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Abstract: This article aims to analyze the behavior of a portfolio selected through Data Envelopment Analysis 
(DEA) associated with fuzzy logic and optimized using the Sharpe approach. As a basis for comparison, two 
other portfolios were used, one obtained through only the Sharpe approach. In this research study, a fuzzy DEA 
model was used to evaluate efficiency under uncertainty of the Brazilian Stock Exchange - Bovespa, by means 
of input and output indicators such as return, variance, earnings per share and price-earnings. The study reliably 
identified which efficient stocks and which were most sensitive to the effect of uncertainty. Through the 
comparison of portfolios, it was observed that the resulting combination of the fuzzy DEA models in which the 
stocks were considered efficient in both scenarios presented the best results. 
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1 Introduction 

Stock investments are a great alternative when 
compared to other investments, especially when 
observed over longer time spans. However, this 
higher return is accompanied by a certain level of 
risk. In order to maximize the return, investors must 
seek the best ways to invest their capital, avoiding 
risks larger than what they are willing to accept [1]. 

It is noted in recent years in Brazil that fixed 
income funds and savings accounts are becoming 
less attractive due to drop in real interest rates; the 
investment options that aim for better long term 
returns should attract investors in the coming years. 
Stock investments are becoming alternatives for 
diversification for investors seeking a long-term 
increase in profitability. 

The first and still well-recognized model for 
portfolio selection was created by Markowitz [2], 
being a static model for evaluation of a single 

period. This classic mean-variance approach is still 
the main model used to allocate assets and manage 
portfolios. It has lead to new proposals developed 
by academics [3-7].  

For evaluation and comparison of organizational 
units, the technique known in the study of 
Operational Research as Data Envelopment 
Analysis (DEA), a technique developed by Charnes 
et al. [8], can be used to evaluate and compare 
organizational units that use many different inputs 
to produce various outputs over a specified period of 
time [9-11]. The concept has been amply discussed 
and variations on it continue to be developed. 

According to Silva et al. [12], uncertain and 
approximate reasoning can be considered in DEA 
models; in order to do this, researchers use 
techniques related to fuzzy theory. Fuzzy DEA 
models are based on the model proposed by 
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Lertworasirikul et al. [13], a model with constant 
returns of scale with fuzzy coefficients. 

To frame the research problem, this article aims 
to evaluate the efficiency of stocks of publicly 
traded companies through the use of fuzzy DEA 
models in scenarios under uncertainty. 

And, as specific objectives, this article seeks to:  
- Utilize the Fuzzy DEA model to assist in 

reducing the search space by different 
criteria; 

- Select a portfolio with the stocks considered 
efficient by the Fuzzy DEA model; 

- Utilize the Sharpe approach [14-15] to 
determine the allocation of capital in stocks 
considered efficient by the Fuzzy DEA 
model in order to minimize risk exposure to 
investors; 

- Apply the model which incorporates the 
concepts of the approach proposed by 
Sharpe [14-15] and compare them to the 
other models. 

 
 
2 Portfolio Selection 

The basic theory of portfolio selection began 
with Markowitz [2], in which the selection process 
is based on a model of a single investment period.  

The proposal of Markowitz [2] model, given by 
(1) - (3), is operated by Quadratic Programming 
techniques with the objective of portfolio 
optimization, taking into account the mean, variance 
and covariance of the expected returns of the shares, 
options that are to be part of the portfolio. These 
parameters are estimated from information of a 
historical series based on a mean vector and a 
covariance matrix of their returns. 
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Where xi and xj represent the percentage share of 
the asset i and stock j in the optimal portfolio, E (ri) 
is the expected return stock i, i = 1 a j, and E * is the 
expected return of the portfolio.  

Sharpe [14] extended the work of Markowitz [2]. 
He introduced a simplified model of the 
relationships between assets that offered evidence of 

costs [16]. It was also convenient to use the model 
for practical applications, as in equations (4)-(6) [2]: 
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This formula shows why parameters An+1 and 
Qn+1 are used to describe variance and the future 
expected value of I. This fact also shows why this is 
called the diagonal model. The variance and 
covariance model, which is complete when N assets 
are considered, can be expressed as a matrix with 
non-zero values on the diagonal, including an 
(n+1)th asset defined as has been shown [14]. This 
drastically reduces the number of calculations 
needed to solve the portfolio analysis problem. It 
allows the problem to be recognized directly in 
terms of the parameters of the diagonal model. 

