WSEAS TRANSACTIONS on SYSTEMS

Yunquan Ke, Chunfang Miao

Stability analysis of BAM neural networks
with inertial term and time delay

Yunquan Ke, Chunfang Miao
Department of Mathematics, Shaoxing University
Shaoxing, Zhejiang, 312000, P.R. China
keyunquan@usx.edu.cn, miaochf@usx.edu.cn

Abstract: -In this paper, the global exponential stability of BAM neural networks with inertial term and time
delay are investigated. By chosen proper variable substitution the system is transformed to frst order differential
equation. Then some new suff cient conditions, which can ensure the globally exponential stability of the system
are obtained by constructing suitable Lyapunov functional, using Halanay inequality and the fundamental solution
matrix of coeff cient matrix. Finally, two examples are given to illustrate the effectiveness of the results.
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1 Introduction

The bidirectional associative memory (BAM) neural
networks were frst introduced by Kosko Refs.[1 —
3]. It is a special class of recurrent neural networks
that can store bipolar vector pairs. The BAM neu-
ral networks are composed of neurons arranged in
two layers, the U-layer and V-layer. The neurons in
one layer are fully interconnected to the neurons in
the other layer, while there are no interconnections
among neurons in the same layer. Through itera-
tions of forward and backward information f ows be-
tween the two layer, it performs a two-way associa-
tive search for stored bipolar vector pairs and general-
ize the single-layer auto-associative Hebbian correla-
tion to a two-layer pattern-matched hetero-associative
circuits. Therefore, this class of networks possesses
good applications prospects in signal processing, im-
age processing, pattern recognition and associative
memories, etc. In Refs.[4 — 8], the authors have in-
vestigated the stability and periodic solutions of BAM
neural networks, some suff cient conditions have been
given, respectively. The stability of BAM neural net-
works with reaction-diffusion terms has been consid-
ered in Refs.[9 — 11].

On the other hand, the inertia can be considered
a useful tool that is added to help in the generation
of chaos in neural systems. Babcock and Westervelt
[12] combined inertia and driving to explore chaos in
one- and two-neuron systems. Tani et al.[13-16] added
inertia and a nonlinear oscillating resistance to neural
equations as a way of chaotically searching for mem-
ories in neural networks. In [17], the authors con-
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sidered the bifurcation and chaos in a single inertial
neuron model with both time delay and inertial term.
Liu et al.[18-20] investigated the Hopf bifurcation and
dynamics of an inertial two-neuron system or in a sin-
gle inertial neuron mode. In [21], the authors investi-
gated the dynamical characteristics of a single inertial
neuron model with time delay under periodic external
stimuli.

To the best of our knowledge, few authors have
considered the globally exponential stability of BAM
neural networks with inertial term and time delay,
which is very important in theories and applications.
In this paper, we will investigate the globally expo-
nential stability of system.

We consider the following BAM neural networks
with inertial term and time delay

2“1’ U .
d u t) _ —aidd—t(t) — a;ui(t) + jgl cij f(v;(t))

+ Zl dijfj(vj(t — Tji)) + 1,
J:

d?v; (1)
a2

dv;(t
— _5. Jt()

84— by (8) + 3 (i)

n
+ Zl%igi(ui(t —035)) + Jj,
1=

(D
forte = 1,2,---,n,5 = 1,2,---, m, where the sec-
ond derivative are called an inertial term of system (1);
a; > 0and 3; > 0 are constants; u;(t) and v;(t) are
the state of the ith neurons from the neural feld £y,
and the jth neurons from the neural feld Fy attime ¢,
respectively; a; > 0 and b; > 0 denote the rate which
the ¢th neurons and the jth neurons will reset its po-
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tential to the resting state in isolation when discon-
nected from the networks and external inputs, respec-
tively; c;;,d;j,pj; and qj; are constants, and denote
the connection strengths; f; and g; denote the activa-
tion function of the jth neurons and the ith neurons
at time ¢, respectively; 7;; and o;; denote correspond
to the transmission delays and satisfy 0 < 7;; < 7 and
0 < 0y < 0; I; and J; denote the external inputs on
the ¢th neurons from the neural feld Fi; and the jth
neurons from the neural feld Fy , respectively.
The initial values of system (1) are

{ ul(s) = @ui(s), fjluczhgs) = ¢ui(3), -7 <5<0,
vi(5) = @uj(s), L4 = (), —0 < 5 <0

(2)
where ©,;(5), Vui(s), Puj(s) and 1,;(s) are bounded
and continuous function.

This paper is organized as follows. Some prelim-
inaries are given in Section 2. In Section 3, the suf-
fcient conditions are derived for the globally expo-
nential stability of BAM neural networks with inertial
term and time delay by constructing a suitable Lya-
punov functional and utilizing some analytical tech-
niques. In Section 4, two illustrative examples are
given to show the effectiveness of the proposed the-

ory.

