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Abstract: - In this paper, the global exponential stability of BAM neural networks with inertial term and time
delay are investigated. By chosen proper variable substitution the system is transformed to f rst order differential
equation. Then some new suff cient conditions, which can ensure the globally exponential stability of the system
are obtained by constructing suitable Lyapunov functional, using Halanay inequality and the fundamental solution
matrix of coeff cient matrix. Finally, two examples are given to illustrate the effectiveness of the results.
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1 Introduction

The bidirectional associative memory (BAM) neural
networks were f rst introduced by Kosko Refs.[1 −
3]. It is a special class of recurrent neural networks
that can store bipolar vector pairs. The BAM neu-
ral networks are composed of neurons arranged in
two layers, the U-layer and V-layer. The neurons in
one layer are fully interconnected to the neurons in
the other layer, while there are no interconnections
among neurons in the same layer. Through itera-
tions of forward and backward information f ows be-
tween the two layer, it performs a two-way associa-
tive search for stored bipolar vector pairs and general-
ize the single-layer auto-associative Hebbian correla-
tion to a two-layer pattern-matched hetero-associative
circuits. Therefore, this class of networks possesses
good applications prospects in signal processing, im-
age processing, pattern recognition and associative
memories, etc. In Refs.[4 − 8], the authors have in-
vestigated the stability and periodic solutions of BAM
neural networks, some suff cient conditions have been
given, respectively. The stability of BAM neural net-
works with reaction-diffusion terms has been consid-
ered in Refs.[9 − 11].

On the other hand, the inertia can be considered
a useful tool that is added to help in the generation
of chaos in neural systems. Babcock and Westervelt
[12] combined inertia and driving to explore chaos in
one- and two-neuron systems.Tani et al.[13-16] added
inertia and a nonlinear oscillating resistance to neural
equations as a way of chaotically searching for mem-
ories in neural networks. In [17], the authors con-

sidered the bifurcation and chaos in a single inertial
neuron model with both time delay and inertial term.
Liu et al.[18-20] investigated the Hopf bifurcation and
dynamics of an inertial two-neuron system or in a sin-
gle inertial neuron mode. In [21], the authors investi-
gated the dynamical characteristics of a single inertial
neuron model with time delay under periodic external
stimuli.

To the best of our knowledge, few authors have
considered the globally exponential stability of BAM
neural networks with inertial term and time delay,
which is very important in theories and applications.
In this paper, we will investigate the globally expo-
nential stability of system.

We consider the following BAM neural networks
with inertial term and time delay














































d2ui(t)
dt2

= −αi
dui(t)

dt
− aiui(t) +

m
∑

j=1
cijfj(vj(t))

+
m
∑

j=1
dijfj(vj(t− τji)) + Ii,

d2vj(t)
dt2

= −βj
dvj(t)

dt
− bjvj(t) +

n
∑

i=1
pjigi(ui(t))

+
n
∑

i=1
qjigi(ui(t− σij)) + Jj ,

(1)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m, where the sec-
ond derivative are called an inertial term of system (1);
αi > 0 and βj > 0 are constants; ui(t) and vj(t) are
the state of the ith neurons from the neural f eld FU

and the jth neurons from the neural f eld FV at time t ,
respectively; ai > 0 and bj > 0 denote the rate which
the ith neurons and the jth neurons will reset its po-
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tential to the resting state in isolation when discon-
nected from the networks and external inputs, respec-
tively; cij , dij , pji and qji are constants, and denote
the connection strengths; fj and gi denote the activa-
tion function of the jth neurons and the ith neurons
at time t, respectively; τji and σij denote correspond
to the transmission delays and satisfy 0 ≤ τji ≤ τ and
0 ≤ σij ≤ σ; Ii and Jj denote the external inputs on
the ith neurons from the neural f eld FU and the jth
neurons from the neural f eld FV , respectively.
The initial values of system (1) are

{

ui(s) = ϕui(s),
dui(s)

dt
= ψui(s),−τ ≤ s ≤ 0,

vj(s) = ϕvj(s),
dvj(s)

dt
= ψvj(s),−σ ≤ s ≤ 0,

(2)
where ϕui(s), ψui(s), ϕvj(s) and ψvj(s) are bounded
and continuous function.
This paper is organized as follows. Some prelim-

inaries are given in Section 2. In Section 3, the suf-
f cient conditions are derived for the globally expo-
nential stability of BAM neural networks with inertial
term and time delay by constructing a suitable Lya-
punov functional and utilizing some analytical tech-
niques. In Section 4, two illustrative examples are
given to show the effectiveness of the proposed the-
ory.

2 Preliminaries

Throughout this paper, we make the following as-
sumptions.
(H) : The activation functions fj, gi satisfy Lipschitz
condition, i.e., there exist constant lj > 0, ki > 0,
such that

|fj(v1) − fj(v2))| ≤ lj |v1 − v2|,
|gi(v1) − gi(v2))| ≤ ki|v1 − v2|,

i = 1, 2, · · · , n, j =, 2, · · · ,m, for any v1, v2 ∈ R.
Using variable transformation:
yi(t) = dui(t)

dt
+ ui(t), i = 1, 2, · · · , n,

zj(t) =
dvj(t)

dt
+ vj(t), j = 1, 2, · · · ,m,

then of (1) and (2) can be rewritten as























































dui(t)
dt

= −ui(t) + yi(t),
dyi(t)

dt
= −(ai − αi + 1)ui(t) − (αi − 1)yi(t)

+
m
∑

j=1
cijfj(vj(t)) +

m
∑

j=1
dijfj(vj(t− τji)) + Ii,

dvj(t)
dt

= −vj(t) + zj(t),
dzj(t)

dt
= −(bj − βj + 1)vj(t) − (βj − 1)zj(t)

+
n
∑

i=1
pjigi(ui(t)) +

n
∑

i=1
qjigi(ui(t− σij)) + Jj ,

(3)

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m,
and


















ui(s) = ϕui(s),
dui(s)

dt
= ψui(s),−τ ≤ s ≤ 0,

yi(s) = ϕui(s) + ψui(s)
.
= ϕ̄ui(s),−τ ≤ s ≤ 0,

vj(s) = ϕvj(s),
dvj (s)

dt
= ψvj(s),−σ ≤ s ≤ 0,

zj(s) = ϕvj(s) + ψvj(s)
.
= ϕ̄vj(s),−σ ≤ s ≤ 0,

(4)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
Let

Ui(t) =

(

ui(t)
yi(t)

)

, Vj(t) =

(

vj(t)
zj(t)

)

,

system (3) can becomes

dUi(t)

dt
= −AiUi(t) + P





m
∑

j=1
cijfj(vj(t))

0





+P





m
∑

j=1
dijfj(vj(t− τji))

0



+ P

(

Ii
0

)

, (5)

dVj(t)

dt
= −BjVj(t) + P





n
∑

i=1
pjigi(ui(t))

0





+P





n
∑

i=1
qjigi(ui(t− σij))

0



+ P

(

Jj

0

)

, (6)

where

P =

(

0 0
1 0

)

, Ai =

(

1 −1
ai + 1 − αi αi − 1

)

,

Bj =

(

1 −1
bj + 1 − βj βj − 1

)

,

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
Let

u∗ = (u∗1, u
∗
2, · · · , u∗n)T , v∗ = (v∗1 , v

∗
2 , · · · , v∗m)T ,

y∗ = (y∗1 , y
∗
2 , · · · , y∗n)T , z∗ = (z∗1 , z

∗
2 , · · · , z∗m)T .

