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Abstract: - A car suspension system is the mechanism that physically separates the car body from the wheels of 
the car. Active suspensions differ from the conventional passive suspensions in their ability to inject energy into 
the system, which can improve the trade-off between the ride comfort and road handling. A discrete optimal 
control algorithm is proposed in this paper for a limited bandwidth active suspension, in which both look-ahead 
and wheelbase preview information are utilized. The preview optimal algorithm is implemented in 
Matlab/Simulink software environment based on a half-vehicle model. The effect of preview time on system 
performance is investigated. In order to reduce the energy consumption, the effect of various bandwidth of 
actuator is particularly examined. Simulation results show that the preview time can influence overall system 
performance remarkably, and 0.2 s look-ahead preview time is preferable. Theoretical deviation of the optimal 
control gain is given to explain the fact that only look-ahead preview benefits the front wheel’s motion while 
wheelbase preview benefits the rear wheel’s motion much more. The pitch motion performance deterioration 
compared with passive case brought by preview can be eliminated to some extent. With preview information, 
suspension working space requirement can be restrained to a prominent low degree. 6 Hz system is the most 
suitable one to achieve the trade-off between performance potential and energy consumption in the range 3~15 
Hz for limited bandwidth active suspension. 
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1 Introduction 
Over the past two decades, numerous published 
works could be found which focus on active 
suspension (AS) because of the available potential 
for vehicle performance improvements [1]. 
Nevertheless, few successful commercial 
implementations of AS system are reported. The high 
cost, complexity, coupled with high energy 
consumption restricted the development for fully AS 
systems in which the actuator response frequency 
range is not limited [2]. 

Relevantly, limited bandwidth or “slow” active 
suspension became more attractive than fully AS 
system and can be a practical alternative for the 
market because of its potential to achieve similar 
performance but with much lower cost and energy 
demand and less problems encountered in fully AS 
system case. Nissan Infiniti Q45 and Toyota Celica   
are two typical examples among the early practical 
applications [3] and [4].  

If preview information of road irregularity is 

available, the control procedure in active suspension 
will be more effective and more performance 
improvement can be expected. Combined with 
preview information, Berder (1968) first applied 
stochastic linear optimal control theory to the design 
of quarter car active suspension system [5]. The work 
carried out later by Tomizuka  showed that much 
performance benefit can be obtained from the 
preview information sensed by the sensor mounted at 
the bumper about 0.8~1m ahead of the front wheel[6]. 
Although it is argued that preview information is not 
always reliable, e.g. in the case of obstacle which 
might be a brick or an empty milk box, the 
wheelbase preview information sensed by front 
wheel is truly available for rear wheel in straight, 
hard road surface running condition, therefore, many 
relevant research works were carried out recently, but 
most of them focused either on wheelbase or on 
look-ahead preview. The former comes from the fact 
that the rear wheel road input is a time delayed 
replica of the front; the latter involves using a height 
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sensor looks ahead of the front wheels road profile 
[7].  

But if both wheelbase and look-ahead preview 
information can be used, more benefit can be gotten. 
Sharp, firstly extended the previous work to include 
both look-ahead and wheelbase preview in a half-car 
model in which Pade approximation is used to 
simulate the time delay for the continuous time 
problem [8] and [9].  

However, for any practical implementation of 
active control system, a discrete time approach for 
the design problem is more doable for digital control. 
In fact, any kind of control algorithm should be 
discretized in the hardware implementation finally. 
Since the wheelbase of a vehicle is fixed while the 
speed can be changeable, the controller parameters, 
such as preview time, sampling frequency, etc. might 
need to be adapted. On the other hand, the problems 
in continuous time realization are that Pade 
representation is imperfect and the realization of the 
system in practice may not be straightforward [10]. 
Therefore, a discrete time algorithm using preview 
information to investigate the effect in the 
optimization of the slow active suspension is needed.       