2 Preliminaries

Throughout this paper, we make the following as-
sumptions.
(H) : The activation functions f}, g; satisfy Lipschitz
condition, i.e., there exist constant [; > 0,k; > 0,
such that

|f5(v1) = fj(v2))] < Lifvr — val,

|9i(v1) = gi(v2))] < kilvr — val,

i1=1,2,---,n,5 =2,---,m, forany vy, vy € R.
Using variable transformation:

yi(t) = duégt) +ui(t)7 = 1727"'7”7

z](t) = dvét(t) +U](t)7 j:1727"'7m7

then of (1) and (2) can be rewritten as

Wl — —uy(t) + yilt),

U = —(ai — o+ Dus(t) — (o — Dyi(t)

) cij [ (v;(t)) + ) dij [ (v (t = 750)) + L,
j= J=

20 — vyt + (1),

S = =0 = B+ Des(0) = (8 = Dz ()

+ ;pyzgi(ui(t)) + ; qjigi(wi(t — 045)) + Jj,

3)
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fori=1,2,---,n,5=1,2,---,m,
and

wi(s) = puils), ) — (), —7 < 5 <0,

Yi(s) = pui(s) + 1/1;“-(3) = Pui(s), -7 <5 <0,

v;(s) = wuj(s), UZI,ES) = 1yj(s),—0 <5 <0,

2 (8) = @uj(8) + 1y (s) = Pyj(s), —0 < s <0,

@
fortr=1,2,---,n,7=1,2,--- ,m.
Let
u;(t) v;(t)
U;(t) = , Vi) = J ,
® (%@) () (%@>

0 0 1 -1
1 —1
B: = ,
’ <bj+1—ﬁj 5;'—1)
fortr=1,2,---,n,7=12,--- m.
Let
ut = (u>{7u§7' e 7u;kL)T7 vt = (’UT,Q};, T 7v;kn)T7
y* = (yiy;) o 7y:)T7 2= (ZT,Z;, o '7z;kn)T'

Definition 1. The point (u*T, v*T) is called an equi-
librium point of system (1), if it satisf es the following
equations

m m

—a + 3 eifi(0) + X difi(]) + L =0,
j= =
n n

—bjv} + 2 piigi(u) + 3 qjigi(w) +J; =0,
1= 1=

(M
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fortr=1,2,---,n,7=12,---'m

The point (u*T ,y* ,U*T, Z*T) is called an equilib-
rium point of system (3), if it satisfes the following
equations

—u; +y; =0,
m m
—a,-u;-k + Zl Cijfj(’l);f) + Zl dijfj(’l);f) + [i = O,
Jj= J=
—’Uﬂ'{ _|- z"f = 0
_b U + Zp]zgz( )+ Z QJZQZ( )+Jj = 07
3
forir=1,2,---,n,7=1,2,---,m
Definition 2. Let u = (uy,ug,---,up)’,v =
(vl,vg,---,vm)T, (u*T,y*T,v*T Z*T) be the equi-
librium point of system (3), we def ne norm
Jull* = Z lwil?,  fvl* = Z Jvil?.
lou — u*||* = sup E(sﬁm( ) — uf)?,
—T<t<0’l
lop —v*[* = sup Z (90 (t) = v5)?,
—o<t<0j=1
n
[fu —u*|* = sup > (@uilt) — uj)?,
—7r<t<0i=1
m
G0 —v* [ = sup > (@v;(t) —v))?
—o<t<0j=1
where 0, = (Qut, Puzs** Pun) s
Yy = ((Pvla Gv2y 7y ‘Pvm)T7
@u - (@ula @u27 te 795un)

and @, = (Gy1, o2, Pom)” are initial value.
Definition 3. The equilibrium point (u*" ,v*" ) of sys-
tem (1) is said to be globally exponentially stable, if
there exist constants > 0 and M > 0 such that

3 (wi(t) = uf)? + 5 (wy(0) — )7

=1
< Me ™ [llw

for all t > 0, where

u(t) = (ul(t)7 u2(t)7 T 7un(t))T7

v(t) = (v1(t),v2(t), -~ 7vm(t))T7
are solution of system (1) with initial value (2).
Lemma 1 ([22]). If H(u) € C°, and it satisfes the
following conditions
1) H(u) is injective on R",
2) [|H (u)|| — 400, as [ul]| — 400,
then H (u) is a homeomorphism of R".
Lemma 2. For matric

1
Ai = < a; +1— o

—u*[? + llow — v*[I7],

-1
Oéi—l

)

1 —1
B; =
i=1,2,---,n,5=12,- m.Ifa?—élai#O,ﬁJZ—
4b; #0(1 =1,2,-- ,n,j—1,2,~',m),then
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”exp(_Al)t” S Mie_nt7i = 17 27 N
||€xp(_BJ)tH < Nje_nt7j = 1727 e ,’I’)’L,t > 07
where
M — \/2((11—(11 242(a;—2)2
! Va2 —4a,] ’

N, — V/2(8;—b;)%+2(3,—2)2
T /182 —4b;] ’
min

_ {a _\/ _4‘11 1\ |B2 4b }
T cidnnS em 2

Proof. We consider the followmg llnear differential
equation

Zi(t) = —AiZi(). )

By calculation, we can obtain the eigenvalue of matric

A,
A = %[ i + /a2 — 4a;),

)\2 = %[—ai — OZZ2 4ai].
Corresponding eigenvector of the A; and Ao, respec-
tively

V1= (17A1 + 1)T7 Vo= (LA? + 1)T
Thus, we obtain the fundamental solution matrix of
system (9) which is

) e)\lt e>\2t
(bl( ) o ()\1 + 1)6>‘1t ()\2 + 1)6)‘2t ’

By calculation, we obtain

1 Ay +1 -1
)\2—)\1 —(/\1+1) 1 '

At = ¢i(t)g; "

¢;1(0) =

Since exp(— (0), we can obtain

(A2 + 1)e>‘1t —
(M + 1)()\2 + 1)(6)‘1t —e

(/\1 + 1)e>‘2t

exp(—A;)t = Azt)

=
Ao — A1
Mot _ it
(Ag + 1)e2t —

l|exp(—Ai)t||
< \/2 a;—a;)2+2(a; —2)2
- \/|a2—4az\
If a% — 4a; > 0, then
If a2 — 4a; < 0, then
Thus, we have

(A —I—l)e)‘lt ] .