Definition 1. The point (u∗
T

, v∗
T

) is called an equi-
librium point of system (1), if it satisf es the following
equations














−aiu
∗
i +

m
∑

j=1
cijfj(v

∗
j ) +

m
∑

j=1
dijfj(v

∗
j ) + Ii = 0,

−bjv∗j +
n
∑

i=1
pjigi(u

∗
i ) +

n
∑

i=1
qjigi(u

∗
i ) + Jj = 0,

(7)
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for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
The point (u∗T

, y∗
T

, v∗
T

, z∗
T

) is called an equilib-
rium point of system (3), if it satisf es the following
equations


































−u∗i + y∗i = 0,

−aiu
∗
i +

m
∑

j=1
cijfj(v

∗
j ) +

m
∑

j=1
dijfj(v

∗
j ) + Ii = 0,

−v∗j + z∗j = 0,

−bjv∗j +
n
∑

i=1
pjigi(u

∗
i ) +

n
∑

i=1
qjigi(u

∗
i ) + Jj = 0,

(8)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
Definition 2. Let u = (u1, u2, · · · , un)T , v =

(v1, v2, · · · , vm)T , (u∗
T

, y∗
T

, v∗
T

, z∗
T

) be the equi-
librium point of system (3), we def ne norm

‖u‖2 =
n
∑

i=1
|ui|2, ‖v‖2 =

m
∑

j=1
|vi|2.

‖ϕu − u∗‖2 = sup
−τ≤t≤0

n
∑

i=1
(ϕui(t) − u∗i )

2,

‖ϕv − v∗‖2 = sup
−σ≤t≤0

m
∑

j=1
(ϕvj(t) − v∗j )

2,

‖ϕ̄u − u∗‖2 = sup
−τ≤t≤0

n
∑

i=1
(ϕ̄ui(t) − u∗i )

2,

‖ϕ̄v − v∗‖2 = sup
−σ≤t≤0

m
∑

j=1
(ϕ̄vj(t) − v∗j )

2,

where ϕu = (ϕu1, ϕu2, · · · , ϕun)T ,
ϕv = (ϕv1, ϕv2, · · · , ϕvm)T ,
ϕ̄u = (ϕ̄u1, ϕ̄u2, · · · , ϕ̄un)T

and ϕ̄v = (ϕ̄v1, ϕ̄v2, · · · , ϕ̄vm)T are initial value.
Definition 3. The equilibrium point (u∗T

, v∗
T

) of sys-
tem (1) is said to be globally exponentially stable, if
there exist constants η > 0 andM > 0 such that
n
∑

i=1
(ui(t) − u∗i )

2 +
m
∑

j=1
(vj(t, x) − v∗j )

2

≤Me−ηt[‖ϕu − u∗‖2 + ‖ϕv − v∗‖2],
for all t ≥ 0, where
u(t) = (u1(t), u2(t), · · · , un(t))T ,
v(t) = (v1(t), v2(t), · · · , vm(t))T ,

are solution of system (1) with initial value (2).
Lemma 1 ([22]). If H(u) ∈ C0, and it satisf es the
following conditions
1) H(u) is injective on Rn,
2) ‖H(u)‖ → +∞, as ‖u‖ → +∞,
then H(u) is a homeomorphism of Rn.
Lemma 2. For matric

Ai =

(

1 −1
ai + 1 − αi αi − 1

)

,

Bj =

(

1 −1
bj + 1 − βj βj − 1

)

,

i = 1, 2, · · · , n, j = 1, 2, · · · ,m. If α2
i −4ai 6= 0, β2

j −
4bj 6= 0(i = 1, 2, · · · , n, j = 1, 2, · · · ,m), then

‖exp(−Ai)t‖ ≤Mie
−ηt, i = 1, 2, · · · , n,

‖exp(−Bj)t‖ ≤ Nje
−ηt, j = 1, 2, · · · ,m, t ≥ 0,

where
Mi =

√
2(αi−ai)2+2(αi−2)2√

|α2

i
−4ai|

,

Nj =

√
2(βj−bj)2+2(βj−2)2
√

|β2

j
−4bj |

,

η = min
1≤i≤n,1≤j≤m

{αi−
√

|α2

i
−4ai|

2 ,
βj−
√

|β2

j
−4bj |

2 }.
Proof. We consider the following linear differential
equation

Z ′
i(t) = −AiZi(t). (9)

By calculation, we can obtain the eigenvalue of matric
−Ai

λ1 = 1
2 [−αi +

√

α2
i − 4ai],

λ2 = 1
2 [−αi −

√

α2
i − 4ai].

Corresponding eigenvector of the λ1 and λ2, respec-
tively

V1 = (1, λ1 + 1)T , V2 = (1, λ2 + 1)T .
Thus, we obtain the fundamental solution matrix of
system (9) which is

φi(t) =

[

eλ1t eλ2t

(λ1 + 1)eλ1t (λ2 + 1)eλ2t

]

.

By calculation, we obtain

φ−1
i (0) =

1

λ2 − λ1

[

λ2 + 1 −1
−(λ1 + 1) 1

]

.

Since exp(−Ai)t = φi(t)φ
−1
i (0), we can obtain

exp(−Ai)t =
1

λ2 − λ1

[

(λ2 + 1)eλ1t − (λ1 + 1)eλ2t

(λ1 + 1)(λ2 + 1)(eλ1t − eλ2t)

eλ2t − eλ1t

(λ2 + 1)eλ2t − (λ1 + 1)eλ1t

]

.

‖exp(−Ai)t‖
≤

√
2(αi−ai)2+2(αi−2)2√

|α2

i
−4ai|

√
e2λ1t + e2λ2t.

If α2
i − 4ai > 0, then ‖exp(−Ai)t‖ ≤Mie

λ1t.

If α2
i −4ai < 0, then ‖exp(−Ai)t‖ ≤Mie

−αi
2

t.
Thus, we have

‖exp(−Ai)t‖ ≤Mie
−ηt, i = 1, 2, · · · , n, t ≥ 0.

Similarly we can get

‖exp(−Bj)t‖ ≤ Nje
−ηt, j = 1, 2, · · · ,m, t ≥ 0,

where
Mi =

√
2(αi−ai)2+2(αi−2)2√

|α2

i
−4ai|

,

Nj =

√
2(βj−bj)2+2(βj−2)2
√

|β2

j
−4bj |

,
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η = min
1≤i≤n,1≤j≤m

{αi−
√

|α2

i
−4ai|

2 ,
βj−
√

|β2

j
−4bj |

2 }.
Lemma 3.([23]) For x(t) ≥ 0, t ∈ [t0 − τ, t], ẋ(t) =
−ax(t) + bx(t− τ), τ > 0, if

ẋ(t) ≤ −ax(t) + bx̄(t),

and a > b, x̄(t) = sup
t−τ≤s≤t

x(s). Then, there exists

γ > 0 such that

x(t) ≤ x̄(t0)e
−γ(t−t0), t > t0.