Taking an off-high military vehicle as example, 
this paper is concerning on how and why the 
look-ahead and wheelbase preview together can 
affect the optimization of the slow-active suspension, 
In the present study,  besides vibration-isolation 
capability for ride performance along with handling 
stability, energy consumption is also of vital concern. 
So, a configuration of slow active suspension is 
proposed hereby and a standard discrete time linear 
quadratic regulator (LQR) control algorithm is 
designed based on a 4-DOF half-vehicle model. In 
order to keep generality, the results in the following 
discussion are obtained in a way that efforts are put 
to eliminate the variety caused by different choices 
of weighting constants in the LQR design. 
 
 
2 System modeling 
A half-vehicle model with limited bandwidth 
actuators for the suspension is used throughout the 
paper. In accordance with the reality, filtered white 
noise is used as road displacement input, and the rear 
wheel input is simply a time-delayed version of the 
front. 

Usually, for “slow” active suspension, the 
limited bandwidth actuator is mounted in series with 
a conventional spring and thus a damper is mounted 
in parallel with this combination. Sharp et al gave the 
reasons for that arrangement, one of which is that at 
the frequency range beyond the bandwidth of 
actuator, the system is a conventional passive one, so 

unfamiliar difficulties from NVH (Noise, Vibration 
and harshness) problems will not arise [11].  

 
2.1  Half car model 
The scheme of the limited bandwidth half vehicle 
model is shown in Fig. 1, in which both two kinds of 
preview are incorporated. The command signal is 
first fed through two identical second-order low pass 
filters then to each ideal displace-control actuator in 
series with suspension spring for limited bandwidth. 
Two filters instead of one are preferable for the 
actuator’s behavior at the wheel-hop mode [9].  

smθ

v sz

_s fc _s rc
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Fig. 1 Half car model with slow suspension actuators 

The equations of motion for the suspension 
model can be written as follows:  
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Where, sm is sprung mass; sz  is vertical 

displacement of sprung mass at Center of Gravity; pI  

is pitch movement inertia; θ is pitch angle at the center 
of gravity;  are unsprung mass of front 

and rear wheel respectively; 
_ ,us f us rm m _

_ _,s f s rk k are suspension 
stiffness of front and rear wheel respectively; 

 are unsprung equivalent stiffness of front _ ,us f us rk k _
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and rear wheel respectively; _ , _s f sC C r  are 
suspension equivalent damping of front and rear wheel 
respectively; ,f rl l are distance from front and rear 

suspension to the CG respectively; _ _,a f a rz z  are 
output displacement of suspension actuator of front and 
rear wheel respectively; _ _,s f s rz z  are vertical 
displacement of sprung mass connecting to front and 
rear suspension of front and rear wheel respectively; 

_ ,us f us r_z z  are vertical displacements of unsprung 

mass of front and rear wheel respectively; _ _,r f r rz z  
are road irregularity input of front and rear wheel 
respectively. 

Assuming the pitch angle is small, we have: 
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The filters to limit the actuator bandwidth are 
standard second order low-pass filters, expressed as:  
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where ,f rU U  are the command signals for the 

front and rear suspension actuator; '' ,f rU U  are the 
intermediate variables between the two identical 
filters with the cut-off frequency nω , damping ratio 

ζ  each side; _ _ _, _s f a f s r a rz z z z− −  are 
respectively the actual relative displacements of the 
actuators without response delay.  