62)\1t + 62)‘2t.

lexp(—A;)t|| < MzeMt.
llexp(—A;)t|| < Me 2.

lexp(—Ait]| < Mie™™,i=1,2,--,n,t > 0.
Similarly we can get

Hewp(—B])tH S Nje_nthj - 17 27 e 7m7t 2 07
where
MZ' _ \/2(0{1'—[11')2—1—2(0(1'—2)2

\/\ —4a;| ’
N; = V/2(B;—b;)2+2(3,—2)2

/183 —4b;] ’
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. i—+/1a2—4a;]

n= min {2 > &

1<i<n,1<j<m

Lemma 3([23]) For z(t) > O,t et
—ax(t) + bx(t — 1), 7 > 0, if

= I,

0— Tvt]v :E(t) =

#(t) < —ax(t) + bx(t),

and a > b, (t) = sup x(s). Then, there exists

t—7<s<t
~ > 0 such that

2(t) < Z(tg)e ) ¢ > ¢,

3 Main Results

In this section, we can derive some suff cient condi-
tions which ensure the globally exponential stability
of the system (1) by constructing a suitable Lyapunov
functional and using some analysis techniques.

Theorem 1 Under the hypotheses (H), system (1)
has a unique equilibrium point if there exist constants

1,2,---,n), such that

+1—Oli+‘ai;2ai‘ <0,
S el oy o Ml gy BBl g <,
gif<3”>+zmﬂ< gk

+1- g+ Bl <o,
ﬁﬂéwﬁ>+zmﬂ<>-ﬁ%%‘1<o
grlizlﬂ nj—12

Proof. From def nition 1, we know that equilibrium
point (u*T,v*T) of system (1) satisf es the following
equation:

—eay + 2 cifi(f) + 2 dig fi(v7) + 1 = 0,
J= j=

—bjvl + ';pjigi(uf) + Z:lqg'igi(u;k) + J; =0,
) . (10)
fortr=1,2,---,n,7=12,--- ,m.
LetH(u,’U) = (Hl ujv)7H2(u71))7...7...7
H (U U) Hn+1(u,v),Hn+2(u,v ) aHn+m(u7v)) )

where . .

H;(u,v) = —a;u;+ Zl cijfj(vj)—l— Zl dijfj(vj)+ll
J= J=

Hyyj(u,v) = —bju; + Z p;jigi(uq)

+ Z %zgz(uz) + ij

fortr=1,2---,n,7=1,2-
It is known that the solut1ons of H(u,v) = 0 are
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equilibriums of system (1). If the mapping H (u,v)
is a homeomorphism on R"*™, then there exists a
unique point (u*,v*), such that H(u*,v*) = 0, i.e.,
system (1) has a unique equilibrium point (u*,v*).
In the following, we shall prove that H(u,v) is a
homeomorphism.
First, we prove that H (u,v) is an injective map on
RM™,

In fact, if there exist
(u,v) = (U1, U, -+, Up, V1, V2, -+, Uy )L
(ﬂ7@) = (ﬂlvﬂ% ©ryUp, Up, U2, 71_)m)T € RMm
and (u,v) # (u,v) such that H(u,v) = H(u,?),
then

—a;(u; — U;)

c ‘Rn—l—m7

+]§31 cij(fi(vj) = £(5))
+j§31 dij(fj(vj) — [3(9;)) =
=)+ X plei(on) - ()

gz(ﬁz)) =0,

—bj(v;

+ Z qji(gi(u;) —

fort=1,2-- nj—12

We also have .
(u; — ;) [—a;(u; — u;) + gl cij(fi(v;) —

+ Jg:l dij(fj(vj) — f(9;))] =
(vj = 0;)[=bj(vj — ;) + ;::1 pji(gi(ui)

+ Z qji(gi(u;) — gi(u;))] = 0,

forz—12 n,j=12---.m
From assumptlons (H), we can get

fi(95))

— gi(u;))

m
—ailu; — @l + 3 |eijllylui — @il lv; — o]

J=1
m
+ 22 |dijlllui
j=1

— Uil |v; — 95| = 0,

n
—uj* + Z |pjilKi|u;

+ Z |(ng|k? lu; —

fori =1, 2
We have

2:1[ a;lu; —u2|2 + Z |C7«]|l |u; —
= ]_

+ Z |dij|lj]ui

—bjlv; — Uil[vj — vy
ﬂz‘llvj — 05| >0,
,n,j =12

u;||v; — v;

=

— Uil|v; — vy

- _
> Z{ ailui =l + 30 02 s —

+ ()2 |v; — 5[] + '

