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Abstract: - The Goursat partial differential equation is a hyperbolic partial differential equation which arises in various field of study. Several approaches have been suggested using forward difference for developing schemes which approximate the Goursat partial differential equation However it is known that the central difference approximation is more accurate than forward difference. In this paper we develop a new finite difference scheme for the Goursat partial differential equation using central differences and arithmetic mean averaging of functional values.
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1 
Introduction

The Goursat problem arises in many areas of scientific applications, such as applied physics, environmental sciences, engineering etc. Researchers such as [6] and [2] have studied the problem theoretically while applications were studied by [5], [3], [9], [1], [7] and [10]. Finite difference schemes have been widely used to solve partial differential equations. These schemes involve the replacement of derivatives in the equations by the corresponding forward, backward or central difference approximations. Several forward difference schemes combined with various means of functional values have been developed for the Goursat problem ([4]; [11]). 

In this paper we develop a new finite difference scheme for the Goursat problem based on central differences and apply this scheme to two Goursat problems.

2
The Goursat Problem and Finite Difference Schemes

The Goursat problem is of the form [11]:
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The established finite difference algorithm with arithmetic mean averaging of functional values and is given by [11]:
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Henceforth, we shall refer to the finite difference scheme (2) as the AM forward scheme. The arithmetic mean of any two real numbers 
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The left hand side of equation (2) was obtained by discretizing 
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 using forward difference approximations as follows:
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By indexing the variables, equation (4) becomes:


[image: image13.wmf]2

1

j

,

i

j

,

1

i

j

,

i

1

j

,

1

i

xy

h

u

u

u

u

u

+

+

+

+

-

-

+

=


…(5)

If central difference approximations are used, we obtain:
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Thus our finite difference approximation for 
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and the new finite difference scheme takes the form:
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We shall refer to this scheme as the AM central scheme. We note that this implementation requires that u values on the first grid line in the x and y directions be known. This can be computed using scheme (2).

3 
Numerical experiments

We consider the non-linear Goursat problem:
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The analytical solution of problem (9) is [11]: 
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Results of Numerical Experiments:

For grid sizes h = 0.05, 0.1, 0.2 and 0.5 we obtained the following results:

	
	h = 0.05
	h = 0.1
	h = 0.2
	h = 0.5

	Average error of AM central scheme
	1.206e-004
	4.709e-004
	1.757e-003
	6.207e-003

	Average error of AM forward scheme
	2.526e-004
	1.038e-003
	4.379e-003
	3.151e-002


Fig.1: Solution in graphic form with h = 0.05
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We consider the derivative linear Goursat problem:
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The analytical solution of problem (10) is [12]: 
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Results of Numerical Experiments:

For grid sizes h = 0.003, 0.006, 0.03, 0.06 and 0.12 we obtained the following results:

	
	h = 0.003
	h = 0.006
	h = 0.03
	h = 0.06

	Average error of AM central scheme
	3.333e-004
	6.586e-004
	2.978e-003
	5.200e-003

	Average error of AM forward scheme
	1.002e-003
	2.002e-003
	9.934e-003
	1.967e-002


Fig.2: Solution in graphic form with h = 0.003
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It can be seen that the AM central scheme gives better accuracy for both the derivative linear and the non linear Goursat problem.

4 
Conclusions

In this paper we have developed a new finite difference scheme for the Goursat problem. This scheme which uses central difference approximation (with arithmetic mean averaging of functional values) is more accurate than the forward difference scheme for the two Goursat problems considered. However the use of the forward difference scheme is required to compute some starting values.
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