The road excitation model is written as: 
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where ,f rw w  are road velocity input white noise 
signals with unity variance. The low-cutoff 
frequency 0f  and constant 02 G vπ  are used to 
guarantee a reasonable road displacement power 
spectral density (PSD), which is approximated by:  

       0
2( ) G vS f

f
=                       (5) 

where  is road roughness measured at the 
reference spatial frequency (wave number), 

cycles/m.  is the vehicle forward speed, 

0G

0 0.1n = v

0 0f vn= .  
Defining the state variables as:  
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The equations of motion for the system can be 
rewritten into the state space form:  
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The discrete-time description of the system 
dynamics can be written as follows: 

               
( 1) ( ) ( ) (u i rx k x k u k z k+ = Φ +Γ +Γ       (7) 
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2.2  Road preview model 
As shown in Fig. 1, denoting the look-ahead preview 
distance as , because the road input for the front 
wheel is a delayed version of the look-ahead road 
profile 

pl

_r pz  with delay time 
0

p
p

l
t

v
= , the 

additional wheelbase preview time 
1p

lt
v

=  for the 

rear wheel can be incorporated, and i.e. the preview 
time for rear wheel is:  

0p p pt t t 1= +                          (8) 

WSEAS TRANSACTIONS on SYSTEMS Zhang Xin, Zhang Jianwu

ISSN: 1109-2777 836 Issue 8, Volume 9, August 2010



Thus, the total sampling points for preview need 
to be determined to the selected sampling time sT are: 

0
0 1

p p
p p p

1

s s

t t
N N N

T T
= + = +               (9) 

In the present study, both the look-ahead and 
wheelbase preview information are considered as 
augmented system states in discrete time 
implementation. The state equation for the preview 
can be written as follows: 
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where 
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The road input for the front and rear wheel is: 
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Combing equation (7), equation (10) with equation 
(11), and the augmented system with road preview 
information plus limited bandwidth actuators is 
obtained:  
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3 Discrete time optimal control 
algorithm 
Like the continuous time case, the discrete time 
optimal control problem can be formulated as finding 
the state feedback gain matrix  from the 
minimization of the cost index function : 
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where  are weighting coefficients for 
performance specifications: handling ( ); ride 
comfort (pitching, , acceleration at CG of body, 

); suspension working space ( ) and the 
actuator displacement ( ) with fixed value of 1. 
The selection of the weighting constants started 
from such a choice that each component makes an 
equal contribution to the cost index [12]. Then, 
with this base set of , one can iteratively increase 
some values of these constants to put emphasis on 
the corresponding performance objectives. For 
instance, if the ride comfort (vertical acceleration at 
CG) and dynamic tire deflection are concerned, 
values of  will be increased by a factor of 
10. In the remaining of this paper, all the weighting 
constants are selected based on the above approach.   
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In discrete time case, the cost index can be 
expressed as: 
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Where  and  are the weighting matrices.  0 0,Q R 0S
In terms of the augmented state space, the index 

function can be written as follows:  
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Then, the optimal control law can be obtained by 

the following equation:  
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Where the optimal control gain  is calculated by 
solving a Discrete Algebraic Riccati Equation related 
to  and , derived as: 
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In order to study the effect of the preview 
information in discrete LQR optimal control, one 
should take a further look inside the state feedback 
gain  in equation (16). Consider the row and 
column number of , 

rzk
,c HΦ 12p  can be rewritten as 

following equation: 
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into equation (19) and consider equation (20), the 
following equation is gotten: 

,H D

0

1 2 11 _ _ 1 1

18

... 0 ... 0 ... 0 ...
p

p

p

N

T T
Np c i r i f c N

N

p p p p p p −

×

⎡ ⎤
⎢ ⎥ ⎡ ⎤⎡ ⎤=Φ Γ Γ +Φ⎣ ⎦ ⎣ ⎦⎢ ⎥
⎣ ⎦

64748  (22) 

Hence,  
1 1 012

12 , ( ) , ... ( ) , ( ) , ... ( ) ( )p p p pN N N NT T T T T T T
c c c c c c cp a a a a b a b+⎡ ⎤= Φ Φ Φ Φ +Φ Φ +Φ⎣ ⎦

                                       (23) 

where 11 _ ,i ra p= Γ  , implying that 11 _i fb p= Γ

12p  can be only represented in terms of 11p  and 
the optimized closed-loop system dynamics.  
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In the obtained , the first row of  can be 
treated as the optimal feedback gain carrying the 
sensed road information fed to the front actuator; the 
second row is the corresponding one which is fed to 
the rear actuator.   

