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Abstract: - Travel-time statistics of backscattered pulses from Gaussian and non-Gaussian (Rayleigh and
Exponential) surfaces are studied and compared in this paper. It is found that in both cases (the Gaussian and
non-Gaussian surfaces), the probability distributions of the first and the second travel times are all only
determined by a dimensionless parameter. Moreover, this study also found that the proportional relations
between the dimensionless parameter and the median values of the first and the second travel times are
remarkably different for Gaussian and non-Gaussian cases. Then the statistical parameters of the rough surface
can be estimated from travel-time statistics of backscattered pulses above if the probability distributions of the
surface elevation and slope (PDSES) are known in advance. However, PDSES are often unknown in most of
practical applications, and little work has been applied to the problem of specifying the statistical characteristic
of the rough surface in advance (Gaussian or non-Gaussian). To solve this problem, on the basis of the relations
between the median values of travel times and the altitude of source, a new theoretical method is proposed to
judge the rough surfaces with Gaussian, Rayleigh and Exponential distributions. It is believed that the method
proposed in this paper will be helpful to improve the estimate accuracy the parameters of a rough surface.
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surface with a Gaussian statistics, within the
geometrical optics approximation. GAO and
WANG [15] then investigated the corresponding
inverse problem for the Gaussian case.
In the present paper, the problem of the first and
the second travel times of a pulse backscattered by
non-Gaussian rough surfaces (Rayleigh and
Exponential distribution) is first studied and
compared to the Gaussian case. The probability
distributions, the median values of the travel times
of the first and the second arrivals and the time
delay between the first and the second arrivals are
investigated theoretically and numerically. And the
comparison of the results between Gaussian and
non-Gaussian cases and many new, different
conclusions are also shown in this article.
Furthermore, to improve the estimation accuracy of
the parameters of a rough surface, a new theoretical
method based on travel-time statistics of
backscattered pulses is presented to judge the rough
surfaces with Gaussian, Rayleigh and Exponential
distributions.
Arrangement of the paper is as follows. In section 2,
we briefly recall some fundamental ingredients of
the theory of Fuks and Godin [12] on probability
distribution functions of the first and the second

1 Introduction
Travel times of backscattered waves from a random
rough surface, especially the first arrivals of the
backscattered signals play an important pole in a
variety of applications to infer information about
surface roughness and properties of the propagation
medium [1]. For example, geophysical applications
that employ the first arrivals include airborne laser
altimetry [2], seismic and ocean acoustic
tomography [3], satellite radar altimetry [4], etc.
In general, if a rough surface is random, travel
time of a backscattered short pulse from the surface
must be random too. Therefore, the statistics
properties of travel-time have been the object of
theoretical analyses by various authors. Frolov [5,6]
studied the travel-time statistics of the signal
backscattered from a rough surface in the limiting
cases of large-scale roughness. Elfouhaily[7][8]
solved the problem of the travel-time statistics in
small-scale limit. Godin and Fuks [9] extended the
results above to the three-dimensional problem.
Recently on the basis of the mathematical theory of
excursions of random functions[10,11], Fuks, Godin,
et. al [12-14] obtained the probability distributions
of travel times and intensity of the first and second
arrivals of a short pulse backscattered by a rough
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Fig. 1. Problem geometry and notation. A point source located at (0, H ) . ( x1 , t1 ) and ( x2 , t2 ) are the first and
the second points of contact between the wave front Z ( x, t ) and the rough surface ξ ( x) , respectively.
of crossings between the random surface and the
wave front satisfied the equation:

travel times of backscattered pulses from a rough
surface. In section 3.1, these equations are applied
to the case of rough surfaces with non-Gaussian
(Rayleigh and Exponential) statistics. In section 3.2,
the median values of travel times of the first and the
second arrivals are discussed. In section 3.3, we
investigate the probability distributions of time
delay between the first and the second arrivals. Our
summaries are presented in section 4.