3 Main Results
In this section, we can derive some suff cient condi-
tions which ensure the globally exponential stability
of the system (1) by constructing a suitable Lyapunov
functional and using some analysis techniques.
Theorem 1. Under the hypotheses (H), system (1)
has a unique equilibrium point, if there exist constants
0 ≤ γj, δj ≤ 1(j = 1, 2, · · · ,m), 0 ≤ γ∗i , δ

∗
i ≤ 1(i =

1, 2, · · · , n), such that
m
∑

j=1

|cij |
2 (l

1−γj

j )2 +
m
∑

j=1

|dij |
2 (l

1−δj

j )2

+ 1 − αi + |ai−αi|
2 < 0,

n
∑

i=1

|cij |
2 (l

γj

j )2+
n
∑

i=1

|dij |
2 (l

δj

j )2+
|bj−βj |

2 −1 < 0,

n
∑

i=1

|pji|
2 (k

1−γ∗

i

i )2 +
n
∑

i=1

|qji|
2 (k

1−δ∗
i

i )2

+ 1 − βj +
|bj−βj |

2 < 0,
m
∑

j=1

|pji|
2 (k

γ∗

i

i )2 +
m
∑

j=1

|qji|
2 (k

δ∗
i

i )2 + |ai−αi|
2 − 1 < 0,

for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
Proof. From def nition 1, we know that equilibrium
point (u∗

T

, v∗
T

) of system (1) satisf es the following
equation:














−aiu
∗
i +

m
∑

j=1
cijfj(v

∗
j ) +

m
∑

j=1
dijfj(v

∗
j ) + Ii = 0,

−bjv∗j +
n
∑

i=1
pjigi(u

∗
i ) +

n
∑

i=1
qjigi(u

∗
i ) + Jj = 0,

(10)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
Let H(u, v) = (H1(u, v),H2(u, v), · · · , · · · ,
Hn(u, v),Hn+1(u, v),Hn+2(u, v), · · · ,Hn+m(u, v))T ,
where
Hi(u, v) = −aiui+

m
∑

j=1
cijfj(vj)+

m
∑

j=1
dijfj(vj)+Ii,

Hn+j(u, v) = −bjvi +
n
∑

i=1
pjigi(ui)

+
n
∑

i=1
qjigi(ui) + Jj ,

for i = 1, 2 · · · , n, j = 1, 2 · · · ,m.
It is known that the solutions of H(u, v) = 0 are

equilibriums of system (1). If the mapping H(u, v)
is a homeomorphism on Rn+m, then there exists a
unique point (u∗, v∗), such that H(u∗, v∗) = 0, i.e.,
system (1) has a unique equilibrium point (u∗, v∗).
In the following, we shall prove that H(u, v) is a
homeomorphism.
First, we prove that H(u, v) is an injective map on
Rn+m.
In fact, if there exist

(u, v) = (u1, u2, · · · , un, v1, v2, · · · , vm)T ∈ Rn+m,
(ū, v̄) = (ū1, ū2, · · · , ūn, v̄1, v̄2, · · · , v̄m)T ∈ Rn+m

and (u, v) 6= (ū, v̄) such that H(u, v) = H(ū, v̄),
then

−ai(ui − ūi) +
m
∑

j=1
cij(fj(vj) − fj(v̄j))

+
m
∑

j=1
dij(fj(vj) − fj(v̄j)) = 0,

−bj(vj − v̄j) +
n
∑

i=1
pji(gi(ui) − gi(ūi))

+
n
∑

i=1
qji(gi(ui) − gi(ūi)) = 0,

for i = 1, 2 · · · , n, j = 1, 2 · · · ,m.
We also have
(ui − ūi)[−ai(ui − ūi) +

m
∑

j=1
cij(fj(vj) − fj(v̄j))

+
m
∑

j=1
dij(fj(vj) − fj(v̄j))] = 0,

(vj − v̄j)[−bj(vj − v̄j) +
n
∑

i=1
pji(gi(ui) − gi(ūi))

+
n
∑

i=1
qji(gi(ui) − gi(ūi))] = 0,

for i = 1, 2 · · · , n, j = 1, 2 · · · ,m.
From assumptions (H), we can get
−ai|ui − ūi|2 +

m
∑

j=1
|cij |lj |ui − ūi||vj − v̄j |

+
m
∑

j=1
|dij |lj |ui − ūi||vj − v̄j| ≥ 0,

−bj|vj − v̄j |2 +
n
∑

i=1
|pji|ki|ui − ūi||vj − v̄j |

+
n
∑

i=1
|qji|ki|ui − ūi||vj − v̄j | ≥ 0,

for i = 1, 2 · · · , n, j = 1, 2 · · · ,m.
We have
n
∑

i=1
[−ai|ui − ūi|2 +

m
∑

j=1
|cij |lj |ui − ūi||vj − v̄j|

+
m
∑

j=1
|dij |lj |ui − ūi||vj − v̄j|]

≥
n
∑

i=1
{−ai|ui − ūi|2 +

m
∑

j=1

|cij |
2 [(l

1−γj

j )2|ui − ūi|2

+ (l
γj

j )2|vj − v̄j |2] +
m
∑

j=1

|dij |
2 [(l

1−δj

j )2|ui − ūi|2

+ (l
δj

j )2|vj − v̄j|2]} ≥ 0.
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m
∑

j=1
[−bj|vj − v̄j |2 +

n
∑

i=1
|pji|ki|ui − ūi||vj − v̄j |

+
n
∑

i=1
|qji|ki|ui − ūi||vj − v̄j |]

≥
m
∑

j=1
{−bj |vj − v̄j |2 +

n
∑

i=1

|pji|
2 [(k

γ∗

i

i )2|ui − ūi|2

+ (k
1−γ∗

i

i )2|vj − v̄j|2] +
n
∑

i=1

|qji|
2 [(k

δ∗
i

i )2|ui − ūi|2

+ (k
1−δ∗

i

i )2|vj − v̄j |2]} ≥ 0,
where 0 ≤ γj , δj ≤ 1(j = 1, 2, · · · ,m),
0 ≤ γ∗i , δ

∗
i ≤ 1(i = 1, 2, · · · , n).

We can obtain
n
∑

i=1
{−ai +

m
∑

j=1
[
|cij |
2 (l

1−γj

j )2 +
|dij |

2 (l
1−δj

j )2]

+
m
∑

j=1
[
|pji|
2 (k

γ∗

i

i )2 +
|qji|
2 (k

δ∗
i

i )2]}|ui − ūi|2

+
m
∑

j=1
{−bj +

n
∑

i=1
[
|cij |
2 (l

γj

j )2 +
|dij |
2 (l

δj

j )2]

+
n
∑

i=1

[
|pji|
2

(k
1−γ∗

i

i )2 +
|qji|
2

(k
1−δ∗

i

i )2]}|vj − v̄j|2 ≥ 0.

(11)
From the condition of Theorem 1, we have

−ai +
m
∑

j=1
[
|cij |
2 (l

1−γj

j )2 +
|dij |
2 (l

1−δj

j )2]

+
m
∑

j=1
[
|pji|
2 (k

γ∗

i

i )2 +
|qji|
2 (k

δ∗
i

i )2]

< −ai + bi − |bi − ai| ≤ 0,

−bj +
n
∑

i=1
[
|cij |
2 (l

γj

j )2 +
|dij |

2 (l
δj

j )2]

+
n
∑

i=1
[
|pji|
2 (k

1−γ∗

i

i )2 +
|qji|
2 (k

1−δ∗
i

i )2]

< −bj + βj − |bj − βj | ≤ 0,
for i = 1, 2 · · · , n, j = 1, 2 · · · ,m.

From (11), we can get ui = ūi, vj = v̄j , for
i = 1, 2 · · · , n, j = 1, 2 · · · ,m, which contradict
(u, v) 6= (ū, v̄). SoH(u, v) is an injective on Rn+m.
Second, we prove that ‖H(u, v)‖ → +∞ as
‖(u, v)‖ → +∞.
Let H̃(u, v) = H(u, v) −H(0, 0)

= (H̃1(u, v), H̃2(u, v), · · · , H̃n(u, v),

H̃n+1(u, v), H̃n+2(u, v), · · · , H̃n+m(u, v))T ,
i.e.,
H̃i(u, v) = −aiui +

m
∑

j=1
cij(fj(vj) − fj(0))

+
n
∑

j=1
dij(fj(vj) − fj(0)),

H̃n+j(u, v) = −bjvj +
n
∑

i=1
pji(gi(ui) − gi(0))

+
n
∑

i=1
qji(gi(ui) − gi(0)),

for i = 1, 2 · · · , n, j = 1, 2 · · · , n.
Calculating (u, v)H̃(u, v), we obtain