rzk rzk

In the quarter car case as [7],  

                

0 1, , ...
p

T T T
rz u i u i u N ik L⎡ ⎤= Γ Δ Γ Γ Δ Γ Γ Δ Γ⎣ ⎦   (25) 

For the benefits from preview, the optimal control 
law shows that the road input  should be coupled 
with corresponding command input channel 

iΓ

uΓ  in 
optimal state feedback gain, which is not a problem 
in the quarter case, a single-input system. While in 
the half car system, from equation (24), the road 
input is not always connected to the corresponding 
command input channel in the state feedback gain. 
 
 
4 Result analysis 
With the increase of vehicle forward speed, the 
performance improvement from wheelbase preview 
becomes less since wheelbase preview time is 
shortened correspondingly. But for look-ahead 
preview, by changing the amount of preview distance, 
one can maintain a constant preview time even 
though the forward speed changes. Comparing with 
passive case, the slow-active suspension shows 
significant performance improvement from both 
wheelbase and look-ahead preview. Simulations are 
carried out to investigate the following aspects: 

 The performance comparison between 
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passive suspension, slow-active suspension 
with and without preview in 4 objectives: 1)  
Vertical motion at C.G.; 2) Pitch motion; 3) 
Dynamic tire deflection and 4) Suspension 
working space.  

 The same comparison between the 
slow-active suspensions with various 
preview time. All of them have at least 0.16 
s wheelbase preview time.  

 The energy consumption comparison 
between different actuator bandwidth in 
slow-active suspension.  

All of the results are obtained based on a constant 
vehicle speed at 20 m/s and structure parameters are 
listed in Table 1. The bandwidth for slow active 
suspension for item 1 and 2 is selected to be 6 Hz.  

Table 1 Structure parameter values 

Parameter Value 
Sprung mass , sm  5630 kg

Unsprung mass of front wheel,  _us fm 600 kg 

Unsprung mass of rear wheel,  _us rm 650 kg 

Suspension stiffness of front wheel, 
_s fk  

3.5×
105 N/m

Suspension stiffness of rear wheel, 
_s rk  

3.5×
105 N/m

Unsprung equivalent stiffness of front 
wheel,  _us fk

2.5×
105 N/m

Unsprung equivalent stiffness of rear 
wheel,  _us rk

2.6×
105 N/m

Suspension equivalent damping of 
front wheel, 

_s fC  
19000 
Ns/m 

Suspension equivalent damping of rear 
wheel ,  rsC _

16500 
Ns/m 

Pitch movement inertia, pI  12000 
kgm2

Distance from front suspension to the 
CG,  fl

1.85 m 

Distance from rear suspension to the 
CG,  rl

1.35 m 

Distance of look-ahead preview,  pl 0~6 m 

Road roughness coefficient,  0G 6.4×
10-5 m3

Vehicle forward speed,  v 20 m/s 
 

4.1 Performance comparison between 
different suspension structures 
Firstly, performances are compared between 

conventional passive suspension, slow-active system 
without any kind of preview and slow-active system 
with 0.2 s look-ahead plus 0.16 s wheelbase preview 
time. Fig. 2 shows the performance comparison of 
vertical acceleration at CG, it implies that with 
appropriate look-ahead preview, 6 Hz slow-active 
system can achieve very satisfactory improvement 
compared with the passive and non-preview case and 
has the potential to control the wheel hop mode. 
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Fig. 2 Comparison in body vertical acceleration      

between 3 kinds of slow-active suspensions 

As shown in Fig. 3, the similar result can be 
obtained in pitch motion case, while for other types 
of vehicle, the benefit from preview information 
might not be so significant. The coupling effect from 
the fact s f r pm l l I≠  and “wheelbase-filtering” 
effect complicate the pitch motion to some extent. 
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Fig. 3 Comparison in the pitch angle between 3 kinds 

of slow-active suspensions 

The performance comparison of dynamic tire 
deflection is shown in Fig. 4. In fact, the contribution 
of look-ahead preview to front wheel is almost the 

