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Abstract: - In this paper we calculate the velocity field and distribution of stream function for ideal
incompressible fluid, induced by a different system of vortex threads in a finite frustum of the cone. An
original method was used to calculate the radial and axial components of the velocity vectors. Such a
procedure allows us to calculate the velocity fields inside the cylinder depending on the arrangement, on the
intensity and on the radius of circular vortex lines. In this paper we have developed original mathematical
model for new type of ecologically clean and energetically effective device for producing electricity by the

wind power.
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1 Introduction

In new technological applications it is important to
use vortex distributions in area for obtaining large
values of velocity. The effective use of vortex
energy in production of strong velocity fields by
different device is one of the modern areas of
applications, developed during the last decade. Such
processes are ecologically clean; there is no
environment pollution. Although, on the other hand
the aspect of energy is very important: the
transformation process should be organized in such
way that vortex energy is effectively transformed
into heat or mechanical energy. In our previous
papers [1] — [3] we have mathematically modeled
the process how to transform the alternating
electrical current into heat energy.

The goal of this paper is to develop the
mathematical models for new type of ecologically
clean and energetically effective devices for
producing electricity by the wind power [4]. Such
type of devices firstly was developed by L
Rechenberg. Now the continuator of the work is one
of authors J. Schatz. The devices of such type can be
considered as the energy source of the new
generation because of several reasons. Firstly, they
are completely ecologically clean. Secondly, they
are very compact (if their size is compared to their
power). Thirdly, the idea of the structure of the
devices is based on the processes in nature; in this

case it is hurricane.

2  Mathematical Notations and the
General Formulation of the Problem
Let the ideal incompressible fluid occupy a finite
frustum of cone (&) = {(r,z,90): 0<r<a-—ez,
0<z<Z,0<p<2x}, where the parameter &
fulfills the condition:0 < &Z < a. If £ =0, the cone
transforms to circular cylinder with the radius a.

We will start with some geometrical descriptions of
placement of the vortexes. We will consider the

situation, when N discrete circular vortexes L,

where Li:{(r,z):r:a[,z:zi},i:I,_Nwith

2

intensity I, (m—j and radii a, (m) are placed in the
s

cylinder. The system of circular vortexes creates the

radial v and axial v, components of the velocity

field in ideal incompressible liquid.

Similarly can be considered the system of N

threads (i=1,N )

S ={(r,z,p):r=a—st,z=art,p=t+id} with
2r

parameters 0 = —,7 =
N

discrete  spiral  vortex

. The argument
2raM g ¢

fulfills the following enclosure:

Qe [%,ZE(M + 1):|, parameter ¢t €[0,27M |,
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where M is the number of circulation periods and
7 is the rise (step) of the vortex threads. The system

of vortex threads creates the radial v,, axial v, and

azimuthal v, components of the velocity field in

ideal incompressible liquid.

The vector potential 4 will be determined from the
equations of vortex motion of ideal incompressible
fluid

divv =0, .
{rot v=0Q. W
in following form:

AA=-Q. 2)
Here
v=rot A, 3)

where v,Q) are the vectors of velocity and vortex

fields and A is the Laplace operator.

It is well known that if we replace the velocity
vector v with the magnet field induction vector B
and the vortex vector (2 with the electrical current
vector j then the system of equations (1) is identical

with steady-state Maxwell’s equations. It means that
all our mathematical results could be applicable to
some electromagnetic processes as it was done in
our papers [1]-[3]. In spite of this now we will apply
our mathematical investigations to see how the
vortexes act to the distribution of velocity field of
incompressible fluid. The aim of this investigation is
to try to understand the process in devices of
Hurricane Energy Transformer [4] type.

3 The Description of the Problem in

the Case of the Finite Cone
Applying the Biot-Savart law [5],[6] we receive the
following representation form for the vector

potential created by the vortex thread W, =S, or
W.=L.:

1 1

(4)

r
) 4_;; R(NP).’

where dl is an element of the

P=P(x,y,2)
N=N(&,n,6)eW, is the integration point,
R(NP), =R =

Jo=&P +(y-n)’ +(z—¢).

curve W,

is the fixed point in the fluid,

)

For the circular vortex W,=L in cylindrical
coordinates we have:

X=rcose, y=rsing,z=z,. (6)
For the spiral vortex ¥, = §, we have expressions:
& =a.(t)cos(t+io),n =a.(t)sin(t +i0),

c=>bt. @)
Here a.(t)=a—¢t,b=ar,t€[0,27M].