(u, v)H̃(u, v) ≤
n
∑

i=1
{−ai +

m
∑

j=1
[
|cij |
2 (l

1−γj

j )2

+
|dij |
2 (l

1−δj

j )2] +
m
∑

j=1
[
|pji|
2 (k

γ∗

i

i )2 +
|qji|
2 (k

δ∗
i

i )2]}|ui|2

+
m
∑

j=1
{−bj +

n
∑

i=1
[
|cij |
2 (l

γj

j )2 +
|dij |

2 (l
δj

j )2]

+
n
∑

i=1
[
|pji|
2 (k

1−γ∗

i

i )2 +
|qji|
2 (k

1−δ∗
i

i )2]}|vj |2

≤ − min
1≤i≤n

{ai −
m
∑

j=1
[
|cij |
2 (l

1−γj

j )2 +
|dij |

2 (l
1−δj

j )2]

−
m
∑

j=1
[
|pji|

2 (k
γ∗

i

i )2 +
|qji|
2 (k

δ∗
i

i )2]}||u||2

− min
1≤j≤m

{bj −
n
∑

i=1
[
|cij |
2 (l

γj

j )2 +
|dij |
2 (l

δj

j )2]

−
n
∑

i=1
[
|pji|
2 (k

1−γ∗

i

i )2 +
|qji|
2 (k

1−δ∗
i

i )2]}||v||2.
Using Schwartz inequality, we get

‖(u, v)‖ · ‖H̃‖ ≥ min
1≤i≤n

{ai −
m
∑

j=1
[
|cij |
2 (l

1−γj

j )2

+
|dij |
2 (l

1−δj

j )2]−
m
∑

j=1
[
|pji|

2 (k
γ∗

i

i )2 +
|qji|
2 (k

δ∗
i

i )2]}‖u‖2

+ min
1≤j≤m

{bj −
n
∑

i=1
[
|cij |
2 (l

γj

j )2 +
|dij |
2 (l

δj

j )2]

−
n
∑

i=1
[
|pji|
2 (k

1−γ∗

i

i )2 +
|qji|
2 (k

1−δ∗
i

i )2]}‖v‖2

≥M(‖u‖2 + ‖v‖2) = M‖(u, v)‖2,
where
M = min{ min

1≤i≤n
{ai −

m
∑

j=1
[
|cij |
2 (l

1−γj

j )2

+
|dij |
2 (l

1−δj

j )2] −
m
∑

j=1
[
|pji|
2 (k

γ∗

i

i )2 +
|qji|
2 (k

δ∗
i

i )2]},

min
1≤j≤m

{bj −
n
∑

i=1
[
|cij |
2 (l

γj

j )2 +
|dij |
2 (l

δj

j )2]

−
n
∑

i=1
[
|pji|
2 (k

1−γ∗

i

i )2 +
|qji|
2 (k

1−δ∗
i

i )2]}} ≥ 0.

When ‖(u, v)‖ 6= 0, we have ‖H̃‖ ≥ M‖(u, v)‖.
Therefore ‖H̃(u, v)‖ → +∞ as ‖(u, v)‖ → +∞,
which implies that ‖H(u, v)‖ → +∞ as ‖(u, v)‖ →
+∞. From Lemma 1, we know that H(u, v) is a
homeomorphism on Rn+m. Thus, system (1) has a
unique equilibrium point.
Theorem 2. Under the hypotheses (H), the unique
equilibrium point of system (1) is globally exponen-
tially stably if conditions of Theorem 1 hold.
Proof. By using Theorem 1, system (1) has a
unique equilibrium point. In the following we
will prove the unique equilibrium point (u∗, v∗) =
(u∗1, u

∗
2, · · · , u∗n, v∗1 , v∗2 , · · · , v∗m)T is globally expo-

nential stable.
Let

Ūi =

(

ui − u∗i
yi − y∗i

)

, i = 1, 2 · · · , n,
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V̄j =

(

vj − v∗j
zj − z∗j

)

j = 1, 2 · · · ,m.

From (5)- (8), we have

dŪi(t)

dt
= −AiŪi(t)

+P





m
∑

j=1
cij(fj(vj(t)) − fj(v

∗
j ))

0





+P





m
∑

j=1
dij(fj(vj(t− τji)) − fj(v

∗
j ))

0



 , (12)

dV̄j(t)

dt
= −BjVj(t)

+P





n
∑

i=1
pji(gi(ui(t)) − gi(u

∗
i ))

0





+P





n
∑

i=1
qji(gi(ui(t− σij)) − gi(u

∗
i ))

0



 , (13)

for i = 1, 2 · · · , n, j = 1, 2, · · · ,m.
By left multiplying both sides of (12) with
ŪT

i = (ui − u∗i , yi − y∗i ), we get
ŪT

i
dŪi

dt
= −[(ui − u∗i )

2 + (αi − 1)(yi − y∗i )
2

+ (ai − αi)(ui − u∗i )(yi − y∗i )]

+
m
∑

j=1
cij(yi − y∗i )[fj(vj(t)) − fj(v

∗
j )]

+
m
∑

j=1
dij(yi − y∗i )[fj(vj(t− τji)) − fj(v

∗
j )]

≤ −[(1− |ai−αi|
2 )(ui − u∗i )

2 + (αi − 1 − |ai−αi|
2 )

· (yi − y∗i )
2] +

m
∑

j=1
|cij |lj |yi − y∗i ||vj(t) − v∗j |

+
m
∑

j=1
|dij |lj |yi − y∗i ||vj(t− τji) − v∗j |

≤ −[(1 − |ai−αi|
2 )(ui − u∗i )

2

+ (αi − 1 − |ai−αi|
2 )(yi − y∗i )

2]

+
m
∑

j=1

|cij|
2 [(l

1−γj

j )2|yi − y∗i |2 +(l
γj

j )2|vj(t)− v∗j |2]

+
m
∑

j=1

|dij |
2 [(l

1−δj

j )2|yi − y∗i |2

+(l
δj

j )2|vj(t− τji) − v∗j |2], i = 1, 2, · · · , n. (14)

By left multiplying both sides of (13) with V̄ T
j =

(vj − v∗j , yj − z∗j ), we get
V̄ T

j
dV̄j

dt
= −[(vj − v∗j )

2 + (βj − 1)(zj − z∗j )2

+ (bj − βj)(vj − v∗j )(zj − z∗j )]

+
n
∑

i=1
pji(zj − z∗j )[gi(ui(t)) − gi(u

∗
i )]

+
n
∑

i=1
qji(zj − z∗j )[gi(ui(t− σij)) − gi(u

∗
i )]

≤ −[(1 − |bj−βj |
2 )(vj − v∗j )

2

+ (βj − 1 − |bj−βj |
2 )(zj − z∗j )

2]

+
n
∑

i=1
|pji|ki|zj − z∗j ||ui(t) − u∗i |

+
n
∑

i=1
|qji|ki|zj − z∗j ||ui(t− σij) − u∗i |

≤ −[(1 − |bj−βj |
2 )(vj − v∗j )

2

+ (βj − 1 − |bj−βj |
2 )(zj − z∗j )

2]

+
n
∑

i=1

|pji|
2 [(k

1−γ∗

i

i )2|zj − z∗j |2

+ (k
γ∗

i

i )2|ui(t) − u∗i |2] +
n
∑

i=1

|qji|
2 [(k

1−δ∗
i

i )2|zj − z∗j |2

+(k
δ∗
i

i )2|ui(t− σij) − u∗i |2], i = 1, 2, · · · , n. (15)

We consider the Lyapunov functional:

