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Abstract.- This brief paper discusses a linear
fractional representation (LFR) of parameter-
dependent nonlinear systems with real rational
nonlinearities and point-delayed  dynamics.
Sufficient conditions for robust global asymptotic
stability independent of the delays are investigated
in terms of testing a finite number of linear matrix
inequalities when the (perhaps time-varying)
uncertain parameter vector lies within a known
polytope containing the origin. Such inequalities
are obtained from the stability analysis via
Lyapunov Stability Theory by taking advantage of
the characterization of the uncertainties within
polytopes.

Index Terms.- Timeddayed dynamics,
parameter-dependent systems, point delays, robust
stability.

I. INTRODUCTION
Time-delay systems are very common in nature
like, for instance, relaed to transportation
problems, population growing, signa
transmission or neural network-based models (see,
for instance [1-12]). The stability and stabilization
of such systems has been widely studied in the

literature in connection, for instance, with
Lyapunov theory or frequency domain methods
(see, for instance, [1-8] and references therein). A
part of the related results are referred to as stability
independent of the delays since they ae
independent of the sizes of the delays. In this
paper, the global asymptotic stability independent
of asingle point delay is investigated provided that
the dynamic system is subject to internal (i.e. in
the state) delays and subject to uncertain rational
real-vaued (and perhaps, time-varying)
nonlinearities parametrized within a known
polytope containing the origin. The problem
statement and the main robust stability result are
developed in Section Il via Lyapunov’ s second
method. Such a main result basically consists of
testing the positive negativeness of a set of
matrices which are directly obtained from
caculations related to the vertices of the
polytope that parametrizes the uncertainties.
Finaly, two simple illustrative examples ae
givenin Section I11.

[1. STABILITY ANALYSISUSING
LYAPUNOV FUNCTIONS
Consider the parameter-dependent system of point
delay h=0

x(t) = A(B(t))x(t) + Ay x(t = h) + B(6(t))u(t) (1.8)
y(t) =C(6(t) )x(t)+ D(6(t) Ju(t) (1.b)
where x({t)eR", u(t)eR™ ad has a mild solution for all time for all 0(t) for any

y(t)ER " are the state, input and measurable
signals respectively and A, A, Cand D are
red-vdued rational functions of time-varying
parameter vector

0()=[0.(, 0,(1),....,0n(1)] €O
foral t =0. The parameter set © is assumed to
be a polytope containing the origin such that (1.a)

given absolute continuous function
¢:[-h,0]=R" (x(0)= ¢ (0)) of initia
conditions. Thisis not restrictive since the results
obtained in this paper are also applicable if
formulated over any polytope containing the
parameter vector. Since A and A ;arerea-valued

rational functions of 6(t), there exist associate
Linear Fractiona representations (LFR):



A (6)

for appropriate matrix functions Ao, Ag,B;,
C4iv Dpgi @d A (i=0,1) of appropriate sizes,
where | ] denotes the j-identity matrix. The

subscript is deleted when the size of the identity
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= Ao (8)+BgoA o(0)(14 = Dpaod o(0)) Cpo @)
A8)=Ag (8)+Bg1A(6)(14, - Dpqay(6))7Cpy (3)

matrix follows directly from context. The related
free-delay case has been investigated in [13] and
references there in. For well-posedness, it is
assumed that both above inverses exist over ©.
Thus, a state -space realization of the unforced (1)
is

X(t) = Agx(t) + A X(t -h )+ B 400 o(t) +Bq:1q 4(t-h)
pi(t)=CpiX(t)+quiqi(t)=(I_quiAi(e))_1Cpi X(t)
qi(t)=Ai(6)pi(t) =Ai(6)(|_quiAi(6))_lei x(t)

A(0)= Diag(ellsli oy O 1 ) (4)

where q ;, P; € RY and the degrees of the
LFRare s;= {\/Ikax (Ski ) for i=0,1. Note that

=K =sr

the variables q () are normalized variables for the
variables P (y according to the size of the current
uncertainty parameter vector 6(t) through the
normalized matrix A .

If the unforced system ( i.e. for u=0) is
globally asymptotically stable independent of the
delay for all parametrization in ® then both
Apand (A o+ A 01) are stability matrices (i.e.
with all their eigenvalues in Re s < 0) since

O includes zero and the system is asymptotically
stable for the limit delaysh=0and h —o . The

robust stability margin of (1) is defined in a
natural way as o =Sup{p> 0} such that (1) is
robustly stable over p © for all pE[O, 0].
Since the parameter set © is a polytope of Vg

vertices Ver(®)={®“);i=1, v@} then
A ={Ai( 6): GIS(O) } (i=0,1 are polytopes of

V,; vertices A (k) ; k= 1,v,; (i=0,1). The

i
number of those vertices depends, in general, on

the number of verticesof ® and on i=0,1. The
total number of vertices A (k°’k1), for
k,=1v,, i=01 of the polytope

A=A ¢x A ; which parametrizes the matrices of
the dynamic system (1) is upper-bounded by v=
Vo xV 4. The following result is proved in
Appendix A.