This gives following expressions for the components
of vector potential:

I e e 1% T
s R, 4z 5 R 4z 3 R,
For the splral vortex we have from (5) and (7).
d& =—a.(t)sin(t+id) + & cos(t +io)],
dn =a.(t)cos(t +io)—esin(t +i0),
d¢ =bdt,
R =

1

= Jr +a.(ty —2a,(t)r cos(p—1—i8) +(z—bt)’
Therefore
2zM . . .
Axi:_L I a*(t)s1n(t+z5)+gcos(t+z5)d
’ 4 R

0 i

b

1

I, MJM a.(t)cos(t +i8) - £sin(t +i5)

B

Sy o R,
Th 2 dt
2~ 4r 4 R

o N
In accordance with formulae (2) we have following
expressions for the components of velocity field:

0A,; 0A_,
ViT=T T
’ 0z rog
0A .
v, =l£(,ﬂA ;)_lAa (8)
rort P r op
6Ari 81421'
vy =—t——=
ot oz or

Further we have from (6):
A, =4, ,cosp+ 4, sing,

A, =—A ,;sinp+ A4 cose.

It gives following expressions for last two
components of vector potential:

_ LZTW a.(?)sin(y (1)) — & cos(y (1)) dt
" Ar R ’

0 i
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_ Lz]M a. (1) cos(y (1)) + esiny (1)) ,
Y A R '
Here we have short
w(t)=@—t—id . For the partial derivatives of the

introduced notation

distance R, we obtain following expressions:

OR, _ r—a.()cos(y (1)

3

or R

OR, z—bt

% R

OR, _ a.(D)sin(y (1)
o9 R

For the components of the velocity field we have

representations as follows:
27zM

=1 J' [(z—bt)(a.(t)cos(w (1)) (9)
+esin(y(t)))—ba,(f)sin(y(t ))] F )
27zM
=L f [a,(t)(a.(t)- (10)
rcos(y(t)))—er Slrl(l//(f))] R3 ’

2rM

=gy | Br-a@@syO)-

(z—=br)(a(1)sin(y (1)) +&cos(p(t )))]gg-

4  Solution of the Problem for the
Finite Cylinder

Further in this paper we will concentrate our
attention to the case of the circular cylinder (£ =0).
It is easy to proof that for the cylinder with the
radius a all components of velocity are a even

Z
functions according to middle point z :E of the
cylinder, i.e.:

VA
—+z,0). (12)

The representations for the components of vector
potential in case of cylinder take a simplified form:

w,i_z o) =%

a7 sin(t +i0) gt
YT 4g j R

0 i

b

_Ta’f" cos(t+id)
M Ag I xR
0 )
3 I—w_le”Mﬁ
4 R

o N
Respectively simplifies the both components of the
vector potential in cylindrical coordinates:

Fa M sin(y () 4,
iz | TR

_Ta 2’]’” cos(y (1)
1 Ax R

0 i
The components of the velocity field look now as
follows:

v, (r ——i¢
ri\ SO (13)
2zM

[ [(z=bt)cos(y (1))~ bsin(y (1)} % R3’
0

Z.Cl
Vz,i(}",Z,(ﬂ): 47Z'X (14)
2rM
[ La=reosty O] .
0

2xM

r
vw.(r,z,(p):ﬁ !; [b(r—acos(y/(?)) (15)

—a(z—bt)sin(w(t)]g.

On the axis of the cylinder the second component
(14) of velocity reduced to simple expression:

a’ Z’IM dt
(@ +(z- bz)]

This representation easy can be written in closed
form:

vZ,(O z go)—

M z N Z—z
27 \/a2 +z° \/a2 +(Z-z)
This function takes it’s maximal value in middle
point of cylinder axis z=Z/2[8]:
M

. 16
2a:J1+(Z /(2a))* (1

The minimal values of thez component of the
velocity we obtain in two end points of cylinder axis

[8]:
v.;(0,0)=v_;(0,Z) =

v.;(0,z)=

v..(0,Z/2)=

M
2a\1+(Z/ay’

(17)
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We can calculate the integral averaged value of the
axial velocity component:

IZ
v .=—|v._ .(0,2)dz.
ws =7 ] 002

This value is:

M 2

V= : (18)
2a 14\J1+(Z/a)

The whole solution can be written now as the sum of
separate vortexes:

N
Vr(f",Z,(D) = Zvr,i(razago)a
i=1

N
v.(rz,0) =D v.,(r.z,0),

i=1

: (19)
v, (r:2,0) = v, (r.2,0),

i=1

N
A(g(razbw) = ZA,N-(”',Z,(D).
i=1

In general case we calculated all needed integrals
with the trapezoid formulas.