V (t) = V1(t) + V2(t),

where
V1(t) =

n
∑

i=1
{‖Ūi(t)‖2

2 e2εt

+
m
∑

j=1

|dij |
2

(l
δj

j )2
∫ t

t−τji

(vj(s) − v∗j )
2e2ε(s+τji)ds}

(16)
V2(t) =

m
∑

j=1
{‖V̄j(t)‖2

2 e2εt

+
n
∑

i=1

|qji|
2

(l
δ∗
i

i )2
∫ t

t−σij

(ui(s) − u∗i )
2e2ε(s+σij)ds}

(17)
ε > 0 is a small number.
Calculating the upper right Dini-derivative

D+V1(t) of V1(t) along the solution of (12), by some
analysis techniques and (14), we have
D+V1(t) =

n
∑

i=1
{ŪT

i
dŪi(t)

dt
e2εt + εe2εt‖Ūi(t)‖2

+
m
∑

j=1

|dij |
2 (l

δj

j )2[(vj(t) − v∗j )
2e2ε(t+τji)

− (vj(t− τji) − v∗j )
2e2εt]}

≤
n
∑

i=1
e2εt {ε‖Ūi(t)‖2

− [(1 − |ai−αi|
2 )(ui − u∗i )

2

+ (αi − 1 − |ai−αi|
2 )(yi − y∗i )

2]

+
m
∑

j=1

|cij|
2 [(l

1−γj

j )2|yi − y∗i |2 + (l
γj

j )2|vj(t) − v∗j |2]

+
m
∑

j=1

|dij |
2 [(l

1−δj

j )2|yi−y∗i |2+(l
δj

j )2|vj(t−τji)−v∗j |2]
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+
m
∑

j=1

|dij |
2 (l

δj

j )2[(vj(t) − v∗j )
2e2ετji

− (vj(t− τji) − v∗j )
2]}

≤
n
∑

i=1
e2εt{ε‖Ūi(t)‖2 − [(1 − |ai−αi|

2 )(ui − u∗i )
2

+ (αi − 1 − |ai−αi|
2 )(yi − y∗i )

2]

+
m
∑

j=1

|cij |
2 [(l

1−γj

j )2|yi − y∗i |2 + (l
γj

j )2|vj(t) − v∗j |2]}

+
m
∑

j=1

|dij |
2 (l

1−δj

j )2|yi − y∗i |2

+
m
∑

j=1

|dij |
2

(l
δj

j )2(vj(t) − v∗j )
2e2ετji . (18)

Calculating the upper right Dini-derivative
D+V2(t) of V2(t) along the solution of (13), by some
analysis techniques and (15), we have
D+V2(t) =

n
∑

i=1
{V̄ T

j
dV̄j(t)

dt
e2εt + εe2εt‖V̄j(t)‖2

+
n
∑

i=1

|d∗
ji
|

2 (lδi

i )2[(ui(t) − u∗i )
2e2ε(t+σij )

− (ui(t− σij) − u∗i )
2e2εt]}

≤
m
∑

j=1
e2εt{ε‖V̄j(t)‖2

− [(1− |bj−βj |
2 )(vj − v∗j )

2 + (βj − 1− |bj−b∗
j
|

2 )(zj −
z∗j )2] +

n
∑

i=1

|pji|
2 [(k

γ∗

i

i )2|zj − z∗j |2 + (k
1−γ∗

i

i )2|ui(t) −

u∗i |2] +
n
∑

i=1

|qji|
2 [(k

1−δ∗
i

i )2|zj − z∗j |2 + (k
δ∗
i

i )2|ui(t −

σij) − u∗i |2] +
n
∑

i=1

|qji|
2 (k

δ∗
i

i )2[(ui(t) − u∗i )
2e2εσij −

(ui(t− σij) − u∗i )
2]}

≤
m
∑

j=1
e2εt{ε‖V̄j(t)‖2 − [(1 − |bj−βj |

2 )(vj −

v∗j )
2 + (βj − 1 − |bj−b∗

j
|

2 )(zj − z∗j )2] +
n
∑

i=1

|pji|
2 [(k

1−γ∗

i

i )2|zj − z∗j |2 + (k
γ∗

i

i )2|ui(t) − u∗i |2]

+
n
∑

i=1

|qji|
2 (k

1−δ∗
i

i )2|zj − z∗j |2

+
n
∑

i=1

|qji|
2

(k
δ∗
i

i )2(ui(t) − u∗i )
2e2εσij}. (19)

It follows from (18),(19) that
D+V (t) = D+V1(t) +D+V2(t)

≤
n
∑

i=1
e2εt{ε‖Ūi(t)‖2−[(1− |ai−αi|

2 )(ui−u∗i )2+

(αi − 1− |ai−αi|
2 )(yi − y∗i )

2] +
m
∑

j=1

|cij |
2 [(l

1−γj

j )2|yi −

y∗i |2 +(l
γj

j )2|vj(t)−v∗j |2]+
m
∑

j=1

|dij |
2 (l

1−δj

j )2|yi−y∗i |2

+
m
∑

j=1

|dij |
2 (l

δj

j )2(vj(t) − v∗j )
2e2ετji}

+
m
∑

j=1
e2εt{ε‖V̄j(t)‖2 − [(1 − |bj−βj |

2 )(vj − v∗j )
2 +

(βj −1− |bj−βj |
2 )(zj −z∗j )2]+

n
∑

i=1

|pji|
2 [(k

1−γ∗

i

i )2|zj −

z∗j |2+(k
γ∗

i

i )2|ui(t)−u∗i |2]+
n
∑

i=1

|qji|
2 (k

1−δ∗
i

i )2|zj−z∗j |2

+
n
∑

i=1

|qji|
2 (k

δ∗
i

i )2(ui(t) − u∗i )
2e2εσij}

=
n
∑

i=1
e2εt[ε− 1 + |ai−αi|

2 +
m
∑

j=1

|pji|
2 (kγ∗

i )2

+
m
∑

j=1

|qji|
2 (kδ∗

i )2e2εσij ](ui(t) − u∗i )
2

+
n
∑

i=1
e2εt[ε− αi + 1 + |ai−αi|

2 +
m
∑

j=1

|cij |
2 (l

1−γj

j )2

+
m
∑

j=1

|dij |
2 (l

1−δj

j )2](yi − y∗i )
2

+
m
∑

j=1
e2εt[ε− 1 +

|bj−βj |
2

+
n
∑

i=1

|cij |
2 (l

γj

j )2 +
n
∑

i=1

|dij |
2 (l

δj

j )2e2ετji ](vj(t) − v∗j )
2

+
m
∑

j=1
e2εt[ε− βj + 1 +

|bj−βj |
2 +

n
∑

i=1

|pji|
2 (k1−γi

i )2

+
n
∑

i=1

|qji|
2

(k1−δi

i )2](zj − z∗j )
2. (20)

Form condition of Theorem 1, we can choose a small
ε > 0 such that

ε− 1 + |ai−αi|
2 +

m
∑

j=1

|pji|
2 (kγ∗

i )2 +

m
∑

j=1

|qji|
2 (kδ∗

i )2e2εσij ≤ 0

ε− αi + 1 + |ai−αi|
2 +

m
∑

j=1

|cij |
2 (l

1−γj

j )2

+
m
∑

j=1

|dij |
2 (l

1−δj

j )2 ≤ 0,

ε− 1 +
|bj−βj |

2 +
n
∑

i=1

|cij |
2 (l

γj

j )2

+
n
∑

i=1

|dij |
2 (l

δj

j )2e2ετji ≤ 0,

ε− βj + 1 +
|bj−βj |

2 +
n
∑

i=1

|pji|
2 (k1−γi

i )2

+
n
∑

i=1

|qji|
2 (k1−δi

i )2 ≤ 0,

for i = 1, 2 · · · , n, j = 1, 2 · · · ,m.
From (20), we getD+V (t) ≤ 0, and so V (t) ≤ V (0),
for all t ≥ 0.
From (16) and (17), we have

V (t) ≥
n
∑

i=1

‖Ūi(t)‖2

2 e2εt +
m
∑

j=1

‖V̄j(t)‖2

2 e2εt
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=
n
∑

i=1

e2εt

2 [(ui − u∗i )
2 + (yi − y∗i )