According to Ben Abdelaziz et al. [17], the 
mean-variance methodology proposed by 
Markowitz [2] for portfolio selection has been 
essential for the activity of research and has served 
as the basis for the development of modern financial 
theory.  

In the literature, some algorithms, such as those 
proposed by Sharpe [8], were created in order to 
linearize and improve the efficiency of the 
covariance Markowitz [1, 16, 18-19]. However, 
researchers have developed more sophisticated 
models that use multi-period or dynamic extensions, 
in which the association between data envelopment 
analysis and fuzzy logic can be an alternative, like 
the model presented below.  
 
 
3 Data Envelopment Analysis 
associated to Fuzzy Logic 

The main purpose of Data Envelopment Analysis 
(DEA) is to evaluate the efficiency of productive 
units which perform similar tasks, called decision-
making units (DMUs). These units are compared to 
each other and are differentiated by amounts of 
resources (inputs) they consume and the goods 
(outputs) they produce [15, 20-22].  

DEA models allow more than simple analysis of 
the DMUs that can be classified as efficient; they 
also allow one to measure and locate the 
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inefficiency and estimate a linear production 
function that provides the benchmark for the DMUs 
classified as ineffective. This benchmark can be 
established by the projection of inefficient DMUs 
on the efficiency frontier [22]. 

For Kao [11] and Silva et al. [12], DEA enables 
the identification of DMUs that are references 
(benchmark) for the identification of other decision 
making units under analysis. 

Authors as Bal et al. [23] and Rotela et al. [1] 
show that DEA has stood out among the realm of 
quantitative modeling techniques which aid decision 
making, assisting managers from various fields, 
such as banks, schools, and hospitals [11, 21, 24-
25]. Charnes, Cooper and Rhodes [8] developed the 
first DEA model to evaluate the effectiveness of 
public programs. 

Cooper et al. [20] assert that the input and output 
variables for each DMU should be chosen to 
represent the interest of managers, and there must be 
positive numeric data for each input and output, and 
it is preferable to use a smaller number of inputs 
compared to the outputs. Outlined below are the 
classical DEA models: CCR and BCC. 

According to Malekmohammadi et al. [26] and 
Miranda et al. [27], the first, known as the DEA 
CCR model, or model with constant returns of scale, 
proposed by Charnes et al. [8] as (7) - (11): 
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In which j represents the index of the DMU, j = 
1, ..., n; r is the output index, with r = 1, ..., s; i is 
the input index, i = 1, ..., m; yrj is the value of the r-
th output for the j-th DMU; xij is the value of the ith 
input to the jth DMU; ur is the weight associated 
with the r-th output; vi is the weight associated to 
the ith input; wo is the relative efficiency of DMUo, 
which is the DMU under evaluation; and yr0 and xio 
are the technology coefficients of data arrays for 
inputs and outputs, respectively [27].  

When wo = 1, this indicates that DMU0, under 
analysis, shall be considered efficient when 

compared to the other units included in the model. If 
wo < 1, this should be considered an inefficient 
DMU [28].  

Banker et al. [29] transformed the assumption of 
constant returns to scale in the CCR model through 
a restriction of convexity, creating the DEA-BCC 
model that admits variable returns of scale, as seen 
in (12) - (16): 
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It is worth noting that to obtain the formulation 
of the DEA-BCC model, an unrestricted auxiliary 
variable c0, known as a scale factor, was inserted 
additively in equations (12) and (14).  

Kao and Liu [30] develop a method to find the 
membership functions of the fuzzy efficiency scores 
when some observations are fuzzy numbers [31]. 
According to the definition provided by 
Lertworasirikul et al. [13], Fuzzy Data Envelopment 
Analysis (FDEA or Fuzzy DEA) is a tool to 
compare the performance of a set of activities or 
organizations under uncertain environment. 
Inaccurate data in FDEA models are represented by 
fuzzy sets and FDEA models can take the form of 
fuzzy linear programming models. The FDEA 
models may be more realistic than models 
representing real envelopment analysis of 
conventional data problems. However, there are 
some FDEA models that do not use fuzzy linear 
programming; such models are based on the 
concepts of upper and lower frontiers [32-33].  

In their research, Hatami-Marbini et al. [34] cite 
four major approaches that deal with the fuzzy DEA 
models: The tolerance approach; the α-level based 
approach; the Fuzzy ranking approach; and the 
Possibility approach. 