7)? ‘U]_v]’ ]}20

[( ) |ui _u1|2

+ (17
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m n
2 [=bilv; = o;l? + 2 |pjilkilus = willv; = o
j= i=

n
+ Zl |qji|kilu; — ;l|v; — 0]
1=

> 3 {=byloj = oi + 2 B — f?
‘7:

T—n* B n
+ (k) vy — 9] + 2
1-6% B
+ (k)P — Pl >0,
where 0 < ;,d; <1(j =1,2,-
0<~5 0 <1(i=1,2,-- ).
VXe can obtain

Z:{—ai + i [‘cij

()2 g — 2

-, m),

1—; il r11—0;
(lj 73)2_1_@(@ 3)2]

i=1 j=1
m oy x il 11.6% _
+ 30 [ (k7Y + 5 ()2 —
‘7:
m n s d;
PACUEDUE JUDEEE SUDE
J= i=
o Apjil 1o 14 .
DR () R (kT — > 0.
=1
(11)

From the condition of Theorem 1, we have
A rleal (g 1=vive o 1digl 18542
_ai+zl[2(lj )<+ 2(lj )7l
J:

m . * . §*
+ Zl[‘péz‘ (k;yz )2 + ‘q_g«'(klz )2]
J:
< —a; +b; — b —a;] <0,
—b; + Z[\Czﬂ(l%) + |dz3\(l ) ]

1 1 1 1 :
+2["’J‘< T2 Lo g0
<_bj+ﬁj |b _ﬁj| <0
fori=1,2-- =1,2-
From (11), We can get ui = ﬂi,vj = 9, for
i = 1,2---,n,57 = 1,2---,m, which contradict

(u,v) # (@, v). So H(u,v) is an injective on R"*".

Second, we prove that ||H(u,v)|| — +oo as
[ (u, v)|| — +o0.
Let H(u,v) = H(u, v) H(0,0)
= (H{(u’v)’H2(u~’ U) 7Hn( 7”)7
) Hn+1(u7v)7Hn+2(uav)7 7Hn+m( ))T7
ie.,
H;(u,v) = —azu; + g§1 cij(f(vs) — £;(0))
+ éjl di(f5(v5) — f3(0)),
H, v j(u,v) = —bju; + é:lpji(gi(ui) —4i(0))
+ Z a5i(9i(ui) — 9:(0)),

forz—12 yn,j=1,2---,n
Calculatmg (u, v)H (u,v), we obtain
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(,0)H (0,) < Y- a4 30510572

+ ) +_§['pﬁ'<k]%> )2
UpoICORDIE SUSIE SUSE

- ii['%‘i'(ki‘”f 2+ 9 02y

< — min {a; —
1<i<n

= SR +

—1I<I}1<Ilm{b _Z;[\Céﬂ(l%f_’_w(l?)g]
"2} ol 2.

7 1_'}/1
- TR
1=
Using Schwartz inequality, we get

~ X m il 1 1—4
o)l - 1E] > min {a; — 3 [

2 Hll?

|QJ2| (

‘Qﬂ‘(

¥ (B2 +

]—1
+ min {b; - S (150 +M<l§j>21

z:l
— ol (12 o gl g2y o2
— M]|(u, )2,

=1
> M ([Julf® + [|v]|*)

dij| 116
+ 1507 -

where

Cij (ll_—“fj)2

M = min{lgliiiln{a,- -

-l g1=00y2) % (legd g2tz 4 b g5y,

1

: A lel iy o 1digl 952
1I<nl<n {b; Z;[ (7)) + (l‘ )]
_ Zl[h'éj(kil_% )2 + |q£i|(k

i=
When [|(u,v)|| # 0, we have [|H| > M|(u,v).
Therefore || H (u,v)|| — -+oo as ||(u,v)| — +oo,
which implies that || H (u,v)|| — 400 as ||(u,v)] —
+00. From Lemma 1, we know that H(u,v) is a
homeomorphism on R™*™. Thus, system (1) has a
unique equilibrium point.
Theorem 2 Under the hypotheses (H), the unique
equilibrium point of system (1) is globally exponen-
tially stably if conditions of Theorem 1 hold.
Proof. By using Theorem 1, system (1) has a
unique equilibrium point. In the following we
will prove the unique equilibrium point (u*,v*) =

(UT, U;, e 7un7 U17U>2ka e 71):17,)T is glObally exXpo-
nential stable.
Let

Ui — U

= ' »7: 7i:172"'7n7
Yi —Y;
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Vy:(”j ”i)g—m
Zj—Z]

From (5)- (8), we have

avi(t) _
dt - _AzUz(t)
+P(§qmmm» b(»)
0
+P(§dMﬁ%( ) =) )
0
dv;(t)
o = ~BiVi(t)
+P<:§ @Am(ﬁ—gmﬁﬁ)
0
+P(§:%mmW< am>—mwn>)7(w)
0
fori=1,2--- n,5=1,2,---,m.
By left multiplying both sides of (12) with
UT (u; —ul,yi —y’), we get
[f%?:—wh—ﬂf+4%—1mh—ﬁf
+ (@i — aq) (s —uf)(yi — 4]
+ Z cij(yi — y)Ifi(vi (@) — £ (v7)]
+ Z dij(yi =y (v (E = 750)) = f5(v])]
< i - gy — gy (-1 g

m
Sy — )+ > leijllsly: = vl () = o]
]:

m
+3 |dij|ljlys — yillvi (8 — 750) — ]|
J:
< [ - gy — )2
(@i —1— ‘“L;”‘)(yi — 1)’