2]

+
m
∑

j=1

e2εt

2
[(vj − v∗j )

2 + (zj − z∗j )
2]. (21)

V (0) =
n
∑

i=1
{‖Ūi(0)‖2

2

+
m
∑

j=1

|dij |
2 (l

δj

j )2
∫ 0
−τji

(vj(s) − v∗j )
2e2ε(s+τji)ds}

+
m
∑

j=1
{‖V̄j(0)‖2

2 +
n
∑

i=1

|qji|
2 (k

δ∗
i

i )2
∫ 0
−σij

(ui(s)

− u∗j )
2e2ε(s+σij )ds}

=
n
∑

i=1
{ (ϕui(0)−u∗

i
)2

2 +
(ϕ̄ui(0)−u∗

i
)2

2

+
m
∑

j=1

|dij |
2 (l

δj

j )2
∫ 0
−τji

(ϕvj(s) − v∗j )
2e2ε(s+τji)ds}

+
m
∑

j=1
{ (ϕvj (0)−v∗

j
)2

2 +
(ϕ̄vj(0)−v∗

j
)2

2

+
n
∑

i=1

|qji|
2 (k

δ∗
i

i )2
∫ 0
−σij

(ϕui(s) − u∗i )
2e2ε(s+σij)ds}

≤ ‖ϕu−u∗‖2

2 + ‖ϕ̄u−u∗‖2

2

+
n
∑

i=1

m
∑

j=1

|dij |
2 (l

δj

j )2
∫ 0
−τji

(ϕvj(s) − v∗j )
2e2ε(s+τji)ds

+‖ϕv−v∗‖2

2 + ‖ϕ̄v−v∗‖2

2

+
m
∑

j=1

n
∑

i=1

|qji|
2 (k

δ∗
i

i )2
∫ 0
−σij

(ϕui(s) − u∗i )
2e2ε(s+σij )ds

≤ ‖ϕu−u∗‖2

2 + ‖ϕ̄u−u∗‖2

2

+ τ
n
∑

i=1
max

1≤j≤m
{|dij |(lδj

j )2}e2ετ‖ϕv − v∗‖2

+‖ϕv−v∗‖2

2 + ‖ϕ̄v−v∗‖2

2

+ σ
m
∑

j=1
max
1≤i≤n

{|qji|(k
δ∗
i

i )2}e2εσ‖ϕu − u∗‖2

= [12 + σ
m
∑

j=1
max
1≤i≤n

{|qji|(kδ∗
i

i )2}e2εσ ]‖ϕu − u∗‖2

+[12 + τ
n
∑

i=1
max

1≤j≤m
{|dij |(lδj

j )2}e2ετ ]‖ϕv − v∗‖2

+
‖ϕ̄u − u∗‖2

2
+

‖ϕ̄v − v∗‖2

2
. (22)

Since V (0) ≥ V (t), from (21) and (22), we obtain
n
∑

i=1

e2εt

2 [(ui − u∗i )
2 + (yi − y∗i )

2]

+
m
∑

j=1

e2εt

2 [(vj − v∗j )
2 + (zj − z∗j )2])

≤ [12 + σ
m
∑

j=1
max
1≤i≤n

{|qji|(kδ∗
i

i )2}e2εσ]‖ϕu − u∗‖2

+[12 + τ
n
∑

i=1
max

1≤j≤m
{|dij |(lδj

j )2}e2ετ ]‖ϕv − v∗‖2

+
‖ϕ̄u − u∗‖2

2
+

‖ϕ̄v − v∗‖
2

. (23)

By multiplying both sides of (23) with 2e−2εt , we get
n
∑

i=1
[(ui − u∗i )

2 + (yi − y∗i )
2]

+
m
∑

j=1
[(vj − v∗j )

2 + (zj − z∗j )2]

≤ e−2εt{[1 + 2σ
m
∑

j=1
max
1≤i≤n

{|qji|(kδ∗
i

i )2}e2εσ ]‖ϕu −

u∗‖2 +[1 + 2τ
n
∑

i=1
max

1≤j≤m
{|dij |(lδj

j )2}e2ετ ]‖ϕv −
v∗‖2 + ‖ϕ̄u − u∗‖2 + ‖ϕ̄v − v∗‖2}
≤ e−2εt{M∗[‖ϕu − u∗‖2 + ‖ϕv − v∗‖2]

+‖ϕ̄u − u∗‖2 + ‖ϕ̄v − v∗‖2}, (24)

for all t ≥ 0 , where
M∗ = max{[1 + 2σ

m
∑

j=1
max
1≤i≤n

{|qji|(kδ∗
i

i )2}e2εσ,

1 + 2τ
n
∑

i=1
max

1≤j≤m
{|dij |(lδj

j )2}e2ετ}.

LetM = M∗ + ‖ϕ̄u−u∗‖2+‖ϕ̄v−v∗‖2

‖ϕu−u∗‖2+‖ϕv−v∗‖2 > 1, from (24),
we obtain
n
∑

i=1
‖ui − u∗i ‖2 +

m
∑

j=1
‖vj − v∗j ‖2

≤Me−2εt(‖ϕu − u∗‖2 + ‖ϕv − v∗‖2),
for all t ≥ 0. This implies that the equilibrium
(u∗, v∗) of system (1) is globally exponentially sta-
ble.
Furthermore, as consequence of Theorem 2 we

have the following corollaries.
Corollary 1 . Under the hypotheses (H), the unique
equilibrium point of system (1) is globally exponen-
tially stably if one of the following conditions holds















































m
∑

j=1

|cij |
2 +

m
∑

j=1

|dij |
2 + 1 − αi + |ai−αi|

2 < 0,

n
∑

i=1

|cij |
2 (lj)

2 +
n
∑

i=1

|dij |
2 (lj)

2 +
|bj−βj |

2 − 1 < 0,

n
∑

i=1

|pji|
2 +

n
∑

i=1

|qji|
2 + 1 − βj +

|bj−βj |
2 < 0,

m
∑

j=1

|pji|
2 (ki)

2 +
m
∑

j=1

|qji|
2 (ki)

2 + |ai−αi|
2 − 1 < 0,

(25)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m,















































m
∑

j=1

|cij |
2 (lj)

2 +
m
∑

j=1

|dij |
2 (lj)

2 + 1 − αi + |ai−αi|
2 < 0,

n
∑

i=1

|cij |
2 +

n
∑

i=1

|dij |
2 +

|bj−βj |
2 − 1 < 0,

n
∑

i=1

|pji|
2 (ki)

2 +
n
∑

i=1

|qji|
2 (ki)

2 + 1 − βj +
|bj−βj |

2 < 0,

m
∑

j=1

|pji|
2 +

m
∑

j=1

|qji|
2 + |ai−αi|

2 − 1 < 0,

(26)
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for i = 1, 2, · · · , n, j = 1, 2, · · · ,m,


























































m
∑

j=1

|cij |
2 +

m
∑

j=1

|dij |
2 + 1 − αi + |ai−αi|

2 < 0,

n
∑

i=1

|cij |
2 (lj)

2 +
n
∑

i=1

|dij |
2 (lj)

2 +
|bj−βj |

2 − 1 < 0,

n
∑

i=1

|pji|
2 (ki)

2 +
n
∑

i=1

|qji|
2 (ki)

2

+1 − βj +
|bj−βj |

2 < 0,
m
∑

j=1

|pji|
2 +

m
∑

j=1

|qji|
2 + |ai−αi|

2 − 1 < 0,

(27)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m, and






































































m
∑

j=1

|cij |
2 (lj)

2 +
m
∑

j=1

|dij |
2 (lj)