WSEAS TRANSACTIONS on SYSTEMS Zhang Xin, Zhang Jianwu

ISSN: 1109-2777 839 Issue 8, Volume 9, August 2010



same as the contribution of wheelbase preview to 
rear wheel, and both of them have a significant 
performance improvement over the passive case.  
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Fig. 4 Comparison in dynamic tire deflection 
between 3 kinds of slow-active suspensions 

(a) front wheel; (b) rear wheel 

As shown in Fig. 5, the responses of suspension 
working space requirements indicate the 
performance improvement 0.2 s look-ahead preview 
time brings. Comparing with non-preview slow 
active or passive cases, working space requirement 
can also be reduced to a competitively low degree in 
rear suspension. However, in reality, such a small 
amount of working space requirement may not be 
achieved because the working space is also 
determined by the suspension actual structure and the 
initial equilibrium relative position between sprung 
and unsprung mass.  
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(b) 

Fig. 5 Comparison in suspension working space 
between 3 kinds of slow-active suspensions 

(a) front wheel; (b) rear wheel 

 
4.2  Effects of slow-active suspension with 

different preview times 
Fig. 6 shows results of vertical acceleration at the 
body CG. It can be seen that 0.3 s look-ahead 
preview plus 0.16 s wheelbase preview time is 
sufficient to achieve available benefit and nearly no 
further performance improvement can be obtained 
when preview time increases, which is also true for 
all other aspects.  
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Bode Diagram
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Fig. 6 Vertical acceleration at the body C.G. with 

different preview times 

However, after a significant improvement under 
0.1 s look-ahead preview time, the pitch motion’s 
performance degrades in the range of 0.2 Hz ~ 2 Hz 
as the preview time increases, which can be seen 
from Fig. 7. Results from iterations of other sets of 
weighting constants in cost index equation (13) also 
imply that even though more preview time is given, 
equivalent performance benefit at 0.1 s preview time 
can hardly be achieved without significant 
deterioration.  
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  Fig. 7 The pitch angle response with different 

preview times 

   The responses of dynamic tire deflection are 
shown in Fig. 8, implying that 0.2 s look-ahead 
preview time is preferable for both the front wheel 
and rear wheel. Because of the existence of 
wheelbase preview, the rear tire deflection is smaller 
than the front one, providing zero look-ahead 
preview time, i.e., wheelbase preview only. RMS 
values show that with wheelbase preview, the rear 
wheel has 21.7% reduction in tire deflection 
comparing with the passive system while the front 
wheel has 1.6% reduction. If giving the front wheel 

0.2 s look-ahead time, 19.0% improvement can be 
obtained in the front wheel and another 0.6% 
performance improvement is brought to the rear 
wheel. In other words, the response of front wheel’s 
tire deflection gains more benefit than the rear’s from 
look-ahead preview and the rear tire deflection 
benefits more from wheelbase preview if both two 
kinds of preview exist simultaneously.  
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(b) 

Fig. 8 Tire deflection with different preview times 

(a) front wheel; (b) rear wheel 

This can be explained by two facts. Firstly, from 
equation (23), the optimal law from the previewed 
road information is implemented by taking T

cΦ the 
power of i , if  the “slower” modes are 
emphasized, which means in the beginning of the 
preview time the optimal law emphasizes on 
controlling the “slower” modes, whereas “faster” 
modes are emphasized rather late[13]. So, 0.16 s 
wheelbase preview time is enough for the rear tire’s 
wheel hop mode, more look-ahead preview time is 
no use in that frequency range.  