L

Ρ{t1 > t} = exp[− ∫ λ ( x, t )dx]
−L

(1)
where
∞

λ ( x) = ∫ɺ dξɺ[ξɺ − Zɺ ( x)]ω [ Z ( x), ξɺ]

(2a

Z ( x)

2 Fundamental equations

)

Let us consider two-dimensional problem of a
backscattered short pulse from a random rough
surface, and do not concern the propagation effects
of the medium between the source and the surface.
The random surface is characterized by the
equation z = ξ (x) , (see Figure 1). A point source is

λ ( x) = ∫ ɺ dξɺ[ξɺ − Zɺ ( x)]ω [ Z ( x), ξɺ] ∫

∞

Z ( x)

−∞

ω (ξ )dξ 


(2b)
where Z (x) denoting the equation of the wave

located in the Cartesian coordinates (0, H 0 ) and

front, ω (ξ , ξɺ) is the joint probability density
function (PDF) of the surface elevation ξ (x) and

emits a short pulse at the moment of time t = 0 .
The wave front makes the first contact with the
surface at some point ( x1 , t1 ) . The first point of the
contact must be a specularly reflecting point,
namely the tangent plane to the surface at ( x1 , t1 ) is
perpendicular to the ray connecting the source and
the reflecting point. According to [12], within the
interval x ∈ ( − L, L) the probability of the absence
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Z ( x)

slopes ξɺ( x) = dξ ( x) / dx . Namely, Equation (1)
represents the probability of the event (there is not a
specularly reflecting point at the interval
x ∈ (− L, L) ). It is noted that Equation (2a) is the
approximation given by Fuks and Godin [12] and
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F2 (τ ) = Ρ{τ 2 < τ } = 1 − Ρ{t 2 < t}

Equation (2b) is another different approximation
result obtained by Smith [16].
For the reader’s convenience, we introduce the
dimensionless travel time difference τ =

H −R

σ

(5)

,

3 Comparison between Gaussian and
non-Gaussian surfaces

(where R = ct , c is the signal propagation speed,
σ is the root of mean square (rms) of the elevation,
H is the distance between the source and the mean
surface) and investigate the statistical properties of
τ . It is obvious that the relation between H and
H 0 satisfies the following form:

H0 = H + ζ

Refs.[12] and [15] have studied the case of the
backscattering surface with Gaussian distribution. In
this section, we should apply the mathematical
theory of excursions of random functions to
investigate the problems of two specific random
surfaces satisfied the non-Gaussian distributions:
Rayleigh or Exponential distribution, and give the
comparison between Gaussian and non-Gaussion
cases in the following paper.

(3

)
where, ζ

.

is the mean of the elevation ξ of the

3.1 The first and second travel time
Firstly, we study the case of Rayleigh surfaces.
When the surface is a Rayleigh distribution (RD),
the PDFs of surface elevation ξ and slope ξɺ can be
written:

surface.
Then the probability distribution functions F1 (τ )
of the normalized time τ 1 of the first arrival and

F2 (τ ) of the second arrival satisfy:

ξ
ξ2
exp(−
)

ω (ξ ) = σ 12
2σ 12 , ξ > 0
0, ξ ≤ 0


F1 (τ ) = Ρ{τ 1 < τ } = Ρ{t1 > t}
(4)

(6)

 ξɺ
ξɺ2
exp(
−
)

2γ 12 , ξɺ > 0
ω (ξɺ) =  γ 12
 ɺ
0, ξ ≤ 0

When the inequality x ≤ L << R (t ) holds, the
wave front equation can be represented
approximately in the following form:

(7

)

Z ( x, t ) = H 0 − R 2 (t ) − x 2 ≅ H 0 − R(t ) +

It is noted that the variances of the elevations and

(9)
Substituting (6)-(9) into (1), (2) and (4), we obtain
the probability function F1 (τ ′) :

4 −π 2
4 −π 2
slopes are
σ 1 and
γ 1 , respectively.
2
2
And the means of ξ and ξɺ equal to
and

π
2

π
2

σ1

L1′


F1 (τ ′) = exp −π 2T ′ ∫ ′ Φ (τ ′ )dy′
− L1



γ1.

