
Mindlin-Reissner theories two important theories
are regarded for studying thin and thick plates and
each of them, has been based on suitable
assumptions. At this paper based on assumptions of
the Mindlin-Reissner theory and using of Hamilton
principle, governing equations on plate vibration
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behavior are derived and Then, details expression
of the FEM are described for vibrations analysis by
using Lagrange and Heterosis elements

2. Plate definition in tensorial

notation

The structure that the ratio of the smallest
dimension to the smaller of two another dimensions
is small, is called the plate (as a criterion is 1/20).
The smallest dimension is defined thickness and is
shown . Plate thickness is divided into two halves
by assumed plane and if thickness is constant, this
plane will be parallel with two others plates. This
plane is called the mid-plane and in direction
normal to this plane the thickness is measured. The
mid-plane is one of the important parameters in
plate analysis and in loading; it is assumed that all
forces and external loading are applied to the mid-
plane. Displacements and strains are also related to
the mid-plane. In presented model for plate, length

isin x; axis and displacement caused by loading in
this direction#,, width plate in Xx,axis and
displacement related to this isu,. Thickness is in
x,or zaxis and deflection in this direction is

named u,[6]. Above Instances and related

definitions have been shown in figure (1). Basic
assumptions related to plate deflection are: 1. plate
sections after loading remain straight, 2. stress

normal to the mid-plane o, in comparison with

another components is small and can ignore it 3.
Component deflection in z direction #, is only

function of coordinates of each point in mid-plane
[1, 5, 6, and 8]

Now with attention to described assumptions, the
field components of displacement can be written in
the following form [1, 6] :( note: in future
equations, the index "," denotes partial differential
and the Greek indexes field are 1, 2 and the Latin
indexes field are 1, 2, 3).

Uy (X1,X2,X3)==20,(X[,X7)

(1

uj3(X1,X92,X3)=W(X1,X2)

With substituting these components into Green
strain tensor definition we will have:

Eop =3 (Uop +Upe) =Uep) =200 p)

2

€3 =5 (-0, +W ) )
The Hook law for linear isotropic materials is:

Gij = A 8jj& +2pej; 3)

From second assumption the Hook law will be

Oap =h Oup€yy +21E g

4
043 :2”' €43 ( )

In above relationships the elastic coefficients A, H

according to Yang module FE and Poisson ratiov
are:

vE E

- Moy (5)

Now by applying Hamilton principle for plate
formulation that is to the following form

aj{j@puiui ~lego U)dQ]dr—O (6)

7, LQ

With attention to relationship (2) that explains plate
sinematic field and relationship (4) that are
constitutive equations, we open equation (6). First,
we write the first part of integral in the following
form:

l

j “ i, MSdz] dr =

11—‘

T ™
JU[5pcewaw +:51°9,80, )ds]de
T S

The second part of integral equation (6) is:

5 I H(2 ;0 HSdz] de

T 7‘5
© _ ®)
1 3 3
I[ I{E(M BapO .y +2HE70,0,8) )00 o ) +
7 S

Hty 8y, 1dS]dt

By applying divergence theory on equations (7),
(8), and combination of them, we have:

2 —

JICT 52%8,50(,,,)004ng +

o Ts

20200 ;)30 np + HE(W o — 0 )dWn o )dl —

1 3
- f( 18050y 00 100 p)300  (9)

: 135
—EptWSW—Et 0,060
pt(w o —64) o 6w)dS]de

Now by defining the following relationships we
have:
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3
_t [

Mop =75 [maﬁev,v + 2“6(043)]: “Copys Kys

3 ~ (10)
Copys = D [H(SOWSBS +8,59p,) + )"6(1[38«/5]
Kag =0(ap) » Qo = (=0, +W ) =Cyg ¥p (11)
Cop =Yg (W is deflection)

m,, =m,sng =M, (applied moment) (12)
q, =q4n, =Q (shear force on boundary) (13)

And substituting them in relationship (9),
variational form will be:

3=
pt ee)ds_

~ ~ 12 (14)
'[(WF—GTC)dS—J: WQ—0TM)dr =0

.g_T b —T1ys =t
(k D’k+7 D’y +Wwptw +

At this relationship, F, is external force and C, is
distributed couples on area and the other quantities
are in the following form: 0 ; rotation, vy ; shear

strain, « ; curvature and D®,D*; elastic properties

(superscript b related to bending and superscript s
related to shear).

