
Modeling and Simulation of Hybrid Systems Using a Special Class of 
Timed Petri Net 

 
ABOLFAZL JALILVAND1, SOHRAB KHANMOHAMMADI2, FEREIDOON SHABANI NIA3 

1Department of Electrical Engineering 
Islamic Azad University of Abhar 

2Faculty of Electrical and Computer Engineering 
University of Tabriz 

3Faculty of Electrical and Electronics Engineering 
Shiraz University 

IRAN 
 

 
 
Abstract: Dynamic systems with a mix of continuous and discrete components called hybrid systems 
frequently arise in engineering applications. By modeling these different components using differential 
equations and discrete events, it is possible to represent a wide range of phenomena present in 
physical and technological systems. Since many of these applications are safety critical, it is important to 
use reliable methods to simulate hybrid systems.  This paper deals with modeling and simulation of hybrid 
systems using an extended form of timed Petri net. The proposed method is used for modeling of an illustrative 
hybrid system example. The simulation results are obtained by a modified Petri net toolbox.   
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1 Introduction 
Hybrid systems have emerged as a technique for 
modeling and analyzing a class of autonomous 
control systems containing both continuous-state and 
discrete event dynamics [1-3]. Many physical 
systems are hybrid in the sense that they have 
barriers or limitations. Inside the limitations they are 
modeled with differential/difference equations. A 
natural way to model these systems is to use a 
mixture of differential/difference equations and 
inequalities. Other systems have switches and relays 
that can be naturally modeled as hybrid systems. 
These hybrid models appear in many areas. Typical 
examples are manufacturing systems, transportation 
systems, flight control, communication networks, 
missile guidance, process control, robotics, path 
planning, traffic control and so on [4-9]. The 
application of hybrid modeling and control can be an 
interesting approach to improve plant performance, 
efficiency, safety and reliability. 

In general, a hybrid system can be in one of 
several modes of operation, whereby in each mode 
the behavior of the system can be described by a 
system of differential/difference equations (Fig. 1). 
The system switches from one mode to another due 
to the occurrence of events [1]. 

),,( 44
.
4 tuxfx =

),,( 44 tuxgy =
),,(. tuxfx NNN =

),,( tuxgy NN=
),,( 44

.
4 tuxfx =

),,( 44 tuxgy =

),,( 11
.
1 tuxfx =

),,( 11 tuxgy =
),,( 33

.
3 tuxfx =

),,( 33 tuxgy =

),,( 22
.
2 tuxfx =

),,( 22 tuxgy =

 
Fig. 1: A schematic representation of a hybrid 

system with N modes. 
 

     In one formulation of hybrid systems the 
continuous state plant is supervised by a discrete 
event controller [10-12]. Such a hybrid system 
consists of three main components:   a plant, a 
discrete event controller and an interface. The 
continuous process to be controlled, together with 
any continuous controller, is identified as plant and 



is often described in terms of differential/difference 
equations. It may be desired for a rule based discrete 
event controller to determine the control and 
performance objectives of real time plant. The 
interface makes it possible for these different 
processes to communicate with each other. As it is 
illustrated in Fig. 2 it consists of two main parts: the 
event generator and the actuator. The event generator 
receives the discrete time measurement signal of 
hybrid plant and issues appropriate events when the 
state enters a new region of the state space. The 
actuator determines the control input which is 
applied to the hybrid system. 
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Fig. 2: A hybrid control system. 

 
     Modeling and simulation are becoming more 
important since engineers need to analyze 
increasingly complex systems composed of 
components from different domains. A hybrid 
model, like all models, should be sufficiently 
complex to capture the rich behavior of the systems. 
However, it should also be easy enough to be 
analyzed, and formulated in such a way that 
simulation is possible. Models of hybrid systems 
often start from un-timed discrete event systems, 
adding timing information to events.  

The execution of a hybrid system can be defined 
by a sequence of steps: in each step, the system state 
evolves continuously according to a dynamical law 
until a discrete transition occurs. Discrete transitions 
are instantaneous state changes that separate 
continuous state evolutions [13]. Due to combination 
of discrete and continuous behavior, hybrid systems 
are inherently difficult to analyze formally. 
Numerical simulation therefore plays an important 
role in the analysis of such systems. The simulation 
of hybrid systems alternates between solving 
differential equations numerically and making 
discrete transitions. The most used approaches to 
model hybrid systems are hybrid automata and Petri 
nets [14]. 