(10a)





L1′
Φ (τ ′ )
′
F1 (τ ′) = exp −π 2T ′ ∫ ′
dy

− L1
(τ ′ + y′2)2

1 − exp[−
] 
2



For simplifying analysis, we consider the surface
elevation and slope are independent statistically at
the same point as considered by Fuks and Godin
[12]. Then the cumulative PDF of the surface
elevation and slope can be written:

ω (ξ , ξɺ) = ω (ξ ) × ω (ξɺ)

(10b)
where

(8

τ′ =

)

ISSN: 1109-2777

x2
2 R(t )

61

4 −π
π
τ+
,
2
2

Issue 3, Volume 10, March 2011

WSEAS TRANSACTIONS on SYSTEMS

H −R

τ=

σ

Gao Wei, She Huqing

−2 π T ′′ exp(−τ ′′)

 ″

F1 (τ ′′) = exp  L2

y′′
2
)dy′′]
 ∫− L2″ exp[−( y′′ +
π T ′′



,

2
T,
4 −π
γ 2H
T= 0 ,
2πσ
x
y′ =
,
2 Hσ 1
L
′
L1 =
,
2 Hσ 1

T′ =

(13a)

−2 π T ′′ exp(−τ ′′)





′′
F1 (τ ′′) = exp  ″ exp[−( y′′2 + y )
 (13b
L2
′′
π
T

dy′′]
 ∫− L2″ 1 − exp[−(τ ′′ + y′′2 )]

)

Φ (τ ′ ) =

Where

1
y′  .

2
2 2
)
(τ ′ + y′ ) exp[(− 2 )(τ ′ + y′ ) erfc(
2π T ′ 


τ ′′ = τ + 1 ,
T ′′ = T ,
x
y ′′ =
,
2 Hσ 2
L
″
L2 =
.
2 Hσ 2

where, σ 2 and γ 02 are variances of the elevations
and slopes, respectively. And the definitions of τ
and T are the same with Fuks and Godin [12]. It is
clearly that the probability of the travel time of the
first arrival is only the function of the dimensionless
parameter T , which depends on the height of the
source and variances of the surface statistics.
Secondly, when the surface satisfies Exponential
distribution (ED), the PDFs of the surface elevation
ξ and slope ξɺ are written:

The PDFs of the first and the second travel times are
given by:

ω n (τ ) =

Fn (τ )
, n = 1,2
dτ

(14)

We conclude from (13) that the probability
distribution of the travel time of the first arrival is
only determined by the dimensionless parameter T .
Furthermore, the discrepancy between (10a) and
(10b) or between (13a) and (13b) can be neglected
for any τ > 0 when T >> 1 in terms of our
numerical results. Therefore, it is reasonable that we
only apply the Equation (a) in the following
analysis.
In Figure 2, the probability distribution functions
of F1 (τ ) *, and the corresponding PDFs are shown
for a set of T parameters for the surfaces with
Gaussian (solid), Rayleigh (dotted) and Exponential
(dashed) distributions, respectively.
According to [12], the probability distribution
function F2 (τ ) of the travel time of the second
arrival satisfies the following equation:

ξ
1
 exp(− )
σ 2 ,ξ > 0
ω (ξ ) = σ 2
0, ξ ≤ 0

(11)

1
ξɺ
exp(− )

γ 2 , ξɺ > 0
ω (ξɺ) =  γ 2
 ɺ
0, ξ ≤ 0
(12)
where, σ 22 and γ 22 are the variances of the
elevations and slopes, respectively. The mean value
of ξ and ξɺ are σ 2 and γ 2 .
At this case, the cumulative PDF also satisfied
Equation (8). Substituting (8)-(12) into (1), (2) and
(4), yields the probability function F1 (τ ′′) :

*

From equations (10) and (13), we may obtain
2
τ′−
4−π

π

for
Rayleigh
)
4−π
distribution and F 1 (τ ) = F 1 (τ ′′ − 1 ) for Exponential
F1 (τ ) = F1 (

distribution
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F1 (τ ) and F2 (τ ) are different for three rough

F2 (τ ) = [1 − ln F1 (τ )] × F1 (τ )

surfaces. For the peak values of PDFs of travel
times of the first and second arrivals, the Gaussian
surface correspond to the maximum, and the
Exponential surface is minimum. The maximums of
PDFs of travel times increase with T increasing for
Rayleigh and Gaussian surfaces and are not related
with T approximately for Exponential distributions.