T2y —yi P+ (17)2 |y () — vi )

i 1-6; *
W@JV@—WQ

v;f\?], i=1,2,---,n. (14)

By left multiplying both sides of (13) with VjT =

— Tji) —

(vj — v}, y; — 27), we get
‘ZT% = [(UJ — Y ) (ﬁ] - 1)( )2
+ (bj — B;)(v; — )(Z] —Zj 7]
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+ 3 Pl = )lan(ua(®) = ()]
+é%mfwﬁmwu—%»—mwn
< (1 = BP0 () — )
(8 —1 - BBy - 27
+ 3 Ipilhile = 2 llus(t) — |
+émmm% us(t — o35) — u?
< (0= B (0 — 05y
(B 1= Bz — 2
+i%Wﬁ%>% 212
=1

ke - 2P

R gt — 03) —ul2i = 1,2, n. (15)
We consider the Lyapunov functional:
V(t) = Vi(t) + Va(t),

where

Vi(t) = > {||Uz(t 2t

/ (vj(s) - U;)2e2a(s+rji)d8}
t—Tj4

] (16)
Va(t) = Z{||Vagt)||2 o2et
j=1
S ‘Qﬂ‘ lér 2 ¢ . k2 2€(S+Uij)d
PR [ () - upeeirls)
i=1 9
7

€ > 0 is a small number.

Calculating the wupper right Dini-derivative
DTV (t) of Vi (t) along the solution of (12), by some
analysis techniques and (14), we have

DYVi(t) = zn:{UTdUi(t) e2et 4 ce22t|| T (t)||?
«+2”“<>wa—vﬁ2W“m
7=1

(0t = 75) — v;) %>}

<yt T
-la- ‘%%Wm u;)?
(o= 1= B g — g
+glemwm R UDR IO
+ 3 P P 0P 7)o P
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D (dij| (49 2 9o
+ 3 2 (s(0) o) e
]:

— (vt = 750) — v})?]}
< 3 T - [(1 - 252 (s — wp)?
(o — 1= gy ey
m c; 1 % ; %
£ 2 0Tl — P Pl (6) — o P))
]:
™ \dig| 13 .
+) | J|(lj Y2y — |2
7j=1
- |d2 4 -
+2 07 (wi(t) —vp)Pe* e (18)
j=1
Calculating the upper right Dini-derivative

DT Vs(t) of Va(t) along the solution of (13), by some
analysis techniques and (15) we have

D+V2() > {VTd (®) 25t+€e2€t‘|‘7j(t)“2

[(ui(t) —

h?
) )2 2at]}
Z e*H{e|V; ()]

i=
|d5; |( *)2625@4—0”)

+Z

/‘\

ul(t — 0ij

24 (8 —1— Ltz -
— 222 (k)2 u(t) —

)

= ?
JF
;v
— —
4

5&“
~—

>

QN \_/

+ o+
"

+ (k)2 (t —

7

@
Il 3
1™
ol
3
—
5
S
|
>,
=%
N—
S
bN
N
)

R

“*%w——@ﬂ+

G - 1 = sz
: (k77 )2 s (t) — w2

—*
v )2|zj - Z*|2 + i

TNz — 2P

|QJi|(k6 o’ )2 25013}

?(ui(t) —

(19)

n
>
i=1

It follows from (18),(19) that

DTV (t) = DTVi(t) + DT V()
sg;ﬁ%ﬂ@@Wiﬁu—ﬁgﬂxm—@V+

(@ — 1 — Ly, - >y+z sl [(157)2)y, —

yﬁﬂﬁww>vu+zWM )y — i

& iJ d; T
+2%%Ww@ﬂﬁﬁw
‘7:
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Form condition of Theorem 1, we can choose a small
€ > 0 such that

lai—aul .
E—1+T+ Z

\Igi\ (k;/ )2 +

2
fori=1,2---,n,j=1,2---,
From (20), we get DTV (t) < 0,and so V' (¢) < V(0),
forall t > 0.

From (16) and (17), we have
T M ()12
V(t) > ‘2—21 Me%t + Z IIVy(zt)II p2et

J=1
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B 2::1 Sl — ) + (s — y)?]
N *12 2
2l ) (=) @D
j=1
V(0) = i{na(zmu?
i=1
d

- iil (793 S+T;
+ 3 P L (03(s) — et ds)

J
+§:{||V(O 2 + Z \qu|( ) f (ui(s)

i=1 7
_uj)2 25(3—1—01] dS}

n uio_uf2 7ui0_u>§(2
:a{(¢ (% ) +(<P (% )

(2
+ in: \dm\(ﬁj)zf (pu;(s) — *)2 2e(s+75i) }
P2 5 (1 7 (Puj(s) —vj)e s
D (0 (0)—vF)2  (Puj(0)—vF)?
4+ Z J + J
j:l{ 2 2
n lgjil 1.97\2 (O %\2 ,2e(s+0i;)
4 5 AR [0, (ouils) - uprerelas)
1=
< ||<pu—2u*||2 + |I¢u—u*ll2
+ Zl Zl |dzg\( ) f_Tﬂ((Pv]( s) — ;)2625(S+Tji)ds
i=1j
+||%0v—2”*||2 + ||s0v—2v*||2
+ Z Z |‘1]z|( 2 o a”(@m( s) — u})2e2(s+i) ds
j=1li=1
lou—u*]? | lgu—ur]?
< n 2 + 2
1019332 2eT 2
478 max {1dl (1) — o'
_|_||%0v—v*||2 + ||s5v—v*||2
to Y maX{lqﬂl( P2} |l — |l

j= 11<e<

oF "
=[5 +o Z max {lajil(k;7 )2 e[ pu — u*||?