Theorem 1. The (unforced) system (2) is
globally asymptotically stable independent of the
dday h if there exist real matrix functions

P=P">0, S=S">0 and matrices
G, (a@)ecm,
H,.(A(@®)) €C® " foreach A,(6)E A,

;i=0,1as 6€0©® such that the square (2n +
do+d;) real matrix function

Q(A(0))=Q "(A(®))= Block Matrix
[Qij(A(G));i,j=ﬁ] of block matrices

defined as follows is negative definite for all
0E0:

Q11=A30P+PA00 +S+GAOCpO+C-{)OGZO ;v Q=0 -2r1=PA01
Q13=Qg1=[ P(qu A0)+GAO(D pquo)_GAo"'C;o H o s P(Bql Al)]



Q 22=[GA1Cp1+CrTzlG*Al—S]
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Q 2=Q &= Block Matrix | 0, G 43(Dpq141)-Ga+Chy Hiy
Q & = Block Diag [HAO(quoA o) +(Dpgo Ao) TH ao— Hao—H o,
HAl(qulAl)"'(qulAl)TH*Al_HAl_H*AlJ (5 @

If G, () and H , ) arerestricted to have special
formssuch that Q (A (8) ) is convex for ® being
convex then it suffices that
Q(A(0))=Q "(A®)) <0for thevalues
of A i(6) at all their vertices; i.e. to replace
matrices A;(0) in (5) by al its vertices
Ai(k‘);k.-l v;; 1=0,1, to guarantee the

global asymptotic stability. Inthat way, stability
is guaranteed if the requested positive
negativeness is fulfilled by (at most) v red
symmetric matrices. The following corollaries are
also useful to test the global asymptotic stability
independent of the delaysin practical situations.
Their proofs are very similar to that of Theorem 1.

Q,,=AwpP+PAgp +S+ Cgo MoCpo

Corollary 1. The (unforced) system (2) is
globally asymptotically stable independent of the

delay hif there exist real matrices P=P T >0,
S=S">0, M,=M./>0 and matrices
G,,€C™%, H,, €c®* " for eah
AR eA, ; k=1v,, i=01 such that
V=V xV; square(2n+ dy+d;) symmetric
re matrices Q' (ko,k1)= Block Matrix

[Q Ii,- ( Ko k 1) L] =1_3] of block matrices
defined asfollowsis negative definite:

: CoT
Q 1 =Q 21 =PAq

Q (ko ki) =Q ol k)= P(Band b CFoMo (Do a ), P{Bsa

Q- [Cle Cpr-S]
Q' (Ko.k1)=Q'% (Ko, ks) = Block Matrix| 0, CJ; M; Cpy-S |
Q33( )=Block Diag [—MO+(quOA(Oko))TMO(D oA E)k ))

(kg (k ,
_M1+(qu1A1 )TMl(qulAl )T]
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for k.=0,v.;i=0,1 (6) Q

Corollary 2. Assume unity LFR degrees (i.e.
Sy =S4 =1) of the LFR s (2)-(3). Thus Corollary
1l also holdsif M; isreplaced by, in generd
distinct, symmetric positive definite real matrices

M (.k ! at any of the v test matrices (6) for each

1
ki=1v,;;i=01 Q
Remark 1. Note that Corollary 2 is stronger
than Corollary 1 since v = Vg xV ; different

M (, -matrices, rather than two, are allowed in the

v set of tests of negative definiteness to guarantee
stability. Note also that both Corollaries 1- 2
automatically hold if all the tests do not fail for a
unique M- matrix. a

Note that the extension of all the above resultsto
the case of presence of multiple point delays is
direct by completing the sizes and composition of
the matrices for the stability tests with the
necessary block matrices associated to the various

Example 1: Consider the first-order system with
parameter-dependent uncertainty

x(t) = A(6(t))x(t)+ AL (6(t)) x(t-h)
(7)
where 0(t) E[ 0, (_3] asingle (perhaps time-

varying) uncertain real parameter and A (.) and B(.)
arerational functions of 6 (t) given by

b,6  0.60176-1
1-d 06 1-0.4517 6

b,0 01125 -0.337 0
~ 1-016

A=agy+

with uncertainty independent values a , =— 1 and
a ;= 0.1125, respectively. The uncertainty-free
problem is asymptotically stable independent of
the dday h since ay<0 and |a 0|>|a1|.

Assumethat 0 =— 0 = 0.7. Thus, Corollary 1

istested with the 4x 4 real symmetric matrices
obtained from the two distinct (matrix) vertices at

-=+0 of the (convex) symmetric matrix

extradelays. function:
1. EXAMPLES
2a,p+s+m pa, (pbg+myd,)o pb,6
pa m,-S 0 mi-d,8
(pby+m d,)6 0 m,(d56%-1) 0
pb,6 m,-d,0 0 m,(de®-1)

Those vertices are obtained from evaluating all the
distinct possible combinations at the positions

(1,3), (1,4) and (2,4) at = O using the structure
and symmetry properties of the matrix function
since the remaining position take identical
numerical values at all the potential vertices for 6

=+ 0. For the values p=s=2.11,
m , =m ; =1.11. Corollary 1 ensures that the

eighth matrices are negative definite and, thus, the
system is globally asymptoticaly stable

independent of the delay. The stability test might
be peformed aso via Corollary 2 by using
distinct positive real numbers
My,M;,My M, a the relaed matrix
vertices generated from using boundary values of 6
at the positions (1, 3) and (2,4) since the LFR
degreesare S =1.