(15)
Then the probability functions F2 , the PDFs

ω 2 (τ ) of the second travel time are easily obtained
by using Equations (10)-(15), as shown in Figure 3.
The parameters are taken same as that in Figure 2.
From Figure 2 and 3, it is seen that for a given T
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Fig. 2. Comparison of probability distributions of travel time of the first arrival of a short pulse backscattered
by Gaussian (solid lines), Rayleigh(dotted lines) and Exponential(dashed lines) surfaces.
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Fig.3. Comparison of probability distributions of travel time of the second arrival of a short pulse backscattered
by Gaussian (solid lines), Rayleigh(dotted lines) and Exponential(dashed lines) surfaces.

3.2 The median value of travel time

exp[−π 2πτ 1′mT ′ exp(−

The median values of the first and second travel
times are defined as the following forms:

(19)

1
F1 (τ 1m ) =
2

τ1m ≈

2

2

1
2

1
2

)]

ED

2
π
× (ln T + 5.98) −
4 −π
4 −π

RD

(21)

(17)

We may easily obtain the solution to (20)

F1 (τ ′′) = exp[−2π T ′′ exp(−τ ′′)]
(18)

1
2

τ 1m ≈ ln T + 2.2

Accepting the equations (17) and (18), in term of the
definitions of median value of travel times of the
first and the second arrival, the median values τ 1′m

ED

(22)
Then the median value τ 2′ m and τ 2′′m of the second
arrivals takes the form similar to (21) and (22):

and τ 1′′m should satisfy the following equations
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RD

When ln T >> 1 , applying the similar method in
[12], the asymptotic solution to (19) is given

In the limiting case τ >> 1 , the equations (10) and
(13) have the following simple expressions

F1 (τ ′) = exp[−π 2πτ ′T ′ exp(−

)] =

(20)

(16)

τ′

2

exp[−2π T ′′ exp(−τ 1′′m )] =

1
F2 (τ 2 m ) =
2

,

τ 1′m 2
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2
π
(ln T + 4.21) −
4 −π
4 −π

surface, but 1 for the Gaussian surface. And for the
Exponential distribution, it is found that the mean
values τ 1m , τ 2 m are proportional to ln T , and δτ 12
is a constant and not associated with the parameter
T.

RD

(23)

1
2

τ 2 m ≈ ln T + 1.32

ED

(24)

3.3 Relations between the median values of
travel times and the altitude of source
The dimensionless parameter T can be written as:

At the case of ln T >> 1 , the difference between the
median values is given

T = H ×S

1.34
δτ12 = τ1m −τ 2m ≈
ln T

RD
where H is the altitude of source, S =

(25)

δτ12 = τ 1m − τ 2m ≈ 0.88

Table 1 shows the median values and time delay
of travel times of the first and the second arrivals for
the Gaussian, Rayleigh and Exponential cases. It
can be seen from Table 1 that for the Rayleigh
distribution, the median values of the travel times of
the first and second arrivals are proportional to

Ζ = Κ × ln H + Β

are inversely proportional to ln T . There exits
similar relation in the case of Gaussian
distribution[12], but these proportional constants are
all different to the that of Gaussian surface. For
example, the proportional constant between τ 1m (or

numerical results when H is varying in the range
[1,1.5] ×104 , 107 and 1010 , respectively. It can be

2
at the case of Rayleigh
4 −π

1

1.5
T=103
1

0.6

W( δτ)

F(δτ)

0.8

0.4

0.5
T=103

0.2
0
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0

2

δτ
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(28)

where Ζ is the function of τ 1m (or τ 2 m ), which is
different for the Gaussian, Rayleigh and
Exponential surfaces cases (see Table 2), Κ is the
slope, Β is a constant. The relations between the
median values of travel times and the altitude of
source for the Gaussian, Rayleigh and Exponential
cases are shown in Table 2. Ζ and Κ are
calculated in terms of the analytical expresses
shown in Table 1. Κ 1 , Κ 2 and Κ 3 are the

ln T , and the difference between τ 1m and τ 2 m

0

γ 02
. As is
2πσ

known that ln( H × S ) = ln H + ln S , the relations
between the median values of travel times and the
altitude of source are given

ED

(26)

τ 2 m ) and ln T is

(27)

0
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2

δτ

65

Issue 3, Volume 10, March 2011

WSEAS TRANSACTIONS on SYSTEMS

Gao Wei, She Huqing

1

1.5
W( δτ)

F(δτ)

