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Abstract: The Goursat partial differential equation arises in the simulation and modeling of several physical problems. Several finite difference schemes have been formulated for the Goursat equation. In this paper we develop a new finite difference scheme based on heronian mean averaging of functional values and apply the scheme to solve two Goursat problems.
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1
Introduction

The Goursat problem is an initial value problem involving a hyperbolic partial differential equation which arises in several areas of physics and engineering. The standard numerical procedure is the use of a finite difference scheme with arithmetic mean averaging of functional values [6]. [6] introduced a scheme based on harmonic mean averaging of functional values. [2] introduced a scheme based on geometric mean averaging of functional values. Comparative studies of these schemes have been carried out by [6] as well as [3]. In general the arithmetic mean scheme produces more accurate results and for linear problems it has an advantage in that the linearity of the scheme is preserved (i.e. no iterations are required).

In this paper we develop a scheme based on Heronian mean averaging of functional values (Heronian Scheme), study its implementation and compare the results with that of a scheme based on arithmetic mean averaging of functional values (Arithmetic Scheme) on two Goursat problems.

2
The Heronian Mean and Finite Difference Scheme

Let x and y be positive numbers. The heronian mean of order 1 (“the heronian mean”) denoted by H(x,y) is defined as [5]: 
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The relationships between the arithmetic, geometric and heronian mean is given by H = (2A + G)/3 where A is the arithmetic mean (x+y)/2 and G is the geometric mean (
[image: image2.wmf]xy

).

The Goursat problem is of the form:
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We consider the Goursat partial differential equations 
[image: image4.wmf].
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 The L.H.S is discretized as follows:
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Hence equation (3) becomes:
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The R.H.S is approximated at (i + 1/2, j + 1/2) as follows:
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From (5) we obtain:
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Thus the Heronian scheme for the Goursat problem is given by:
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The Arithmetic Scheme for the Goursat problem is given by [6]:
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Here the L.H.S of 
[image: image12.wmf]f

u

xy

=

 is discretized as before and the discretization of the R.H.S is obtained as follows:
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3
Numerical Experiments

We consider the linear Goursat problem:
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The analytical solution for (9) can be found in [7].

A computer program to implement the Heronian scheme was developed. For the linear Goursat problem (9) with 

h = 0.05, we obtained

                                                RELATIVE ERRORS FOR HERONIAN SCHEME


0.5
3.3993009e-005
5.7031988e-005
7.2593559e-005
8.3071938e-005

1.0
5.7031988e-005
9.9218496e-005
1.3013217e-004
1.5260200e-004

1.5
7.2593559e-005
1.3013217e-004
1.7507300e-004
2.0974098e-004

2.0
8.3071938e-005
1.5260200e-004
2.0974098e-004
2.5597778e-004

Average relative error of the Heronian scheme = 8.8835454e-005

As can be seen from the magnitude of the average relative error, the agreement between the computed and analytical results it’s quite good.

                                               RELATIVE ERRORS FOR ARITHMETIC SCHEME



0.5
6.7997099e-005
1.1408642e-004
1.4521989e-004
1.6618540e-004

1.0
1.1408642e-004
1.9848210e-004
2.6033065e-004
3.0528916e-004

1.5
1.4521989e-004
2.6033065e-004
3.5024469e-004
4.1961055e-004

2.0
1.6618540e-004
3.0528916e-004
4.1961055e-004
5.1212559e-004

Average relative error of arithmetic scheme = 1.7771664e-004

Table 1: For grid sizes h = 0.025, 0.1 and 0.25 we obtained the following results

	
	h = 0.025
	h = 0.1
	h = 0.25

	Average error of Heronian scheme
	2.1751945e-005
	3.7015312e-004
	2.6011115e-003

	Average error of Arithmetic scheme
	4.3506679e-005
	7.4107470e-004
	5.2370388e-003


We consider the non linear Goursat problem below:
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The analytical solution for (10) can be found in [1].