Petri nets can be viewed as a generalization of 
finite automata. For Discrete event systems control, 
Petri nets modeling formalism offers some 
advantages over finite automaton and it is also useful 
for hybrid systems control. We can summarize some 
advantages of the Petri nets as follows [15]: 
• They provide an excellent tool for capturing 

concurrency and conflict within a system. 
• They explicitly support parallelism and we are 

able to express operations like synchronization in 
a convenient way. 

• The graphical and mathematical representation 
of them causes the expressiveness of Petri nets. 

• It have made possible to design supervisors in an 
efficient and transparent manner. 

• They have an inherent quality in representing 
logic in intuitive and visual way. 

• They can be easily combined with other 
techniques and theories such as programming, 
fuzzy theory, neural networks, etc. 

Regarding the powerful modeling capability of 
Petri nets , in this paper we use a special version of 
timed Petri nets as a tool for the mathematical 
description and simulation of the behaviour of hybrid 
systems. To simulate the Petri net model of the 
hybrid system a modified Petri net toolbox is used. 

 
 
2 Hybrid Dynamical Systems 
As it was mentioned previously, a class of hybrid 
dynamical system, commonly found in the literature, 
considers the tree layer structure depicted in Fig. 2. 
Here we deal with this hybrid control system with 
more details. The continuous system plant is a three-
tuple  ),,( fUXS = , consisting of the state set, 
input set, state transition function and output 
function, respectively. The continuous system plant 
equations are [16]: 

  (1)))(),(()(. tutxftx =  

Where nXx ℜ⊂∈ , mUu ℜ⊂∈ , nUXf ℜ→×:  
is assumed to be lipschitz continuous, for simplicity 
we assume that the continuous state )(tx can be 
measured. 

The interface equations are: 
   (2)))(()(:)/( krtuS γ=Σ  

   (3)))(),(()(:)/( tutxkzS α=Σ  

Where pr ℜ∈ , mUu ℜ⊂∈ , nXx ℜ⊂∈ . Function 
ZUX →×:α  is a mapping in Σ/S  and function 

UR →:γ  is a mapping in S/Σ . 
The discrete event controller is a five-tuple 

),,,,( φδRZQ  , consisting of the finite state set, 



input set, output set, state transition function and 
output function, respectively. The discrete event 
controller is described by the equation: 
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Where Qkq ∈)(  is the state after the k th event, 
Zz∈ , Rr ∈ , QZQ →×:δ , RZQ →×:ϕ , Ν∈k . 

As it is seen from the description of hybrid 
system, the discrete event controller views the 
remaining of system as a discrete event system. 
These events take place when the system passes from 
one mode to another one. Recognition of current 
operating mode of the system is based on the 
information, obtained form the system. Identification 
of mode depends on the current measured state 
values of system. In many hybrid systems the events 
occur when the states or control variables crosses a 
threshold value. Ofcourse the direction of crossing is 
usually significant to determine the events. In this 
paper we use timed Petri net for modeling of hybrid 
systems. The places denote the possible occurred 
events in system and each transition represents the 
dynamic of hybrid system and determines the case 
when a mode can be switched to its later 
corresponding mode when a new event occurs. 

 
 
3 Petri Nets 
Petri nets are a graphical and mathematical modeling 
tool applicable to many systems. They offer formal 
graphical description possibilities for modeling of 
systems consisting of concurrent processes. Petri 
nets have been used extensively as a tool for 
modeling, analysis and synthesis for discrete event 
systems. A Petri Net (PN) is a 5-tuple, 

( )0,,,, MWFTPPN=  where [17]: 
{ }mpppP K21=  is a finite set of places.    
{ }ntttT K21=  is a finite set of transitions. 
( ) ( )PTTPF ××⊆ U   is a set of arcs (flow relations) 

 { }K321: →FW  is a weight function. 
{ }K210:0 →PM  is the initial marking . 

Φ=TPI   and  Φ≠TPU . 
A Petri net structure ( )WFTPN ,,,=  without any 

specific initial marking is denoted by N , and a Petri 
net with the given initial marking is denoted 
by ( )0,MN . 