Example 2: An unforced second-order neural
network with point delays belonging to a similar
classto that analyzed in [12] is given by

2 2
Xi(t)=—2aij xi(t)+E w, (8(t)) x,(t-h);i=12 (8)
j=1 J=1



where, contrarily to the class discussed in [12], the
structure of the delay-free part is not necessarily
diagonal. The network is of intervalized parameters
if those parameters very within prescribed
intervals. The stability analysis proposed in
Section Il may be used to discuss the situation
arising when the adjusted weights are rational

0 0
A,=| 0022+0.0446, 0.04 +0.0190,
1-1.36, 1-0566,

1

~ 0 0 .\ 6, O 1-d .0,
~10.215 0.043 0 o, 0
1

where only the dedayed dynamics depends on a
two-dimensional parametrical vector  function

0(t)=[01(t), 0,(t)]" whichtakesvalues in
some subset Se=[61,(§1]x[62,62] of

R?. Note that S,=0, since the dday-free
dynamicsis constant, and S,=1 .There are four

distinct matrices for stability checking if Corollary
1 is used. The system is found to be
asymptotically stable independent of the delay for

0,=-0,=03;0,=-0,=07.
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APPENDIX A

Proof of Theorem 1. Consider the Lyapunov’s
- Krasovsky functional [2]:

0
V(t)=XT(t)PX(t)+fhXT(t+r)SX(t +1)dt (A1)
for the unforced system (2) for somereal positive derivatives in  (A.1) along any state trgjectory
definite symmetric matrices P and S. Taking time- yields:
V(t)=X"T(t)Q, X (t)= X "(t)Q X (t) (A.2)
with
XT(t)=(x"(©).x " (t-h).,p§ @).p I (t-h) | (A3)

and Q (A (0)) is defined by block matrices (5), and

Qo(A(®))=Q5(A(®))=Block Matrix| Q,,, (A ®); i,i-13] (A.4)
ad
Q011=Ago P+PAy +S ; Q012=Q321=PA01

Qo5 =Q I, = Block Matrix[P(quAo), P(BqlAl)J; Qop =-S5
Q023=Q332=0i Qgx =0

(A.4b)
Thus, the proof follows if QO(A(G)) <0, or through A, andall A€A (i.e foral 0€0).
if Q (A (8) < O provided that furthermore The congtraint X ' (t)(Q o-Q )X (t)=0
RT(t)(Q 0-Q )X (t)=0, for  some holds since from (4)
matrix functions G ,.;H,. ( i=0,1) of 6,
XT(t_h i )GAipi(t_h )=XT(t_h i)GAi Cpi X (t_hi)
+XT(t_hi)GAi(qui Ai)pi(t_hi)
piT(t_hi )HAipi(t_hi)=piT(t_hi)HAi Cpi X (t_hi)
+piT(t_hi)HAi(qui Ai)pi(t_hi)
(A.5)
for i :0,_1 with hy =0 what implies that where
zT(t)M (A(6))z, (t)=0 for ay zi(t)=(xT(t—hi),piT(t—hi))T for
complex  matrices G, (A (6)) and i=0,1: and

HAi(A(B)), for i=0,1: of appropriate sizes

M, (A@®))



-
GLiCpitC i G
(Dpai A1) TG -G 1 +H L Cyy

Ai

H

Thus, the result followsif Q (A (8)) < 0 for some

design  marices G, (A(0)) ec" 9,
H,.(A(®)) €C® foreach A,(6)E A,
;i=0,1as 0€ 0. d

Proof of Corollary 1. Note from (6) that
Q(a())= Q'(ko,kl) < 0 at the vertices
Aék") and Al(kl) of the polytopes A, ad
Aqifor Ky =L,V o ; ky =1,v, provided that
QA®) is defined for the  choices
G,;=C, M, /2 and

CO{A (Ai(k‘));ki =1,_vi}:{Ai(Ai(6)) ;A . ECo {A(ik‘);k

for eachi = 0, 1. Now, the proof is similar as that
of the Corollary 1 under the matrix replacements

M, >M"“ fork =T v,;i-0,1 0

Ai

(o
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G, (qui Ay )_GAi +C-£i H*Ai
Ay )+(quiAi)TH*Ai -Hy
fori=0,1 (A.6)

*

Ai

pqi -H

HM=[ (DA, )+ |]c;i M, /2 for
i =0, 1. Furthermore, the matrix function Q(A (6))
isconvexin A (0)) if M, =Mj >0 (i=

0, 1) so that Theorem 1 only needs to be tested at
the vertices of the polytope A=Ay xA; .1

Proof of Corollary 2. Since the LFR s
degrees Si(i =O,1)are unity, then the

following identity holds for convex hulls (denoted
by Co) of sets of matrices:

St