Hatami-Marbini et al. [34] and other authors 
such as Silva et al. [12] and Wen and Li [31], 
believe that the α-level approach is the most 
commonly used FDEA model, and is also the 
approach proposed by Kao and Liu [30]. 
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According to Chen et al. [35], when assessing 
risk characteristics and estimating efficiency, it is 
appropriate to use the FDEA model, where inputs 
and outputs are non-specific values. 

Hatami-Marbini et al. [34] and Miranda et al. 
[27] state that many researchers have formulated 
FDEA models to deal with situations that present 
imprecise or vague data input and output.  

The FDEA BCC model, which admits variable 
returns of scale, is shown in (17) - (21): 
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Where, according to Silva et al. [12], DMU0 is 

being analyzed; 
~

0ix are the fuzzy variables of the i-

th entry of DMU0; 
~

0ry are the fuzzy variables of the 

r-th output of DMU0; 
~

ijX represents the matrix of 

fuzzy variables of the i-th input of the DMU j; 
represents the matrix of fuzzy variables of r-th 
output DMU j. 

The objective function (17) may have a greater 
value than 1 due to constraints (18) and (19) which 
involve Fuzzy parameters and are solved using 
probability [7, 20]. 

In this article, will be adopted the Hatami-
Marbini et al [34] α-level based approach. The α Є 
[0, 1] value allows to generate different scenarios, 
i.e., different values of efficiency, respecting the 
variation range determined by the pertinence 
function [12]. 

Based on the α-level approach, according to 
Silva et al. [12], when the value of α = 0, the 
parameter values are below average; that is, they 
will approach the lower limit value of the pertinence 
function. However, when the parameter value is 
above average, it will be exactly the values of the 
upper limit of the pertinence function.  

Yet according to the same authors, when the 
value of α = 1, there is a scenario in which the 

values of output parameters and input data are 
formed by the average of the pertinence function, 
then considering the most probable values; that is, a 
scenario that ignores uncertainty. 

For this, in this research were considered two 
FDEA-BCC models used by Miranda et al. [28]. 
These two models, resulting from the Banker et al. 
[29] and Kao e Liu [30] approaches, analyses 
pessimist (22)-(26) and optimistic scenarios, 
accordingly (27)-(30), where c0   is unrestricted: 
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Where, according to Miranda et al. [27], α is the 
value chosen for the α-level based approach, with 
variation [0, 1]; Ψio is the α coefficient in constraints 
linked to the i-th Fuzzy input for DMU0; ρrj is the α 
coefficient in constraints linked to the j-th Fuzzy 
output for DMU0; ρj0 is the α coefficient for 
constraints linked to the r-th Fuzzy output of the j-th 
DMU; and Ψij is the α coefficient for constraints 
linked to the i-th Fuzzy input of the j-th DMU. 
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4 Materials and Methods 

This research uses the scientific basis developed 
by Markowitz [2] and Sharpe [14] to present a 
method for selecting stock portfolios. To select 
assets considered efficient Fuzzy DEA model will 
be used, as described in Figure 1. 
 
Figure 1: Research flowchart 

 
The initial sample was composed of stocks of 

publicly traded companies negotiated on the São 
Paulo Stock Exchange (Bovespa), obtained by 
consulting the database Economática® software. 

Initially, the set of inputs and outputs to be used 
in the analysis of efficiency by DEA model were 
determined. 

Authors such as Powers and McMullen [36], and 
Lopes et al. [37] used indicators with returns after 
one, two and three years and earnings per share to 
compose the set of outputs while Beta (60 months), 
price-earnings and volatility (36 months) to 
compose the inputs of the DEA model indicators. 
However, Rotela et al. [1] proposed replacing the 
indicators that make up the inputs for volatility in 
windows of 12 months over years 1, 2 and 3, along 
with price-earnings. This change in the risk 
measurement indicator set can provide information 
that will allow the DEA model to choose assets that 
are comparatively analyzed and found to be efficient 
[1]. They treated attributes with advantages as 
outputs and those with costs as inputs for the model.  

24 companies with the largest participation in 
Bovespa were selected for consideration, regardless 
of their classification as either common or preferred 
stocks. The sample could have been greater, but the 
minimum number was selected to meet the 
requirement of DEA with respect to the number of 
DMUs, considering using eight indicators, four for 
input and four for output. 

Data were collected using Economática ® 
software during the period from April 2011 to 
March 2014. For each of the input and output 
variables, the minimum, average and maximum 
values obtained in the period were identified. This 
article aims to evaluate the effectiveness of assets 
(DMUs), in which the inputs were considered 
indicators aiming to minimize, as shown in Table 1. 
The outputs, indicators to be maximized, are shown 
in Table 2. 
 