The dynamic behavior of a system is modeled by 
changing the state or marking in Petri nets according 
to the following (firing) rules: 

1- A transition t  is said to be enabled if each input 
place p  of t  is marked with at least ( )tpw ,  

tokens, where ( )tpw ,  is the weight of the arc from 
p  to t . 

2- An enabled transition may or may not fire 
depending on whether or not the event actually 
takes place (firing conditions are ok). 

3- Firing of an enabled transition t  removes ( )tpw ,  
tokens from each input place p  to t  and adds 
( )ptw ,  tokens to each output place p  of t , where 
( )tpw ,  and ( )ptw ,  are the weights of the arcs 

from p  to t  or t  to p  respectively. 

     In graphical representation of a Petri net, places 
are represented by circles and transitions are shown 
by hollow bars. The relationship between places and 
transitions is represented by directed arcs. Also each 
Petri net can be denoted by two input and output 
matrices related to transitions of Petri net. For 
example The Petri net of Fig. 3 depicts the firing of a 
transition. 
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Fig.3: Transition (firing): (a) Marking before firing 

(b):  Marking after firing. 
 

     In un-timed Petri net one can prohibit controlled 
transition from firing but cannot force the firing of a 
transition at a particular time. In a timed Petri net 
controlled transitions are forced to fire, by 
considering the time dependent firing functions. In 
timed Petri nets, each transition has its specific time 
which determines the transition's holding time. When 
a transition is fired during its holding time the 
network's marking is not changed and as soon as its 
holding time elapsed the marking of network will be 
changed based on the mentioned firing rules [18]. 
     To use timed Petri net for modeling hybrid 
system the discrete events which occurred in system 
can be demonstrated by places where the occurring 
of each event is shown by putting a token in 
corresponding place. Furthermore each continues 
dynamic of the system is modeled by a transition its 
firing depicts which dynamic of the system is 
appeared. In the Petri net we assign to each transition 
the conditions which determine the firing of 
transition will be terminated and cause the next event 
(events) to be occurred.  A transition is enabled and 
it may fire when all its input places (places that are 
the source to the transition) contain at least a token. 



When a transition fires its time starts to increase 
based on the corresponding dynamic until the 
specific constraints are occurred. In such a case 
firing of transition will be terminated and its output 
transitions will be marked by a token. In deed we can 
consider such a transition as a timer which its timing 
starts with its firing and finishes when the 
corresponding constraints occurred. In other word 
this timer describes the continuous dynamics of the 
hybrid system at each operational mode where the 
hybrid system switches modes based on constraints 
on the continuous states. In next section we use this 
class of Petri net for modeling and simulation of the 
temperature control system as a hybrid system.    
 
      
4 Temperature Control System 
Here a simple but conventional and well known 
example of hybrid system is used for illustration. 
The example is a temperature control system [19]. 
The system consists of a furnace that can be 
switched on and off. When the furnace is on a 
continuous input controls the produced heat. The 
control objective is to control the temperature at a 
point of the system by applying the heat input at a 
different point (Fig. 4). 
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Fig. 4: The furnace with an on/off heater. 

 
Let m be the discrete state representing the state 

of the heater, which is 0 when the heater is off and P 
when it is on. A model describing the temperature in 
the furnace is: 

(5)))((1.
aTTu

C
T −−= λ  

Where T  and aT  are the inside and outside 
temperatures of the furnace respectively, 0>C  is the 
heat capacity of the furnace and 0>λ  is the heat 
transfer number ( )( aout TTP −= λ ). The discrete input 
r  is to put the furnace either on or off, changing the 
value of u  to 0 and P  respectively. The temperature 
decrease to aT  when the heater is off and increase to 

aTp +λ  when the heater is on. The open loop plant is 

true hybrid system since it contains both continuous 
and discrete state variables. 
    Based on the above description, we have three 
partitions (modes) for operation of the system: 

 Low temperature mode 1m  : lTT <                : 
 Safe  mode 2m  : hl TTT <<         : 
 High temperature mode 3m  : TTh <               : 

The discrete event system representation of 
furnace system is shown in Fig. 5. In this Figure the 
resultant event and the corresponding applicable 
controller (due to the event) is shown on each arc, 
separated by “/”. Note that the null symbol reflects 
the fact that nothing actually happens in the system 
at this transition. When the controller receives a null  
symbol it remains in the same state and reissues the 
current controller symbol. 1q  means that temperature 
is becoming cold and 2q  means that temperature is 
becoming hot.  