A computer program to implement the Heronian scheme was developed. For the non linear Goursat problem (10) with 

h = 0.005, we obtained

                                                 RELATIVE ERRORS FOR HERONIAN SCHEME



0.1
1.6676736e-001  
2.8567383e-001  
3.7420357e-001  
4.4241637e-001

0.2
1.6678803e-001  
2.8602844e-001  
3.7483651e-001  
4.4333126e-001

0.3
1.6612123e-001  
2.8537346e-001  
3.7431097e-001  
4.4302575e-001

0.4
1.6398784e-001  
2.8255075e-001  
3.7128987e-001  
4.4008536e-001

Average error of the Heronian scheme = 3.0724544e-001

                                               RELATIVE ERRORS FOR ARITHMETIC SCHEME



0.1
1.6676713e-001  
2.8600329e-001 
 3.7555313e-001  
4.4542399e-001

0.2
1.6678758e-001 
2.8668469e-001  
3.7753534e-001  
4.4935568e-001

0.3
1.6612057e-001  
2.8635481e-001  
3.7835698e-001  
4.5206976e-001

0.4
1.6398695e-001  
2.8385660e-001  
3.7667424e-001  
4.5213276e-001

Average error of arithmetic scheme = 3.1090643e-001

Table 2: For grid sizes h = 0.0025, 0.01 and 0.025 we obtained the following results

	
	h = 0.0025
	h = 0.01
	h = 0.025

	Average error of Heronian scheme
	3.0602886e-001
	3.0967105e-001
	3.1688251e-001

	Average error of Arithmetic scheme
	3.0963823e-001
	3.1343691e-001
	3.2098231e-001


As can be seen from the magnitude of the average relative error, the agreement between the computed and analytical results it’s quite good.

4
Conclusions

In this paper we have developed a new scheme for the Goursat problem. We have implemented the scheme on a linear Goursat problem and a non-linear Goursat problem and found the scheme to be more accurate than the arithmetic scheme (for these two problem). However, we note that this new scheme is non linear and thus, even for, linear Goursat partial differential equation, would require iteration.

Acknowledgements:

This project was funded by URDC grant, UiTM Penang.

References:

[1]
T.Y. Cheung, Three Non-Linear IVP’s of The Hyperbolic Type.

          SIAM J. Of Numerical Analysis, Vol. 14, No.3, June 1977.

[2]
D.J. Evans & B.B. Sanugi, Numerical Solution Of The Goursat Problem By A Nonlinear Trapezoidal Formula.

          Applied Mathematics Letter, Vol. 1, No. 3. 1988.

[3]     A.I.M. Ismail, M.A.S. Nasir & A.Z. Talib, Numerical Solution of the Goursat problem.

Proceedings of the IASTED International Conference on Applied Simulation And Modeling, 

Rhodes Greece, June 2004.

[4]
M.A.S. Nasir & A.I.M. Ismail, Numerical Solution of a linear Goursat problem: 

          stability, consistency and convergence.

WSEAS Transactions On Mathematics, Issue 3, Vol. 3, ISSN 1109-2769, July 2004.

[5]     E. Neuman, A Generalization of An Inequality of JIA and CAU.

          Journal of Inequalities in Pure and Applied Mathematics, Issue 1, Vol. 5, 

         ISSN (electronic): 1443-5756, February 2004.

[6] 
A.M. Wazwaz, On the Numerical solution of the Goursat Problem.

Applied Mathematics and Computation, 1993.

[7] 
A.M. Wazwaz, The decomposition method for approximate solution of the Goursat Problem.

Applied Mathematics and Computation, 1995.

 Y                 0.5                               1.0                           1.5                            2.0








X





X





 Y                 0.5                               1.0                           1.5                            2.0








X





 Y                 0.1                               0.2                           0.3                            0.4








X





 Y                 0.1                               0.2                           0.3                            0.4











PAGE  
1

_1161607067.unknown

_1161607530.unknown

_1161607615.unknown

_1161607669.unknown

_1161607678.unknown

_1161607703.unknown

_1161607658.unknown

_1161607549.unknown

_1161607086.unknown

_1161607210.unknown

_1161607070.unknown

_1161607058.unknown

_1161607060.unknown

_1161606965.unknown

_1161605941.unknown