Table 1: Triangular pertinence functions for inputs 
 
Table 2: Triangular pertinence functions for outputs 

 
Triangular pertinence functions were used to 

insert uncertainty in the input parameters (inputs) 
and output (outputs) of the FDEA model. According 
to authors such as Silva et al. [12], Liang and Wang 
[38] and Aouni et al. [39] they represent human 
expertise to correctly judge the behavior of variables 
common in many practical situations. 

It is noteworthy that the negative data were 
treated as proposed by Cook and Zhu [40], which 
adds the value that makes the most negative value 
positive, without changing the model analysis Fuzzy 
DEA. For modeling the FDEA model, the software 
General Algebric Modeling (GAMS ®), version 
23.6.5 and CPLEX solver in version 12.2.1 were 
used.  

With the purpose of comparison, three portfolios 
were proposed. Then, the monthly returns of the 
past 36 months for each of the assets were utilized. 
Data were collected with the aid of Economática ® 
software and treated in order to avoid the presence 
of outliers. 

Efficiency results based on the α-level are 
presented in Table 3. The values in parentheses 
represent the pessimistic and optimistic scenario, 
respectively, for the values for each DMU. 

In the articles proposed by Kao and Liu [11] and 
Miranda et al. [27], the authors use the geometric 
mean between the optimistic and pessimistic DEA 
approaches to establish an index of overall risk, as is 
also proposed by Fare et al. [41] and Chin et al. 
[42]. The geometric mean of the results presented 
by the α-level was used, then obtaining in Table 3, 
where the efficiency for each of the scenarios is 
given.  

Through analysis of Table 3, it is noted that only 
six stocks were efficient in both scenarios. These 
assets considered efficient in both scenarios were 
used in assembling the portfolio denominated 
FDEA-6.  However, to put together the portfolio 
denominated FDEA-11, all the stocks considered 
efficient in at least the optimistic or pessimistic 
scenario were aggregated. This portfolio consists of 
11 stocks. 

 
Table 3: Efficiency values in α-level functions 

 
In both portfolios, after the implementation of 

the fuzzy DEA model, the Solver add-in for 
Microsoft Excel ® was used to optimize the model 
through the Sharpe approach for the stocks 
considered efficient. Then the recommended 
weights for each of the stocks comprising the 
portfolios were determined.  
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Finally, a third portfolio, called the comparative 
portfolio (Cp), in which only Solver was used in 
Microsoft Excel to optimize the 24 stocks through 
the Sharpe Ratio approach, obtaining the 
recommended weight for each stocks. It is 
noteworthy that there was no pre-selection through 
FDEA modeling. 

Later, has begun the process of verifying the 
existence of abnormal returns. For this, it was used 
the Capital Asset Pricing Model (CAPM) 
methodology, proposed by Sharpe [15], in which it 
was possible to compare the portfolio in relation 
with expected return. 

To identify abnormal returns for the assets of 
each portfolio, it was calculated the difference 
between the expected return and return provided by 
the CAPM observed during the analysis period. 

By using the CAPM, in addition to obtaining the 
rate of return, could be quantified the relationship 
between risk and return for which the company’s 
stocks are subject [15]. Already about risk, the 
CAPM consists of two pillars, the diversifiable or 
unsystematic risk and un-diversifiable or systematic 
risk. 

In CAPM equation, for the risk-free rate (Rf), it 
was applied the Special System of Clearance and 
Custody (Selic) average rate during the period from 
April 2010 and March 2014, for being considered an 
indicator of basic interest rate of the economy of the 
Brazilian Federal Treasury. 

In reviewing the performance of the expected 
return of the market (Rm), it was observed the 
behavior of Bovespa Index from the beginning of 
1995 to the first quarter of 2014. Expected return of 
the market was then calculated based on the average 
of the observed years. 

Discounted the inflation rate, it was used value 
of 5.1% p.a. for Selic average rate and 10.80% p.a. 
for (Rm) in the definition of the expected return of 
portfolios. 

Next, it was calculated the Beta (β) term, in 
which, for each of the three portfolios formulated, 
was calculated using the weighted average of the 
individual Beta multiplied by the percentage of each 
stock. For this, there was obtained the individual 
Beta for each asset with the aid of Economática ® 
software, during the same period used for the 
monthly returns. Finally, could be possible to verify 
if the portfolios resulted in returns above expected. 