N> max {|d;;|(l; 712y — v
i=11<5<
= %2 = x]||2

Smce V(0) > V(t), from (21) and (22), we obtain
[(ws — i) + (i — )]

[(v; = v})? + (2 — 2)%])
x {lgjil (k; i )22 o

{\dzg!( 2 reEllew — o2

U*H2

Hcﬁu—U*H2 [@v — v
. 23
+ 5 R (23)
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By multiplying both sides of (23) with 2e~2¢? | we get
n
Zl[(uz' — )+ (yi —yp)?]
1=
m
+ .Zl[(”j —v5)? + (25 — 2})?]
‘7:
oF
kit )2 e lpu —
n .
+[1 + 27 > max {|dy (7))} leu —
Z11<j<m

01 4 g = P+ o — P
< e 2 g — w7l + o — )

m
< —2€t ..
> ¢ {[r+ 20]21 ggn{!qm(

U*H2

+@u — w|? + ||@0 — v*|1*}, (24)

for all ¢t > 0, where
m *
M* = max{[1+20 3 max {|g;il(k}" )2}e>*,
=1 1<i<n

n
(1% 2 267
1 +27’i§1 1@2};1{@]\(1] ) re* T}

B 1 P e 2 i |
Let M = M* + T A P > 1, from (24),
we obtain
L 2, = 1|2
> ui —wf[]* + 32 [Jvj — ol
i=1 j=1
< Me > (|lpy, — u*|]? + [lpo — v*|?),

for all ¢ > 0. This implies that the equilibrium
(u*,v*) of system (1) is globally exponentially sta-
ble.

Furthermore, as consequence of Theorem 2 we
have the following corollaries.
Corollary 1. Under the hypotheses (H ), the unique
equilibrium point of system (1) is globally exponen-
tially stably if one of the following conditions holds

e o |dij] | a|

S el sh il g gy 4 el

i=1 j=1

I U N AL

o) |pjil . \ \1 16554

>t - B+ <0,

i;ll =1 m

Z |p§z|(ki)2 + Z laj: ‘(k‘) + lai—ci] az| —1< 07

j=1 j=1

(25)

fori=1,2,--+,n,j=1,2--,m,

o leiil 7 y2 4 xs il lai—as| az\

X W)+ (1) +1—a; + <0,

j= =

n n -

Z ‘C£J| + Z |d; | |b; 5]| —1< 0’

i=1 i=1

i‘pjll(k.)2+£:|3|(k.)2 1_5.+M<0

= 2 1 = 7 J 2 ’

= \pﬂ\ U ‘%i‘ |a1_041| _

P i D D S 1 <0,

i=1 =1

(26)
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fortr=1,2,---,n,5=12,---,m,

oyl

1—0@—#‘“1

Ms
t1

<0,

.
Il
-

O

—~
=

)+ -1<0,

o8

@
Il
—

-m3

@
Il
,_.

- (ki)? u
+1—5J+ <0,
il 5 1y el

=1
|b; ﬁ;\

1<0,

INgE:

<
Il
-

<

27)
fori=1,2,---,n

+1—a; + =5+ <0,

u‘l + f: |dij| + lbj;ﬁj\
i=1 -1

>y ‘+Z‘
+1—6]+“"_ il <o,
ngzi( ) + Z |%zi( ) + |az az|

—1<0,

—1<0,
(28)

fori=1,2,---,n,j=1,2---.m

In fact, conditions (25)-(28) are the special cases
of the Theorem 2 as v, = 0; = 1,7« = 0p =
L 9 =0;=0,% =6 =0; 75 =0;=1,7 =
0p« = 0; 75 = d; = 0,7;+ = 0 = 1, respectively.
Therefore, by Theorem 2 we see that Corollary 1 is
true.
Theorem 3 Under the hypotheses (H), the equi-
librium point of system (1) is globally exponentially
stably if the following conditions hold

af —4da; # 0,05 —4b; #0(i = 1,2, -,
17 27 T 7m)7

n,J =

—ntmax{ > M; max (|c;j|l;), Z j max(\p],\k )}
i=1 1<j<m j=1 1<

m n
+max{ > N; max (|qji|k;), > M; max (|d;;[l;)}
j=1 1<i<n i=1 <j<m

< 0.
Proof. Let the equilibrium point (u*,v*) =
(Uff?u;?”’aunavlyvga"'; m) Ofsystem (1)