In case of circular vortex we have following
expressions instead of (7):

&=a,cosa,n=asina,¢=z,. (20)
Therefore
A, =0, 1)

The circular vortex originate axially-symmetric
conditions; at @ =0 we have

4, =0. (22)
It follows then that

Ta
A.=A =A(z,r)=—"-1I,,
Vi 0, 1( ) 471_ i

where
I - T cosada .
0 \/(z—z,.)z +a’ +r’=2arcosa
We have (see, e.g. [6]):
i (1—2sin® ¢)dt B
2 J(z—2) +(r+a)1-ksin’t

2 2 2
\/r_ai|:(;i_kiJK(ki)_EE(ki):|'

Here
t=(a-r)l2,

k = 2«/; /e, (24)

(23)

I =

¢, =(z-z) +(r+a)’. (25)
Further K(k)and FE(k)are the total elliptical

integral of first, respectively second kind:
/2

dt
K= [ ——.
'([ J1—k*sin’ ¢t
/2

E(k)= [ N1-k*sin’ tdt.
0

Therefore the azimuthal component of vector
potential A, induced by the circular vortex L, is:

A2y =t YRk, (26)
2\ r
Here
Fio) =|| 2~k |K(k)-2 Ek) 27)
i) kl. i i kl. i °

The two non-zero components of the velocity field
for the circular vortex according the formulas (8)
reduce to expressions:

o4 10

v =——L v . =——(rd.). 28
" oz ™ r@r( ) 2%)
We have from formulas (24),(25) and (27):
ok, _ k(z—z) Ok; _ |q (z—z)*+a?—r?
& a ek g
d_K:l £ --K ,d_E:i[E_K]
dk, k| 1-k dk, k,
and
dr _ 2 a’+r?+(z-z,)?
——=—| E(k;)— L —K(k)|
dk; kf[ (’)(al.—r)2+(z—zl.)2 (k)
These expressions give finally:
(2 =T R
’ 2rr
(29)
2, .2 Y
E(kl) a[ o 2+(Z Zi) 2 _K(kl) D)
(a,—r)y +(z—z)
v, (r,z)=——x
(r22) 27c,
2 2_( _ )2 (30)
K(k)-——" 2720 _E(k) |.
(a,—r) +(z-z)
Both elliptical integrals can be calculated

numerically with the accuracy to five decimal places
[9] (see our paper [10] also) as follow:
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K =1.3863+0.112x +0.0725x> —
(0.5+0.1213x +0.0289x%) In «,
E=1.0+0.463x+0.1078x> —
(0.2453x +0.0412x%) In k.

Few examples:

k:O:K=E=%=1.570800,1€=E=1.570796;

k=0.1:K =1.574746,K =1.574754,
E =1.566862,E =1.566871;

k=0.9: K =2.280549, K = 2.280570,
E=1.171697,E =1.171733.

We have on the axis of the cylinder:
[a’
32
2[61’,2 +(z —Zi)z]

This component of the velocity has the maximal

v (0,2) =

value by z=2z,a,=a on the axis and it is as
follows:
r
v, (0,z,)=—.
2(0:2,) 2a
In the middle point of the z axis we obtain the value
(for a=a,):

v.,(0,2/2) = L

3/2
D{l—i—(i—zi)z/az}

For the integral averaged value of the axial velocity
component we have following formula:

(Z-z)/a G1)

+ .
J+(Z-z)/a}  J1+(z/a)
From here we have in the middle point z, =Z/2:

T, 1

Vav,i -
D 1+(Z /D)

The total velocity field of all the circular vortexes

z,/a

and the vector potential Aw we have as the sum of :

N

v.(r,z)= Zv”,(r,z),
i=1
N

v.(r,z)=Y v, (r,2),
i=1

N
A,(r,2)=) 4,,(r,2).
i=1

The hydrodynamic stream function y =w(r,z)is
given by relations:
oy _law

"oore’ T ror
Then we have from (28):

w(r,z)=rd,(r,z). (32)
Important attribute of the process is the amount Q
of substance which flows through the cross section
[z=2,,0<r<aq,] of the cylinder, which is given

by the integral:
2r ay

0(ay,z,) = J d(pj v, (r,z,)rdr .
0 0

It is very easy to calculate the quantity:
O(ay,z,) =2ray4,(ay,z,) =27y (a,,z,) . (33)
Then the amount (), of substance which flows

trough the whole cylindrical domain is equal to:
z z

0,(a,) = j O(a,,z)dz =21 j w(a,,z)dz.  (34)
0 0

As the reader can see, the proposed method allows
to calculate the velocity field for arbitrary number
and location of circular vortexes or vortex threads in
a finite cylinder. This approach is different from the
usual methods, e.g., in book [11].

5 Conclusion

Velocity field of ideal incompressible fluid
influenced by circular vortex field in a finite
cylinder is investigated. The maximal value of the
velocity induced by the spiral vortexes is in the
middle of the cylinder. The behavior of circular
vortexes in the ideal incompressible flow depends
on the number, location and on the orientation of the
vortexes. This approach can be generalized for the
vortex threads on the surface of finite frustum of the
cone. It will be investigated in separate paper, where
the results of the calculations will also be given.
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