o-forf oG-

_ K| Ky (15)
Y:{ 1}:](: Ky 1, K=Ky

b
sym D33 (16)

3. Mass and stiffness matrix
Assume element that we have selected for plate
solution, it would have mem node. Unknown

variables for each node are w,6, ,0, and
weighting functions arew, gx,gy. The idea is to
obtainw,@,,6,. On this base, we define the
quantities w, Qx,ﬁy,W, gx,gy based on the shape

functions, to below form:

nen nen

wh zz“Naw;l , Wi :Z:Nawz1

e (17)
0f =) N,05, . 0f=) N,

a=1 a=1

That N ,is shape function. By substituting

relationships (17) into equation (14) and using from
relationships (15) to (16), bending component of
stiffness matrix is obtained to below form [1]:

nen
k=) [ B} D B})dA
A
B=l1
0 Ng, O
Bg = O O NB,y (18)
O NB,y NB’y

:kg _ L(Bb)T Db (Bb) dA

B’ = [B}’ BY ... B} ]
Shear Component of stiffness matrix is also
obtained to the following form:

nen

ki=) [ B3 D BY)aA
B=1

BS NB,X _NB O
BINg, 0 -Ng (19)
Sk = j (B%)T D* (B®) dA
A

B = [B? B Bien]

The matrix of total element stiffness is summation
of these components.

k, =k? +kS (20)

€

Transverse displacement component of mass
matrix is obtained to below form:

nen

mé, =Y J;pt (BL) By, dA
B=l
=>m, =pt J;(BW)T Bw dA
Bw=[B1 B, ... B

Rotation component related to x of mass matrix is
obtained to form below:

pt3 nen
mé =P J’BT B, dA
X 12 ; A( XB) xB
BxB=[0 NB O]
pt’

=>m; =E j (Bmx)T (Bmx) dA
A

(22)

Bmx = [B B, .. B

x1

Rotation component related to y of mass matrix
also is obtained to form below:
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3 nen

e Pt ZJ’ T
mé=F— (Bjp) Bys dA
12 = A

Biy=l0 0 Ny

(23)
e =P J'(Bm )T (Bmy) dA
y T W y
Bmy=[B, B, .. B,

The mass matrix is summation these three
components:

e _ e e e
My = My, + my + n’ly (24)

By assembling mass and stiffness of element, the
mass and stiffness matrix of total structure is
obtained. By having mass and stiffness values of
total structure, the problem is transfered to below
vibrationality problem.

mi + kx = 0 (25)

That the solving is to below form [7]:

u®i=0? [m] u®
[:'(]z{l,Z},.’;,..r.r[n ]{ } (26)

(r)

@, Are natural frequencies and u' ’are special

vectors.

4. Selection of element

One of the most obstacles in developing plate
elements is shear locking [2, 3], and that for
prevention this event, we use reduction integration
in integrating mass and stiffness matrices [2].
Although use of reduction integration is caused the
decreasing of this effect, because of rank reduction
of integration, it produces the rank deficiency as a
bad effect that it causes periodic errors in results.
Although Lagrange element (figure 2-b) reduces
the shear locking effect, it has rank deficiency as a
bad effect. The first element that has correct rank
and has no shear locking has been named heterosis
element [1]. (Figure 2-a)

5. Mesh generation

Characteristics of selected plate for analysis are:
Ix is length in xaxis and mexis the number of
element divisions in this direction, [y is length in y
axis and mey is the number of element divisions in

this direction. Now we define below array for
recognition in local and global coordinates [1].

A =1EN(a,e) 27

In which a is local numbering and e is element
number. ID Array gives zero to degrees of

freedom of nodes that are on essential boundary
condition and non zero to others.

0 if Aen,
pif Aen-n,
In which 7 is collection of degrees of freedom of

ID(deg, IEN(a, €)) = { (28)

nodes and 7, is collection of degrees of freedom

of nodes on essential boundary condition and
7 —1, is collection of natural degrees of freedom

and the number of this collection is n,, and it is

equal to the number of equations. deg , Describes

the number of degrees of freedom. LM Array is
used for installation of different members of mass
and stiffness matrices

LM(p,e) = ID(deg,IEN(a,¢)) 29)

6. Exact solution of thin plate

vibrations
Based on Kirshhoff assumptions for thin plate,
following formula, is equation of thin plates

vibration without of being external forces [7]:
2

-DViw= p 0 ZV
ot

By using of separation of variables method, we
consider w function in the following form:

w=Wf (D)
That W =W(x,y)is transverse displacement and

(30)

f is harmonic function of time with o frequency.