U, = v,

U — U _ [ v~ ;‘
vi—yl )’ zj — 2}

From (12),(13) and Lemma 2, we have
1Ui(t )H <lle” AtIIHU( )l

+fiie Ailt=s Hii Z cij (fi(v;(s)) — fJ(U;))i
+ igl dz‘j(fj(vj(s —75i)) — fi(v)))[lds
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< Mie™ ”tHU( )l

+ M; fe n(t=s [Z |cij|ljlv;(s) — U;ki

+ 3 Idij |l |v;(s (29)

j=1

v;lds

— 7)) —

V@1 < lle= Bt [1V;(0)]]
Bit=|(| Z pji(gj(ui(s))
— 0i5))

t
+f|i€_ — gi(u]

+ | Z %z(gz(uz( - gz(u;k))”ds

< Nje~ "tHV( il
+ N;j Ofe_"(t_s) [,; pjilkilui(s) — uj|

*

) lgjilkilui(s — 035) — uff}ds.  (30)
=1

From (29) and (30) we obtain
Z 1T + ZlHV( )< Z Mie™"||U;(0)]
j=

*

+ Zjl Mi_o/’e‘”(t‘s)[z il lvj(s) —vj]

7j=1
+ Zl |dij|ljlvj (s —7j:) —vF||ds+ Zl Nje ™[ V;(0)]|
J= J=
m t n
+ Z Njfe_"(t_s)i; pjilkilui(s) — uj|

+ Z |qjil ki ui(s

We have . .

W'(t) = —HW(t)Jer Miizl |eijlljlv; (t) —
i= j=

vl ||+ Zl Nj[Zl |pjil ki ui(t) —
j=1 "=

— 0ij) — uj|Jds = W(t).

vr |+

Zl |dij|lj|vj (¢ —7:) —
J:

i X gl = o) = ]
< (e ”é Ml mass (Jeigly) 32 fos(6) =51
+ lgljf%}in(idijil ) Z v (t = 75i) — V] ]
+ jg:l Nil max (|pjilki) é:l |ui(t) — uj
+ e (lglke) 3 fut = 03) ]

< —nW(t)
+max{i§1 M; lgljaén(]cij]l ) EZ:

0 () — i+ 3 o )—v;*]
=1 7j=1
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+max{g§1 Nj max (lgjilki), gl M; max (|dijll;)}

n

[Z |ui(t—oij) — H‘Z’”ﬂ t—Tji) — H (31)
i=1

since W(t) 2 32 0] + 32 W50, W(0) =
s W) > sw {3 [0()]+ X (V)

t—E<s<t t—E<s<t i= 7=1

where £ = max{r,0}.
Thus, from (31) we can obtain
W(t) < —nW(t)

n
+ maux{i;1 M; 121_35,1(’%' 1)
Z
j=

m
+ max{;::l N; lrgﬁgxn(!q]'i\ki%

Nj pax (|pjilki) } W (1)

> My max (|dij|l;)}W (t).
=1 SJjsm
When .

max{z M; nax (\cw\l ) Z
=1

+ max{ Z N] 1123<X (‘QJZ“‘?Z) Z_:

j fga} (‘p]l‘k )}

i max (’dm‘l )}

<,
by Lemma 3, there exists A > 0 such that

é:l 1T )]l +]§1 Vi) < W(t) < W(0)e,

n m
we obtain - [Ju; —uf[|* + X [lu; — |
i=1 j=1

< Me_)\t(H(Pu - U*”2 + ”901) - v*”2)7t > 07
where M > 0. This implies that the equilibrium
(u*,v*) of system (1) is globally exponentially stable.

4 Numerical Examples

In this section, we give two examples for showing our
results.

Example 4.1 Consider the following BAM neural
networks with an inertial term and time delay

%ﬁ N duét(t) — a;ui(t) + é:l cij fi(vi(t))
30 dyfoy (0= ) + 1

Lot — 5,240 — by (6) + X prai(us()
+ZZ§1 qjigi(ui(t — 0i5)) + Jj,

(32)
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fort=1,2,5 = 1,2, where

ap = 3, ay = 2, o] = 2.8, Qo = 1.96, b1 =
4, by = 2.5, B1 = 35, B = 3,

Ccl11 = 0.5, Clg = 0.3, Co1 = 0.1, Co9 —
0'27 b1 = 047 b2 = 027 p21 = _037 b22 =
0.5, di1 = 0.4, dig = 0.6, doy = —0.2, doo =
=03, g1 = 0.7, 12 = 04, g1 = 0.3, g2 =
08,11 =2,I=3,J; =2.5,J =4,

and fi(x) = gi(x) = 3(| + 1] = [ = 1))(i = 1,2),
Obviously, f;(x), gi(x)(i = 1, 2) satisfy the condition
of hypotheses (H) and [; = k; = 1(i = 1,2).

From (32), we can get the equation of the equilibrium

—3uq + 0.9f1(2)1) + O.Qfg(vg) +2=0,
—2ug — 0.1f1(U1) — 0.1f2(v2) +3=0,
—4v1 + 1. 191( 1) + 0.692(U2) +2.5=0,
—2. 5U2—|—1392 UQ)—|—4:0,
(33)
Forany 0 < ~;,6; < 1(j = 1,2), 0 < 4,6/ <
1(i = 1,2), we have the following results by simple
calculation

2 2
g ; 1_a,+"“2‘”‘<0,
22: Z|du| |_1<0
=1 =1 2 7
2 2
|sz‘| ) |bg—5j|
; ; 5 B+ 0,
2 ’q z’ ’
Z Z J —-1<0,

fort=1,2,5 = 1,2.