0.8
0.6
0.4

1

0.5
T=104

0.2
0

T=104

0

0.5

1

1.5

0

2

0

0.5

δτ

1
W( δτ)

F(δτ)

1.5

2

1.5

0.8
0.6
0.4

T=105
1

0.5
T=105

0.2
0

1

δτ

0

0.5

1

1.5

0

2

0

0.5

δτ

1

1.5

2

δτ

Fig. 4. The probability distributions and corresponding PDFs of the travel time delay between the first and the
second arrivals of a short pulse backscattered by Gaussian (solid lines), Rayleigh (dotted lines) and Exponential
(dashed lines) surfaces.

apply the similar method in Refs.[] to obtain the
parameters of the rough surface.

seen from Table 2 that there is the linear relation
between Ζ and Κ . And the values of Κ are almost
a constant. It is clear that the relations between the
median values of travel times and the altitude of
source are different for the Gaussian, Rayleigh and
Exponential surfaces cases. Therefore, the results
shown in Table 2 suggest that the relation between
τ 1m ( τ 2 m ) and the altitude of source can be used to
judge whether the scattering surface is Gaussian
distribution or not. After the statistical characteristic
of the rough surface is specified in advance, we may

3.4 Time delay between the first and the
second arrival
In [12], Fuks and Godin think the scale of time
delay τ being sensitive only to σ . Thus, we should
discuss the statistical properties of the time delay
between the first and second arrival in this
subsection. It is helpful to determine the parameters
of surface with non-Gaussian distributions under our
considering circumstance.

Table. 1. The median values and time delay of the first and the second arrivals of a short pulse backscattered by
Gaussian (GD), Rayleigh (RD) and Exponential surfaces (ED)
GD

RD

ED

τ 1m ≈

ln T + 0.73

2
π
× (ln T + 5.98) −
4 −π
4 −π

1
ln T + 2.2
2

τ 2m ≈

ln T − 1.04

2
π
(ln T + 4.21) −
4 −π
4 −π

1
ln T + 1.32
2
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0.88
ln T

δτ 12 ≈

1.34
ln T

0.88

Table. 2. The relations between the median values of travel times and the altitude of source for Gaussian (GD),
Rayleigh (RD) and Exponential cases (ED)
GD

RD


π
τ 1m +
4 −π


2



π
 、 τ 2 m +
4 −π







2

τ 1m 、 τ 2 m

Ζ

2
2
、 τ 2m
τ1m

Κ

1

2.33

0.5

Κ1

0.95

2.40

0.5

Κ2

0.97

2.38

0.5

Κ3

0.98

2.36

0.5

(solid lines), Rayleigh (dotted lines) and
Exponential (dashed lines) surfaces. The values of
T in Figure 4 are chosen to 10 3 , 10 4 and 10 5 ,
respectively.
From Figure 4, the PDF of time delay between
the first and second arrivals is determined by the
parameter T for Rayleigh surfaces. At the case of
Exponential distributions, the PDFs of time delay
are holding constant for different values of T .
When δτ is small, the PDF of the case of Gaussian
is maximum, Rayleigh is following and Exponential
is minimum, while for the large δτ , on the
contrary, that is, Exponential is the maximum and
Gaussian is the minimum.

The probability distribution function of the time
delay between the first and second arrivals is also
derived:
∞

F (δτ ) = 1 − C ∫ ω1 (τ + δτ )F2 (τ )dτ
0

(29)
∞

W (δτ ) = Cθ (δτ ) ∫ ω1 (τ + δτ )ω 2 (τ )dτ
0

(30)
Where
∞
C =  ∫ ω1 (τ )F2 (τ )dτ 
 0


−1

∞
= 1 − ∫ ω2 (τ )F1 (τ )dτ 
0



−1

,

4 Conclusion
We have considered the problem of travel time of a
short pulse backscattered from rough surface with
special non-Gaussian (Rayleigh and Exponential)
distributions, which are different from [12]. The
main results obtained are summarized below:
(1) For all consider cases, the probability
distributions of travel times of the first and
second arrival are only the function of the
dimensionless parameter T .
(2) For the Rayleigh distribution, the median values
of the travel times of the first and second

θ (x) is the unit step function:
1, x ≥ 0
0, x < 0

θ ( x) = 
(31)