By substituting relationship (31) into equation (30)
we have:

DV*W = 0’pW (32)
By using from Fourier Seri for W function and by
using of boundary condition of rectangular plate
four sides on simply supported, that dimensions are
0<y<a and0< y<b, natural frequencies

obtain to below form:

Om =202 + (@2 ]2

Mode shapes obtain Also to form below [7, 9]:

m,n=12,..., (33)

mnx . nmy
sin
a b

W, =A,, sin mn=12,..., (34)

7. Numerical examples
For plate four sides clamped and following
characteristics:

Ix = 200mm, ly = 50mm, nex = 8,ney = 8

t = Imm(thin), t = 10mm(thick)
That has material like steal and effected by its
weight, the figure displacement is [3]. This is a
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static solution. For thin plate and four edges simply
supported and values:

Ix =200mm, ly =50 mm, t =1 mm, nex =8,
neyzs,E=210e6,v=o.3,p=7860ky3
m

The first mode has been obtained by using of
Heterosis element in the finite element program.
(See, Fig-4).

For thick plate that have following characteristics:

Ix=200mm, ly=50 mm t=5 mm nex=3§,
ney=8,15:21036,v=0.3,p=7860ky3
m

The fourth mode by Lagrange element is fig [5].
For above thin and thick plates, comparison of
analytical solution results, Heterosis and Lagrange
elements has been done in figures (6) to (11).

After studying free vibrations of thin and thick
plates now we study forced vibrations. Assume that
following thin and thick plates are one edge
clamped and number of element for each one,
being 16.

Ix =200mm, ly = 50mm, t=1mm,
nex =4, ney =4,E=210e6,v=0.3
Ix =200mm, ly =50mm, t =10mm
nex =4, ney=4,E =210e6,v=0.3

Thin plate

Thick plate

If we apply harmonic force u(t) = 0.1 sin10t in edge

opposite to clamped edge (fig.13), the reaction of
sample nodes of plate to this instigation are figs:
[14, 15]. For another example for forced vibrations,
we considered above plate that a model of system
reaction for harmonic instigation on middle node
(node 41: Fig, 13) for two different frequencies that
has been done in two stages, has been shown in
figure-16. For this plate because frequency 133.59
is near to first natural frequency, we except that by
time increment, we had had amplitude increment.

8. Summary

As was observed, the finite element program that
has been developed for vibrations analysis of thin
and thick plates, has ability for analysis of static
(Figs: 3) and free and forced vibrations and from
running program, some natural different modes in
figures (4) to (5) are drown. By using from this
information as it is inferenced in figure 7 for the
first four modes and figure 10 that has been used
from 24 elements and the ratio of the first natural
frequency (obtained by the FEM) to the exact, has
been shown and in figure 6, Heterosis element has
the most convergence and nearness to exact result
for thin plate (no increment of elements). For thick
plate as is considered in figure (8), Heterosis is near
to exact result (of course exact solution valids for
thin plates that has been ignored from shear locking

effects). Whatever number of elements increase, for
Heterosis and Lagrange elements, the answers go to
more convergence, only at this case, Heterosis
element is near to exact solution (figure-9, 10).
Heterosis element has superiority and advantage
because of no shear locking and no rank deficiency
in analysis and simulation of thin plate’s vibration
behavior has been used from shape functions from
first order. When the thickness increases, it seems
that Lagrange element have results near to exact
solution. By thickening of plate the accuracy of
Lagrange element increases and it’s because of no
shear locking in thick plates (fig-9). The increment
of elements has good effect on results. (See, Fig-
12). From propounded matters and designed finite
element program (that general softwares don’t
analysis of thin and thick plate as it was presented
at this paper), we can use from this metod for
vibration analysis of plates that have been used in
machin industries, astronautics, ships, or different
structures of civil. Also we can use from this
method for control of vibrations of plate.
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