For a more complete analysis, was also used the 
Sharpe Ratio (SR), which, according Rotela et al. 
[1], Schuhmachera and Elingb [43] and Schuster 
and Benjamin [44] is a measure of efficiency in the 
use of risk to generate returns. The SR establishes a 
relationship between the excess return of a given 

investment portfolio relative to the risk-free rate and 
investment risk. Selic average in the previously 
proposed period was assumed as risk-free rate, and 
standard deviation of monthly returns of portfolios 
as risk measure. 
 
 
5 Results and Analysis 

The result was the formation of three portfolios, 
one using only the Sharpe approach called 
comparative portfolio (Cp), and two resulting from a 
selection of stocks considered efficient using the 
FDEA model. It is noteworthy that after selection 
with the FDEA model, the Sharpe approach was 
used to determine capital allocation for each stock. 
The goal was to build a portfolio without significant 
additional risks, viewed as a portfolio with superior 
performance; that is, with a ratio of return and risk 
better than the optimized portfolio with only the 
Sharpe model (Cp). 

Applying only the Sharpe approach in the list of 
24 stocks with the largest holdings in the Bovespa 
Index, the comparative portfolio (Cp) was obtained 
consisting of 13 stocks. 

In assembling the portfolio FDEA-11, an 
evaluation of the efficiency of the 24 stocks 
(DMUs) was performed, and eleven were 
considered efficient in at least one of the scenarios. 
The Sharpe approach was applied and only five such 
assets composing the portfolio were obtained. 

Finally, to select the FDEA-6 portfolio, an 
efficiency analysis of the initial sample was 
performed and only six stocks (DMUs) were 
considered effective in both the optimistic scenario 
and pessimistic scenario. The Sharpe approach was 
again applied to identify the optimal allocation of 
resources, and finally obtained the FDEA-6 
portfolio, composed of only four stocks, as shown in 
Table 4.  
 
Table 4: Asset allocation 
 

It is important to note that all four stocks used in 
assembling the portfolio FDEA-6 are part of the 
portfolio FDEA-11, which can be expected, since it 
is composed of assets that were efficient in both 
scenarios. However, it is interesting to note that the 
same assets are also part of the group used in the 
composition of the comparative portfolio (Cp). 

As in the work from Rotela et al. [1], as the focus 
of optimization was to obtain efficient stocks using 
the risk measured by variance in similar periods as 
input variables, price-earnings ratio, and as output 
variables the monthly index return and earnings per 
share, it is believed that the assets considered 
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efficient showed good relationships between the 
indicators in the period, positively impacting the 
result. 

Table 5 shows the standard deviation results, 
return and Sharpe Ratio (SR), obtained with the 
proposed portfolios. Comparing the results obtained 
by the SR, it can be seen that the comparative 
portfolio (Cp) showed positive SI of 2.59. On the 
other portfolio FDEA-11 showed an SR of 2.93. 
And finally for the FDEA-6 portfolio in which the 
efficiency was evaluated for the 24 initially 
proposed stocks and six were considered efficient. 
Then these were optimized by the Sharpe approach, 
obtaining the participation of each of the stock in 
order to maximize the SR. The optimized portfolio 
showed an SR of 3.12, showing that the risk 
offering is rewarded, even surpassing the results of 
other portfolios, being an attractive investment. 

 
Table 5: Results Table 
 

Performing a comparison between the values 
obtained in each SR portfolios, one can observe the 
outperformance of portfolio FDEA-6 over the 
others, in which an investor could earn a higher 
premium for the risk assumed. 

It can be seen, in Table 5, that the expected 
return of the three portfolios are near from each 
other, where the portfolio (Cp) presents (0.58%), 
FDEA-11 (0.59%) and FDEA-6 (0.59%) per month.  

The return effectively earned by portfolios (Cp) 
(1.78%), FDEA-11 (2.93%) and FDEA-6 (1.98%), 
per month, demonstrate the existence of abnormal 
returns compared with their expected returns 
obtained by CAPM. 

The observed risk measured by the standard 
deviation, as can be seen in Table 5, was virtually 
identical in both portfolios put together through the 
FDEA model, as in the comparative portfolio (Cp). 
However, the average monthly return surpassed the 
comparative profitability of the portfolio, formed 
only with the aid of the proposed Sharpe, 
demonstrating a better return on risk ratio for 
portfolios using the DEA model associated with the 
fuzzy approach. Another benefit that can be cited is 
the reduced number of stocks comprising the 
portfolio FDEA-6, which may ultimately produce 
savings related to the cost of re-balancing the 
portfolio. 