Then, the conditions of Theorem 1 and Theorem
2 hold. By calculation , there exists a unique equi-
librium point (uf, u3, vl,vz) (3 514,22, 1%—6) of
(33). Figs.1 - Figs.4 depict the time responses of state
variables of uq (t), ua(t), v1(t), va(t) of system in ex-
ample 4.1, respectively. Evidently, this consequence
is coincident with the results of Theorem 1 and Theo-

rem 2.

Example 4.2 For system (32), let a; = 6, as =
8, a1 = 5, ag = 6, by =6, by =8, fi =
5 2 = 6, cn = 01, ;g =

0.05, Co1 = 0.125, Coo = 0.1, P11 = 0.05, P12 =
0.1, P21 = 0.125, P22 = 0.125, d11 = 0.05, d12 =
0.1, d21 = 0.1, d22 = 0125, qi1 = 0.1, qi2 =
0.1, go1 = 0.125, g2 = 0.125, Iy = 6,7 =
8,1 =7,J2=9,

and fi(z) = gi(z) = 3(jz + | [z —1])(i = 1,2).
Obviously, f;(x),g;(x)(i = 1,2) satisfes the condi-
tion of hypotheses (H) and [; = k; = 1(i = 1, 2).
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= 1+ e
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0.5 1 1 1 1 1
0 1 2 3 4 5 6
t
Fig.1. Transient response of state variables u_L(t) of Example 4.1
2
1.5 -
=
=}
1k i
0.5 1 1 1 1 1
1 2 3 4 5 6
t
Fig.2. Transient response of state variables Lé(t) of Example 4.1
1.4
1.3 —
1.2 —
1.1 —
€H 1 i
>
0.9 —
0.8 |
0.7 |
1 1 1 1 1
[o] 1 2 3 4 5 6
t
Fig.3. Transient response of state variables vl(t) of Example 4.1
2.5
oL i
=
1.5 =
1 1 1 1 1 1
[0] 1 2 3 4 5 6

Fig.4. Transient response of state variables \é(t) of Example 4.1
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1.5
e, L -
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0.5 1 1 1 1
[¢] 1 2 3 5 6
t
Fig.5. Transient response of state variables L!L(t) of Example 4.2
1.8
= .
0.4 I I I I
0 1 2 3 5 6
t
Fig.6. Transient response of state variables L&(t) of Example 4.2
I I
3 5 6
t
Fig.7. Transient response of state variables \/1(t) of Example 4.2
1.6
1.4 4
1.2 =
=
>
1 4
0.8~ -
I I I I
o] 1 2 3 5 6

Fig.8. Transient response of state variables \é(t) of Example 4.2
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By simple calculation, we can obtain

My = /20, My = /10, N7 = /20, Ny = /10,
o —da: — . /1B%—4b;
77: mln {OCL ‘;z 4(1L|’5] |2BJ J|}

1<ign,1<j<m

From (32), we can get the equation of the equilibrium

—6u; + gofl(vl) gofz(vz) +6=0,
—8ug + Z50,)01(1)1) & fa(v2) +8 =0,

—6v1 + 2ogl(u1) 5g2(u2) +7=0,

—8vy + 791(u1) + g2(u2) +9 =0,

(34

We have the following results by simple calcula-
tion

—nmax{ 3, My max (Jeiill;), 3 Nj ax (|pjilki)}
j= Sitsn

n
a3 Ny o (a5lk0), 35 M; ma (i)
:—2+§f+}1\/_<0.

Then, the conditions of Theorem 3 hold. By
calculation , there exists a unique equilibrium point
(uf w7, v3) = (83,169 1T 119y of (34). Figs.5-
Figs.8 depict the time responses of state variables
of wuy(t),us(t),v1(t),v2(t) of system in example
4.2, respectively. Evidently, this consequence is
coincident with the results of Theorem 3.

Remark 1 By simple calculation in Example 4.1
n= min

there is
{ai—\/\a§—4ai| 5j—\/|5f—4bj|}
1<i<n,1<j<m 2 ’ 2
_ 1.96—\2/4.1584 <0,

—nmax{ 3, My max (|eiill;), 32 Nj ax (|pjilki)}
j= <i<n

iﬂfg;l(!dij\lj)}

+ max{ Z N;j 1o (lgjilki), 32 M;
1=1

> 0
It showed that the conditions of Theorem 3 aren’t
satisf ed . While in Example 4.2 there is

2
ZPT+Z|QJ2| |_1>0.

It showed that the conditions of Theorem 2 aren’t sat-
isfed . Therefore, the above two examples show that
all the Theorems 2-3 in this paper have advantages in
different problems and applications.

5 Conclusions

In this paper, we give three theorems to ensure the
existence and the exponential stability of the equi-
librium point for BAM neural networks with inertial
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term and time delay. Especially, we give different
conditions in Theorems 2 and Theorems 3 to ensure
the exponential stability of the equilibrium point,
which have different advantages in different problems
and applications. Finally two examples illustrate the
effectiveness in different conditions.
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