2

+1 − αi + |ai−αi|
2 < 0,

n
∑

i=1

|cij |
2 +

n
∑

i=1

|dij |
2 +

|bj−βj |
2 − 1 < 0,

n
∑

i=1

|pji|
2 +

n
∑

i=1

|qji|
2

+1 − βj +
|bj−βj |

2 < 0,
m
∑

j=1

|pji|
2 (ki)

2 +
m
∑

j=1

|qji|
2 (ki)

2 + |ai−αi|
2 − 1 < 0,

(28)
for i = 1, 2, · · · , n, j = 1, 2, · · · ,m.
In fact, conditions (25)-(28) are the special cases

of the Theorem 2 as γj = δj = 1, γi∗ = δi∗ =
1; γj = δj = 0, γi∗ = δi∗ = 0; γj = δj = 1, γi∗ =
δi∗ = 0; γj = δj = 0, γi∗ = δi∗ = 1, respectively.
Therefore, by Theorem 2 we see that Corollary 1 is
true.
Theorem 3. Under the hypotheses (H), the equi-
librium point of system (1) is globally exponentially
stably if the following conditions hold
α2

i − 4ai 6= 0, β2
j − 4bj 6= 0(i = 1, 2, · · · , n, j =

1, 2, · · · ,m),

−η+max{
n
∑

i=1
Mi max

1≤j≤m
(|cij |lj),

m
∑

j=1
Nj max

1≤i≤n
(|pji|ki)}

+max{
m
∑

j=1
Nj max

1≤i≤n
(|qji|ki),

n
∑

i=1
Mi max

1≤j≤m
(|dij |lj)}

< 0.
Proof. Let the equilibrium point (u∗, v∗) =
(u∗1, u

∗
2, · · · , u∗n, v∗1 , v∗2 , · · · , v∗m)T of system (1),

Ūi =

(

ui − u∗i
yi − y∗i

)

, V̄j =

(

vj − v∗j
zj − z∗j

)

.

From (12),(13) and Lemma 2, we have
‖Ūi(t)‖ ≤ ‖e−Ait‖‖Ūi(0)‖

+
t
∫

0
‖e−Ai(t−s)‖[|

m
∑

j=1
cij(fj(vj(s)) − fj(v

∗
j ))|

+ |
m
∑

j=1
dij(fj(vj(s − τji)) − fj(v

∗
j ))|]ds

≤Mie
−ηt‖Ūi(0)‖

+Mi

t
∫

0
e−η(t−s)[

m
∑

j=1
|cij |lj |vj(s) − v∗j |

+
m
∑

j=1

|dij |lj |vj(s− τji) − v∗j |]ds. (29)

‖V̄j(t)‖ ≤ ‖e−Bjt‖‖V̄j(0)‖
+

t
∫

0
‖e−Bj (t−s)‖[|

n
∑

i=1
pji(gj(ui(s)) − gi(u

∗
i ))|

+ |
n
∑

i=1
qji(gi(ui(s − σij)) − gi(u

∗
i ))|]ds

≤ Nje
−ηt‖V̄j(0)‖

+Nj

t
∫

0
e−η(t−s)[

n
∑

i=1
|pji|ki|ui(s) − u∗i |

+
n
∑

i=1

|qji|ki|ui(s− σij) − u∗i |]ds. (30)

From (29) and (30), we obtain
n
∑

i=1
‖Ūi(t)‖ +

m
∑

j=1
‖V̄j(t)‖ ≤

n
∑

i=1
Mie

−ηt‖Ūi(0)‖

+
n
∑

i=1
Mi

t
∫

0
e−η(t−s)[

m
∑

j=1
|cij |lj |vj(s) − v∗j |

+
m
∑

j=1
|dij |lj |vj(s−τji)−v∗j |]ds+

m
∑

j=1
Nje

−ηt‖V̄j(0)‖

+
m
∑

j=1
Nj

t
∫

0
e−η(t−s)[

n
∑

i=1
|pji|ki|ui(s) − u∗i |

+
n
∑

i=1
|qji|ki|ui(s− σij) − u∗i |]ds

.
= W (t).

We have
W ′(t) = −ηW (t)+

n
∑

i=1
Mi[

m
∑

j=1
|cij |lj |vj(t)−v∗j |+

m
∑

j=1
|dij |lj |vj(t−τji)−v∗j |]+

m
∑

j=1
Nj [

n
∑

i=1
|pji|ki|ui(t)−

u∗i | +
n
∑

i=1
|qji|ki|ui(t− σij) − u∗i |]

≤ −ηW (t)+
n
∑

i=1
Mi[ max

1≤j≤m
(|cij |lj)

m
∑

j=1
|vj(t)−v∗j |

+ max
1≤j≤m

(|dij |lj)
m
∑

j=1
|vj(t− τji) − v∗j |]

+
m
∑

j=1
Nj[ max

1≤i≤n
(|pji|ki)

n
∑

i=1
|ui(t) − u∗i |

+ max
1≤i≤n

(|qji|ki)
n
∑

i=1
|ui(t− σij) − u∗i |]

≤ −ηW (t)

+ max{
n
∑

i=1
Mi max

1≤j≤m
(|cij |lj),

m
∑

j=1
Nj max

1≤i≤n
(|pji|ki)}

· [
n
∑

i=1
|ui(t) − u∗i | +

m
∑

j=1
|vj(t) − v∗j |]
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+ max{
m
∑

j=1
Nj max

1≤i≤n
(|qji|ki),

n
∑

i=1
Mi max

1≤j≤m
(|dij |lj)}

·[
n
∑

i=1

|ui(t−σij)−u∗i |+
m
∑

j=1

|vj(t− τji)−v∗j |]. (31)

Since W (t) ≥
n
∑

i=1
‖Ūi(t)‖ +

m
∑

j=1
‖V̄j(t)‖, W̄ (t) =

sup
t−ξ≤s≤t

W (t) ≥ sup
t−ξ≤s≤t

{
n
∑

i=1
‖Ūi(s)‖+

m
∑

j=1
‖V̄j(s)‖},

where ξ = max{τ, σ}.
Thus, from (31) we can obtain
W ′(t) ≤ −ηW (t)

+ max{
n
∑

i=1
Mi max

1≤j≤m
(|cij |lj),

m
∑

j=1
Nj max

1≤i≤n
(|pji|ki)}W (t)

+ max{
m
∑

j=1
Nj max

1≤i≤n
(|qji|ki),

n
∑

i=1
Mi max

1≤j≤m
(|dij |lj)}W̄ (t).

When
max{

n
∑

i=1
Mi max

1≤j≤m
(|cij |lj),

m
∑

j=1
Nj max

1≤i≤n
(|pji|ki)}

+max{
m
∑

j=1
Nj max

1≤i≤n
(|qji|ki),

n
∑

i=1
Mi max

1≤j≤m
(|dij |lj)}

< η,
by Lemma 3, there exists λ > 0 such that
n
∑

i=1
‖Ūi(t)‖ +

m
∑

j=1
‖V̄j(t)‖ ≤W (t) ≤ W̄ (0)e−λt,

we obtain
n
∑

i=1
‖ui − u∗i ‖2 +

m
∑

j=1
‖vj − v∗j ‖2

≤Me−λt(‖ϕu − u∗‖2 + ‖ϕv − v∗‖2), t > 0,
where M > 0. This implies that the equilibrium
(u∗, v∗) of system (1) is globally exponentially stable.