The data from the 36 months used in the study 
were obtained from the accumulated portfolios (Cp), 
FDEA-11, FDEA-6, and the Bovespa Index return 
over the same period. Thus, it was possible to 
observe that the portfolios outperform the Bovespa 
Index, as shown in Figure 2. Optimized portfolio 

FDEA-6 gets the best performance, with a 
cumulative return of 102.14%, followed by portfolio 
FDEA-11, which presents a cumulative return of 
98.25%. The portfolio (Cp) has a cumulative return 
of 41.32% in the period. 

 
Figure 2: Return accumulated per portfolio 

Another advantage to be mentioned is that a 
purely deterministic model was not used; instead, 
stocks were selected according to their efficiency 
through multiple criteria, not just risk and return, 
and considering the uncertainty and imprecision, 
thus providing a more robust analysis. 
 
 
6 Conclusions 
 This article aimed to evaluate the feasibility and 
viability of using data envelopment analysis 
associated with fuzzy logic in order to select a 
portfolio and then optimize its equity. For this 
purpose, three portfolios were proposed: the first 
simply by using an optimized Sharpe approach and 
the other two using fuzzy logic associated with the 
DEA. 
 Several studies, not only with the use of DEA as 
well as other mathematical models, treat the case as 
deterministic, being accurate in its determination of 
the input and output variables. However, it is known 
that in practice, real world problems are naturally 
uncertain and imprecise. 
 The goal was to obtain a model that considered 
uncertainty and imprecision, and still presented a 
better ratio of risk/ return, however, without leading 
to a sharp increase in the variance. 
 The application of fuzzy DEA models was 
feasible, providing an excellent breakdown of the 
analysis units. It is worth noting that the fuzzy DEA 
model assists in reducing the search space, since it 
determines which assets should be considered 
efficient through various scenarios by reducing the 
number of stocks that will be submitted to the 
Sharpe approach, for example. 
 The well-recognized Sharpe approach proves to 
be efficient in its objective; however, its practical 
use can be difficult and even engaged in some 
situations, since one obtains a large number of 
assets composing the portfolio holdings and 
impossible to be performed. 
 Another benefit to be cited is the reduced number 
of stocks comprising the FDEA-6 portfolio. Such 
reduction associated with the maintenance of the 
level of risk under control tends to generate savings 
related to the cost of re-balancing portfolios, 
providing indirect investor gains. 
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Data Envelopment Analysis is already 
considered to be part of a set of techniques that 
assist in selecting assets for portfolio composition. 
Moreover, the combination of the FDEA approach 
can further assist in portfolio composition. The 
association of the FDEA approach with Sharpe has 
been successful, and two main advantages can be 
cited: a larger number of variables was used in the 
analysis to make it more robust, which may 
accommodate different indicators; As a result, a 
reduced number of stocks composing the portfolio 
was obtained, which makes its use possible and 
gave the best SR between the portfolios analyzed. 

As a suggestion for further research, the use of 
other indicators and a long-term analysis are 
suggested. It is also recommended that a more 
comprehensive study using a greater number of 
stocks to check whether the model would replicate 
the results obtained in this study. 
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Table 1: Triangular pertinence functions for inputs 
 