1,i >

Second, as mentioned before, the road input in 
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the half car model is not always connected to the 
corresponding input channel in the optimal state 
feedback gain. In the first row of equation (24), only 
the last  terms contain pair, 
which means only look-ahead preview time is useful 
for the optimal control of the front wheel motion; in 
the second row, the last  terms contain 

pairs, which breaches the optimal control 
law (see equation (25)), so look-ahead preview time 
can not bring much benefit to the rear wheel.   

0pN
_ _{ ,T

u f i fΓ Γ }

}
0pN

_ _{ ,T
u r i fΓ Γ

Fig. 9 shows the frequency responses of the front 
and rear suspension working spaces. For the front 
case, 0.3 s preview time and more have a decrease on 
working space demand compared with 0.2 s preview 
time. And 0.1 s case requires a surprisingly high 
amount of working space. The rear suspension is 
similar to the front case, except that 0.2 s preview 
time demands much less working space than 0.1 s in 
the front case.  
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   (b) 

Fig. 9 Suspension working space with different 
preview times 

 (a) front actuator; (b) rear actuator 

   From above all, in consideration of all the 
components’ response, 0.2 s can be chosen as a 
suitable look-ahead preview time since the best 
compromise of performance improvements can be 
available for the present simulations.  
 
4.3 Energy Consumption 
In order to extend the discussion of the improvement 
in slow-active suspension with preview to a practical 
point of view, the energy consumption should also be 
considered. Using the intuitionistic method proposed 
by Pilbeam et al, one can get the relation between 
energy consumption of slow-active suspension and 
preview time for different bandwidth[14]. The 
method is summarized as follows (front actuator, for 
instance; the rear actuator case is totally the same): 

The total energy consumed in the time range 
0 ~ simt : 

sup sup _ _
0

1 1 |
2 2

simt

front s f a f |E p V p A z z dt= = −∫ & &     (26) 

where  is the hydraulic supply pressure, supp A  is 
actuator’s piston cross-sectional area and 

_ _s f az z f−& &  is the velocity of the fluid flow. The 
average power consumption over this period is then 
given by:  

                

sup
_ _

0

|
2

simt
front

f s f
sim sim

E p A
P z

t t
= = −∫ & & |a fz dt          (27) 
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(Zero preview time means wheelbase preview only) 

Fig. 10 shows the results for 3 Hz, 6 Hz and 15 
Hz actuator bandwidth systems with the normalized 
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value of the term outside the integral in equation (27). 
Because look-ahead preview affects front suspension 
more than rear suspension, for the front actuator, 
higher bandwidth system requires more energy and 
less preview time to achieve its maximum effort. 15 
Hz system reaches its capability limit at 0.1 s 
preview time and requires 227% more energy than 6 
Hz system does at 0.15 s preview time, while for the 
rear actuator, power consumption does not change 
much with the increasing preview time. 
5 Conclusions 
In the study of the slow-active suspension with 
look-ahead and wheelbase preview for a military 
engineering vehicle, a discrete time algorithm are 
designed by using a half vehicle model. The 
simulation results show clearly the different amount 
of performance improvement offered by various 
look-ahead and wheelbase preview times. By 
comparison, 0.2 s look-ahead preview time is 
preferable for the overall performance. Although the 
results are given based on a military vehicle with a 
comparatively high weight, similar results can be 
achieved on other types of vehicle such as ordinary 
saloon car.  

Based on previous work, theoretical deviation of 
the optimal control gain is given to explain the 
fact that only look-ahead preview benefits the front 
wheel’s motion while wheelbase preview benefits the 
rear wheel’s motion much more.  

rzk

The pitch motion performance deterioration 
compared with passive case brought by preview can 
be eliminated to some extent.  

Results also show that with preview information, 
suspension working space requirement can be 
restrained to a prominent low degree.  

By using a rough and intuitionistic method, it 
also shows 6 Hz system is the most suitable one to 
achieve the trade off between performance potential 
and energy consumption in the range 3~15 Hz for 
limited bandwidth active suspension. 
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