4 Numerical Examples

In this section, we give two examples for showing our
results.
Example 4.1 Consider the following BAM neural
networks with an inertial term and time delay






















































d2ui(t)
dt2

= −αi
dui(t)

dt
− aiui(t) +

2
∑

j=1
cijfj(vj(t))

+
2
∑

j=1
dijfj(vj(t− τji)) + Ii,

d2vj(t)
dt2

= −βj
dvj(t)

dt
− bjvj(t) +

2
∑

i=1
pjigi(ui(t))

+
2
∑

i=1
qjigi(ui(t− σij)) + Jj ,

(32)

for i = 1, 2, j = 1, 2, where
a1 = 3, a2 = 2, α1 = 2.8, α2 = 1.96, b1 =
4, b2 = 2.5, β1 = 3.5, β2 = 3,
c11 = 0.5, c12 = 0.3, c21 = 0.1, c22 =
0.2, p11 = 0.4, p12 = 0.2, p21 = −0.3, p22 =
0.5, d11 = 0.4, d12 = 0.6, d21 = −0.2, d22 =
−0.3, q11 = 0.7, q12 = 0.4, q21 = 0.3, q22 =
0.8, I1 = 2, I2 = 3, J1 = 2.5, J2 = 4,
and fi(x) = gi(x) = 1

2(|x + 1| − |x − 1|)(i = 1, 2).
Obviously, fi(x), gi(x)(i = 1, 2) satisfy the condition
of hypotheses (H) and li = ki = 1(i = 1, 2).
From (32), we can get the equation of the equilibrium


















−3u1 + 0.9f1(v1) + 0.9f2(v2) + 2 = 0,
−2u2 − 0.1f1(v1) − 0.1f2(v2) + 3 = 0,
−4v1 + 1.1g1(u1) + 0.6g2(u2) + 2.5 = 0,
−2.5v2 + 1.3g2(u2) + 4 = 0,

(33)
For any 0 ≤ γj , δj ≤ 1(j = 1, 2), 0 ≤ γ∗i , δ

∗
i ≤

1(i = 1, 2), we have the following results by simple
calculation

2
∑

j=1

|cij |
2

+
2
∑

j=1

|dij |
2

+ 1 − αi +
|ai − αi|

2
< 0,

2
∑

i=1

|cij |
2

+
2
∑

i=1

|dij |
2

+
|bj − βj |

2
− 1 < 0,

2
∑

i=1

|pji|
2

+
2
∑

i=1

|qji|
2

+ 1 − βj +
|bj − βj|

2
< 0,

2
∑

j=1

|pji|
2

+
2
∑

j=1

|qji|
2

+
|ai − αi|

2
− 1 < 0,

for i = 1, 2, j = 1, 2.
Then, the conditions of Theorem 1 and Theorem

2 hold. By calculation , there exists a unique equi-
librium point (u∗1, u

∗
2, v

∗
1 , v

∗
2) = (3.8

3 , 1.4,
4.2
4 ,

10.6
5 ) of

(33). Figs.1 - Figs.4 depict the time responses of state
variables of u1(t), u2(t), v1(t), v2(t) of system in ex-
ample 4.1, respectively. Evidently, this consequence
is coincident with the results of Theorem 1 and Theo-
rem 2.
Example 4.2 For system (32), let a1 = 6, a2 =
8, α1 = 5, α2 = 6, b1 = 6, b2 = 8, β1 =
5, β2 = 6, c11 = 0.1, c12 =
0.05, c21 = 0.125, c22 = 0.1, p11 = 0.05, p12 =
0.1, p21 = 0.125, p22 = 0.125, d11 = 0.05, d12 =
0.1, d21 = 0.1, d22 = 0.125, q11 = 0.1, q12 =
0.1, q21 = 0.125, q22 = 0.125, I1 = 6, I2 =
8, J1 = 7, J2 = 9,
and fi(x) = gi(x) = 1

2(|x + 1| − |x − 1|)(i = 1, 2).
Obviously, fi(x), gi(x)(i = 1, 2) satisf es the condi-
tion of hypotheses (H) and li = ki = 1(i = 1, 2).
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0.5

1

1.5

t

u 1(t)

Fig.1. Transient response of state variables u
1
(t) of Example 4.1

0 1 2 3 4 5 6
0.5

1

1.5

2

t

u 2(t)

Fig.2. Transient response of state variables u
2
(t) of Example 4.1

0 1 2 3 4 5 6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

t

v 1(t)

Fig.3. Transient response of state variables v
1
(t) of Example 4.1

0 1 2 3 4 5 6
1

1.5

2

2.5

t

v 2(t)

Fig.4. Transient response of state variables v
2
(t) of Example 4.1
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0 1 2 3 4 5 6
0.5

1

1.5

t

u 1(t)

Fig.5. Transient response of state variables u
1
(t) of Example 4.2
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0.6

0.8

1
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1.4

1.6

1.8

t

u 2(t)

Fig.6. Transient response of state variables u
2
(t) of Example 4.2

0 1 2 3 4 5 6

0.8

1

1.2

1.4

1.6

t

v 1(t)

Fig.7. Transient response of state variables v
1
(t) of Example 4.2
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v 2(t)

Fig.8. Transient response of state variables v
2
(t) of Example 4.2
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By simple calculation, we can obtain
M1 =

√
20,M2 =

√
10,N1 =

√
20,N2 =

√
10,

η = min
1≤i≤n,1≤j≤m

{αi−
√

|α2

i
−4ai|

2 ,
βj−
√

|β2

j
−4bj |

2 }
= 2.

From (32), we can get the equation of the equilibrium


















−6u1 + 3
20f1(v1) + 3

20f2(v2) + 6 = 0,
−8u2 + 9

40f1(v1) + 9
40f2(v2) + 8 = 0,

−6v1 + 3
20g1(u1) + 1

5g2(u2) + 7 = 0,
−8v2 + 1

4g1(u1) + 1
4g2(u2) + 9 = 0,

(34)

We have the following results by simple calcula-
tion
α2

i − 4ai 6= 0, β2
j − 4bi 6= 0(i, j = 1, 2),

−η+max{
n
∑

i=1
Mi max

1≤j≤m
(|cij |lj),

m
∑

j=1
Nj max

1≤i≤n
(|pji|ki)}

+max{
m
∑

j=1
Nj max

1≤i≤n
(|qji|ki),

n
∑

i=1
Mi max

1≤j≤m
(|dij |lj)}

= −2 + 2
5

√
5 + 1

4

√
10 < 0.

Then, the conditions of Theorem 3 hold. By
calculation , there exists a unique equilibrium point
(u∗1, u

∗
2, v

∗
1 , v

∗
2) = (63

60 ,
169
160 ,

147
120 ,

19
16 ) of (34). Figs.5-

Figs.8 depict the time responses of state variables
of u1(t), u2(t), v1(t), v2(t) of system in example
4.2, respectively. Evidently, this consequence is
coincident with the results of Theorem 3.
Remark 1 By simple calculation in Example 4.1
there is
η = min

1≤i≤n,1≤j≤m
{αi−

√
|α2

i
−4ai|

2 ,
βj−
√

|β2

j
−4bj |

2 }

= 1.96−
√

4.1584
2 < 0,

−η+max{
n
∑

i=1
Mi max

1≤j≤m
(|cij |lj),

m
∑

j=1
Nj max

1≤i≤n
(|pji|ki)}

+max{
m
∑

j=1
Nj max

1≤i≤n
(|qji|ki),

n
∑

i=1
Mi max

1≤j≤m
(|dij |lj)}

> 0.
It showed that the conditions of Theorem 3 aren’t
satisf ed . While in Example 4.2 there is

2
∑

j=1

|pj2|
2

+
2
∑

j=1

|qj2|
2

+
|a2 − α2|

2
− 1 > 0.

It showed that the conditions of Theorem 2 aren’t sat-
isf ed . Therefore, the above two examples show that
all the Theorems 2-3 in this paper have advantages in
different problems and applications.

5 Conclusions
In this paper, we give three theorems to ensure the
existence and the exponential stability of the equi-
librium point for BAM neural networks with inertial

term and time delay. Especially, we give different
conditions in Theorems 2 and Theorems 3 to ensure
the exponential stability of the equilibrium point,
which have different advantages in different problems
and applications. Finally two examples illustrate the
effectiveness in different conditions.
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