DMU´s Volatility Year 3 Volatility Year 2 Volatility Year 1 Price-Earnings 
DMU1 (7.87; 9.69; 10.70) (6.66; 7.54; 8.13) (5.65; 6.69; 7.72) (6.10; 9.74; 15.79) 
DMU2 (5.42; 5.91; 6.63) (6.87; 7.38; 7.88) (6.05; 7.07; 8.11) (9.16; 11.21; 14.02) 
DMU3 (4.09; 6.46; 7.40) (3.49; 4.39; 5.05) (4.02; 5.96; 8.60) (9.14; 10.85; 12.63) 
DMU4 (3.11; 4.49; 5.74) (5.55; 6.29; 7.78) (6.18; 7.38; 8.40) (14.32; 22.44; 28.44) 
DMU5 (6.21; 6.95; 7.56) (5.42; 7.00; 7.83) (3.79; 4.94; 6.68) (5.42; 17.59; 159.89) 
DMU6 (10.78; 12.35; 13.64) (6.82; 8.45; 10.31) (6.34; 7.35; 8.67) (6.73; 9.83; 16.44) 
DMU7 (5.01; 5.51; 6.28) (6.03; 6.72; 7.38) (6.03; 6.97; 7.92) (7.90; 9.81; 11.39) 
DMU8 (8.24; 9.20; 9.94) (6.10; 8.62; 10.22) (3.15; 5.32; 3.15) (3.58; 5.46; 6.94) 
DMU9 (4.25; 5.31; 6.35) (5.40; 5.96; 6.54) (4.10; 5.77; 6.34) (15.89; 36.03; 90.81) 
DMU10 (3.08; 4.75; 6.40) (5.40; 6.83; 7.95) (4.42; 6.00; 6.78) (10.91; 16.64; 20.80) 
DMU11 (6.27; 8.48; 10.16) (6.26; 8.12; 9.92) (7.34; 8.25; 9.61) (10.87; 17.09; 27.55) 
DMU12 (3.34; 4.61; 5.65) (2.87; 3.94; 5.01) (3.09; 3.91; 4.91) (19.71; 27.48; 34.83) 
DMU13 (6.16; 7.07; 7.77) (7.35; 8.24; 9.15) (6.36; 7.61; 8.60) (9.76; 46.07; 186.79) 
DMU14 (5.60; 6.91; 7.72) (3.02; 4.87; 6.34) (4.41; 5.65; 7.60) (7.77; 10.20; 13.13) 
DMU15 (5.32; 8.06; 11.49) (6.21; 10.18; 12.94) (4.77; 5.51; 6.26) (3.76; 7.32; 12.84) 
DMU16 (5.02; 6.54; 9.48) (4.79; 5.62; 4.79) (4.62; 6.05; 6.71) (4.93; 11.27; 20.21) 
DMU17 (3.60; 4.18; 5.62) (4.46; 5.93; 6.34) (2.67; 3.50; 4.38) (8.99; 12.00; 14.07) 
DMU18 (2.89; 5.22; 7.36) (6.94; 7.88; 9.05) (6.44; 7.39; 8.13) (17.39; 23.29; 36.50) 
DMU19 (4.83; 6.45; 10.62) (5.89; 10.24; 11.56) (3.81; 5.06; 5.84) (7.44; 14.65; 20.82) 
DMU20 (5.91; 8.06; 10.11) (5.03; 5.92; 6.30) (5.62; 6.79; 7.67) (6.26; 9.57; 14.81) 
DMU21 (4.70; 6.30; 6.88) (5.01; 7.81; 9.53) (8.34; 9.24; 9.99) (16.95; 22.86; 29.39) 
DMU22 (5.31; 6.15; 7.24) (6.05; 6.93; 7.42) (5.57; 6.51; 7.09) (18.35; 24.99; 30.68) 
DMU23 (5.75; 7.11; 8.13) (7.99; 9.37; 10.86) (9.44; 10.21; 11.21) (14.31; 24.88; 36.27) 
DMU24 (4.59; 5.31; 6.07) (5.41; 6.85; 8.30) (6.90; 7.84; 8.48) (17.59; 23.05; 29.20) 
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Table 2: Triangular pertinence functions for outputs 
 