Figure 4 is the probability distributions and
corresponding PDFs of the travel time delay
between the first and second arrivals for Gaussian
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[6] V. M. Frolov, Condition for the applicability of
ray tracing in a waveguide with a rough
boundary, Sov. Phys. Acoust, Vol.36, 1990,
pp:612-614.
[7] T. Elfouhaily, D. R. Thompson, B. Chapron,
Improved electromagnetic bias theory, J.
Geophys. Res, Vol.105, No.C1, 2000, pp:
1299-1310.
[8] T. Elfouhaily, D. R. Thompson, L. Linstrom,
Delay-Doppler analysis of bistatically reflected
signals from the ocean surface: theory and
application, IEEE Trans. Geosci. Remote Sens,
Vol.40, No.3, 2002, pp:560-573.
[9] O. A. Godin, I. M. Fuks, Travel-time statistics
for signals scattered at a rough surface, Waves
Random Media, Vol.13, No.4, 2003, pp: 205221.
[10] M. R. Leadbettter, G. Lindgren, H. Rootzen,
Extremes and Related Properties of Random
Sequences and Processes, New York: Springer,
1983.
[11] Y. A. Fomin, Excursions Theory of Stochastic
Processes, Moscow: Nauka, 1980.
[12] I. M. Fuks, O. A. Godin, Probability
distributions of travel time and intensity of the
earliest arrivals of a short pulse backscattered
by a rough surface, Waves Random Media,
Vol.14, No.4, 2004, pp: 539-562.
[13] I. M. Fuks, Probability distributions of
elevation and curvature of specular points at a
statistically rough surface, Antennas and
Propagation Society International Symposium,
IEEE, Vol.3A, 2005, pp: 437-440.
[14] I. M. Fuks, M. I. Charnotskii, Statistics of
specular points at a randomly rough surface, J.
Opt. Soc. Am. A., Vol.23, No.1, 2006, pp: 7380.
[15] W. Gao, N. Wang, Inversion of rough surface
parameters based on travel-time statistics of
backscattered pulses, Chinese Journal of
Geophysics, Vol.51, No.1, 2008, pp: 261-266.
[16] B. G. Smith, Geometrical shadowing of
random rough surfaces, IEEE Trans. Antennas.
Propag., Vol.15, 1967, pp: 668-671

arrivals are proportional to ln T , and the
difference δτ 12 between τ 1m and τ 2 m are
inversely proportional to
ln T . The
proportional constants of these relations above
are all different to that of Gaussian surface. For
the Exponential distribution, τ 1m and τ 2 m are
proportional to ln T , and δτ 12 is independent
approximately with the parameter T .
(3) It is confident that we are able to distinguish
surfaces among Gaussian, Rayleigh and
Exponential by use of the results in Table 2 in
section 3.3. After the statistical characteristic of
the rough surface is specified in advance, the
results of this paper can be applied to retrieve
the parameters of the non-Gaussian (Rayleigh
and Exponential) random surface.

5 Acknowledgments
The authors would like to thank the reviewers of the
paper for their relevant comments. And the author
also wishes to thank Prof. WANG N, Dr. GAO D Z
and Dr. WANG H Z of Department of Physics,
Ocean University of China for their invaluable
suggestions.

References:
[1] A. G. Voronovich, Wave Scattering from
Rough Surfaces, Berlin: Springer, 1998.
[2] R. J. Dobosy, T. L. Crawford, D. C.
Vandemark, Measurement of ocean surface in
shoaling zones by laser array and Ka-band
radar, Proc. 4th Int. Airborne Remote Sensing
Conf, Vol.1, 1999, pp: 66-73.
[3] D. R. Watts, H. T. Rossby, Measuring dynamic
heights with inverted echo sounders: results
from MODE, J. Phys. Oceanogr, Vol.7, No.3,
1977, pp: 345-358.
[4] D. B. Chelton, E. J. Walsh, J. L. Mac Artur,
Pulse compression and sea level tracking in
satellite altimetry, J. Atmos. Ocean. Technol,
Vol.6, No.3, 1989, pp: 407-438. [4]
[5] V. M. Frolov, Multiple reflection of a beam
from the disturbed surface of the ocean, Sov.
Phys. Acoust, Vol.31, 1985, pp: 58-62.

ISSN: 1109-2777

68

Issue 3, Volume 10, March 2011