1m 2m 3m

null

null OffHeater /2q

OnHeater /1q
 

Fig. 5: The discrete event model for the furnace 
system. 

 
According to the obtained discrete event system 

model and considering the main occurred events ( 1q  
and 2q ) , we can construct the Petri net model of the 
system. Fig. 6 depicts this Petri model. In this model 
the places: 1p  and 2p  depict the discrete events: 1q  
and 2q  respectively. Furthermore transition 1t  
represents the operation mode of the system when 
the furnace is ON and the statement hTT >  shown 
beside it depicts the condition when the firing of this 
transition finishes. Transition 2t  represents the 
operation mode of the system when the furnace is 
OFF and the statement lTT <  written beside it 
depicts the condition when the firing of this 
transition finishes. 
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Fig. 6: The Petri net model of the furnace system. 

 
As it can be seen form Fig. 6 the occurrence of each 
event depends on the current mode of the system (the 
transition which fires) and the threshold value that 
defines the event (the corresponding condition 
related to transition). 



5 Simulation Results 
For simulating the obtained Petri net model, we use a 
modified Petri net toolbox [20]. For this purpose we 
consider the temperature control system where its 
dynamic equation is ))60(4.0(1.0. −−= TuT . For this 
system it is assumed that: 10=u , FTl

o64=  and 

FTh
o70= . Furthermore for simulation purpose it is 

assumed that the initial temperature of system 
is Fo60  (the outside temperature). The simulation of 
the system is done for 164 sec whereas the chosen 
step-time for solving the dynamic equations and 
simulating the Petri model is 0.05 second. 
     Fig. 7 shows the simulation results which 
represent the dynamic behavior of transitions: 1t  and 

2t  based on their corresponding dynamics. As it can 
be seen in Fig. 7 we have assumed that the state of 
each transition is zero in time intervals that it doesn’t 
fire. Combining the dynamic behavior of all 
transitions we can obtain the complete behaviour of 
the hybrid system.  

0 20 40 60 80 100 120 140 160
0

20

40

60

time

t1

0 20 40 60 80 100 120 140 160
0

20

40

60

time

t2

 
Fig. 7: The simulated dynamic behavior of 

transitions in Petri model. 

     Fig. 8 shows the variations of the time of each 
transition when it fires.   
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Fig. 8:  Variations of the time of transitions. 

Again we assume that the time of the transition is 
zero in the time intervals that it doesn’t fire. We can 
consider each transition as a timer which starts when 
fires and stops when encounters to the predefined 
constraints. After stopping, its time reset to zero. 
     In Fig. 9 state of each transition is shown. In this 
figure we define the following values for describing 
the state of the transition. 

Firing of the transition finishes. 1 :  
The transition fires. 0 :  
The transition doesn’t fire. -1 :  
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Fig. 9: The states of transitions.  

 
It can be seen in Fig. 9 that the state “1” appears just 
in an instant when an event takes place in the hybrid 
system.  
     Fig. 10 shows the marking of each place. Note 
that in our Petri net toolbox when the transition fires 
the token from each input place is removed but 
putting a token in output place postpones until the 
firing of the transition finishes.  
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Fig. 10: The marking of each place in simulated Petri 

model. 
 

     Considering both Fig. 10 and Fig. 9 it can be seen 
that each place has a token just when the firing of its 
input transition finishes (an event takes place). The 



token is removed from the place as its output 
transition fires (the system enters a new mode). 

 
     
6 Conclusions 
In this paper the modeling and simulation of hybrid 
systems with a mix of continuous states and discrete 
dynamics was investigated.  For the modeling 
purpose an extended form of timed Petri net was 
developed. For simulation purpose a modified Petri 
net toolbox was used. The proposed method was 
utilized for modeling and simulation of an 
illustrative hybrid system example. The Petri net 
model was simulated by a modified Petri net 
toolbox. Simulation results represented that the Petri 
net model can describe both continuous and discrete 
dynamical behaviour of hybrid systems well. 
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