DMU´s Return Year 3 Return Year 2 Return Year 1 Earnings per Share 
DMU1 (-2.32; -0.76; 0.72) (-3.00; -1.07; 1.61) (-2.60; -1.26; -0.43) (1.42; 2.23; 3.50) 
DMU2 (-0.14; 0.89; 2.39) (-1.81; -0.15; 1.07) (-2.48; -0.73; 1.18) (2.41; 2.69; 3.31) 
DMU3 (-1.74; 0.09; 2.32) (-0.18; 1.02; 1.82) (-1.39; 0.07; 2.10) (2.54; 2.68; 2.86) 
DMU4 (-0.68; 1.49; 2.68) (2.58; 3.83; 5.03) (1.85; 2.97; 4.46) (0.52; 0.60; 0.67) 
DMU5 (-2.17; -0.71; 0.64) (-1.93; -0.94; 1.05) (-2.27; -0.72; 1.29) (0.02; 4.43; 8.03) 
DMU6 (-2.49; -1.47; -0.23) (-4.55; -1.76; 1.18) (-2.48; -1.59; -0.57) (1.42; 2.23; 3.50) 
DMU7 (-0.72; 0.63; 1.95) (-1.73; -0.19; 0.85) (-2.22; -0.63; 1.21) (0.85; 0.90; 1.05) 
DMU8 (-1.96; 0.91; 3.55) (-2.39; -0.49; 1.22) (1.98; -0.45; 1.58) (3.93; 5.55; 5.55) 
DMU9 (-0.01; 2.59; 4.61) (0.08; 1.05; 2.05) (1.12; 2.24; 3.32) (0.43; 1.27; 1.84) 
DMU10 (1.25; 2.51; 4.48) (1.56; 3.69; 5.82) (-0.55; 2.57; 5.95) (2.23; 2.74; 3.41) 
DMU11 (-2.70; -0.82; 0.30) (-0.85; 1.11; 3.29) (-4.69; -2.96; -1.01) (0.62; 1.02; 1.41) 
DMU12 (-1.97; 0.18; 2.73) (1.91; 3.97; 4.76) (0.23; 1.53; 2.79) (0.35; 0.57; 0.79) 
DMU13 (0.68; 2.23; 3.77) (1.09; 1.87; 2.89) (-0.78; 0.49; 2.36) (0.07; 0.63; 1.07) 
DMU14 (-1.29; 1.79; 4.13) (-0.25; 1.55; 3.22) (-1.05; 0.44; 2.28) (2.54; 2.68; 2.86) 
DMU15 (-2.48; -0.79; 1.12) (-1.62; 1.85; 4.98) (0.50; 2.12; 3.82) (1.80; 2.54; 3.59) 
DMU16 (-4.15; -2.05; 0.09) (0.52; 2.53; 3.49) (0.57; 2.42; 3.94) (1.09; 2.17; 3.86) 
DMU17 (-0. 98; 0.49; 1.56) (-0.51; 0.57; 2.92) (2.60; 2.94; 3.44) (3.31; 4.12; 4.70) 
DMU18 (-1.67; -0.30; 1.45) (-2.31; -0.15; 1.60) (1.08; 3.19; 6.04) (0.88; 1.08; 1.33) 
DMU19 (-2.43; 1.59; 4.24) (-2.04; -0.34; 2.51) (1.58; 2.45; 3.10) (0.53; 0.70; 1.14) 
DMU20 (-3.31; -1.35; 1.27) (2.74; 4.62; 5.84) (1.58; 2.77; 4.29) (1.79; 2.22; 2.80) 
DMU21 (-2.76; -0.54; 2.34) (-0.16; 1.94; 4.54) (-1.75; 0.89; 3.02) (2.57; 2.77; 3.27) 
DMU22 (-3.33; -1.09; 0.91) (0.74; 3.00; 4.80) (1.42; 2.99; 4.64) (0.76; 1.01; 1.11) 
DMU23 (2.08; 4.15; 6.41) (0.37; 4.79; 7.39) (-3.16; -0.96; 1.67) (0.29; 0.44; 0.78) 
DMU24 (-2.80; -0.97; 1.64) (0.32; 2.97; 5.04) (-2.72; -0.75; 1.87) (1.74; 1.92; 2.09) 
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Table 4: Asset allocation 

 (Cp) FDEA-11 FDEA-6 
DMU1 0.00% - - 
DMU2 0.00% - - 
DMU3 0.43% - - 
DMU4 1.27% 0.00% - 
DMU5 0.00% 0.00% - 
DMU6 0.00% - - 
DMU7 0.00% - - 
DMU8 0.00% 0.00% 0.00% 
DMU9 5.16% - - 
DMU10 14.63% 20.72% 25.69% 
DMU11 1.99% - - 
DMU12 0.94% - - 
DMU13 7.56% - - 
DMU14 0.00% 0.00% - 
DMU15 0.76% 0.00% - 
DMU16 0.00% - - 
DMU17 29.31% 31.05% 32.62% 
DMU18 7.98% 12.73% 18.22% 
DMU19 10.64% 11.11% - 
DMU20 0.96% - - 
DMU21 0.00% - - 
DMU22 0.00% 0.00% 0.00% 
DMU23 18.38% 24.39% 23.48% 
DMU24 0.00% - - 
TOTAL 100% 100% 100% 

 
 
 

Table 5: Results table 

  (Cp)  FDEA-11 FDEA-6  
Beta 0.36 0.38 0.39 
Expected Return 0.58% 0.59% 0.59% 
Standard Deviation 0.39% 0.39% 0.39% 
Return 1.78% 1.92% 1.98% 
Sharpe Ratio (SR) 2.59 2.93 3.12 
Number of stocks 13 6 4 
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Figure 1: Research flowchart 

 

 

 

Figure 2: Return accumulated per portfolio 
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