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Abstract: Water quality evaluation benefits monitoring the water quality, utilizing and developing water 

resources rationally, providing a basis for the planning of water pollution control strategies, and 

predicting the future trend of water environment scientifically. This paper proposes a combination 

approach that can be used to incorporate two or more water quality evaluation models. The application 

of this approach is to assess the water quality of the middle reach of the Yangtze River, which is the 

major resource of supplying drinking water, fishing, irrigating crops and generating energy in China.  
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1. Introduction 

Fresh surface water in rivers and lakes is vitally 
important for human beings and many other 
terrestrial ecosystems. For example, many regions in 
China depend on the Yangtze River for their drinking 
water, growing crops, harvesting fish and generating 
electricity. However, many human activities and 
their by-products have the potential to pollute water. 
Water quality assessment and monitoring are 
necessary to maintain the water quality and control 
water pollutions.  

Water quality evaluation is to comprehensively 
evaluate water quality grades according to some 
water quality criteria and indexes. Many methods of 
water quality evaluation and management have been 
addressed in the literature. A well-known evaluation 
method developed by the NSF (National Sanitation 
Foundation) is the WQI (Water Quality Index) 
approach [10, 20] which was one of the first attempts 
to study the water quality indices. In the WQI 
approach, if there are n types of constituents, the 
selected index can be obtained by using the 
following formula [2]: WQI = ∑i wiqi × 100/∑i wi, 
where qi (i = 1, 2, …, n) is the water quality 
parameter of concern and wi is the corresponding 
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weight of the quality parameter. The output of a WQI 
ranges from 0 to 100. A value of 100 indicates the 
perfect water quality condition, while a value of 0 
represents the unacceptable quality of concern. 
Although widely used, this approach has its 
limitations because it does not consider the 
uncertainties in water quality assessment and 
management problems, such as the randomness 
associated with various input variables and the 
imprecision in the decision making of the output 
values.  

Considerable studies have been contributed to 
uncertainty analysis in water quality assessments and 
environmental decision makings. These studies can 
be classified as follows. The statistical approaches 
address uncertainty by considering the randomness 
of variables and parameters of the water 
environment [22, 29, 31, 32]. Non-statistical 
approaches such as the fuzzy synthetic evaluation 
methods address the uncertainties using the fuzzy set 
theory [35], where the probability of an uncertain 
event is linked with fuzzy sets [3, 18, 24, 26]. Based 
on the Shannon entropy [25] and the principle of 
maximum entropy [11, 16] and the principle of 
minimum cross entropy [13], the entropy methods 
enable the least-biased decision makings and 
predictions when the data of a resource system is 
limited or incomplete [1, 14, 27, 28]. Based on the 
grey theory, the grey clustering method has been 
applied to the water environment where partial 
information is known and partial information is 
unknown or uncertain (i.e., a grey system) [15, 37, 
39]. To avoid the incompatibility of evaluation 
results among individual water quality indices of real 
water, the interval evaluation methods propose the 
evaluation criteria of water qualities to be intervals 
[4, 9, 12, 33]. 

Chinese researchers have made considerable 
contributions to the literature in water quality 
evaluation, especially the fuzzy synthetic evaluation 
approaches [5, 17, 19, 30, 34, 36] and their 
applications to some river systems such as Fen River 
[6] and Huangshui River [34]. Based on fuzzy set 

theory, the fuzzy synthetic evaluation may properly 
describe the uncertainties of the water quality 
grading criteria or decision-making processes via 
some fuzzy membership functions. Thus, the 
evaluation results can be closer to the objective facts. 
Also, there are a few studies based on the 
entropy-based method, for example, C. K. Zhang [38] 
proposed a model using the principle of maximum 
entropy and applied it to the water quality 
assessment of Fen River. The advantage of the 
entropy measure is that it is derived from a 
theoretical basis and not subjective information, thus 
it usually provides unbiased assessments and 
predictions. In China, subjective information such as 
professional judgment or empirical rules has been 
commonly used in practice for water quality 
evaluation, although such information may have 
great value, many conventional models do not have 
the capability to accommodate subjective 
information. The entropy-based models are able to 
provide the least-biased solutions if the information 
is subjective.  

Water quality assessment and management of a river 
system is generally characterized by different types 
of uncertainties such as the randomness associated 
with various components of the river system (for 
example, the river flow and the effluent flow) [24]. 
Since there are so many uncertainties involved in the 
water quality evaluation of a river system, different 
methods may have different quality criteria and 
measurements, and sometimes they may have 
conflicting objectives or produce incompatible 
results. To obtain a more reliable and effective result 
or at least a compatible or compromising result, 
sometimes we may want to combine two or more 
models of concern to minimize each model’s 
limitations or incompatibilities. This paper attempts 
to combine two or more evaluation methods to form 
a combination evaluation approach, and then applies 
this approach to assess the quality of the middle 
reach of the Yangtze River. This paper is organized 
as follows. Considering the uncertainties in the 
sampling and analysis processes, section 2 constructs 
several fuzzy matrices for the water quality 
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evaluation via some fuzzy membership functions. 
Section 3 applies the fuzzy synthetic model to 
determine the corresponding optimal-graded matrix 
where the subjective weighting method is used. 
Section 4 applies the entropy-based model to 
determine the corresponding optimal-graded matrix 
where the objective weighting method based on the 
entropy theory is used. Section 5 establishes the 
combination evaluation approach to determine the 
final optimal-graded matrix from the optimal-graded 
matrices obtained previously by two (or more) 
different evaluation methods such as the fuzzy 
synthetic method and the entropy-based method. 
Section 6 applies the combination evaluation model 
to evaluate the water quality of middle reach of 
Yangtze River. Section 7 provides a summary and 
conclusion of this paper.  
 

 

2.Assessment Indexes and Matrices   
Suppose there are n polluted water samples and m 
pollution indexes, and each pollution index has k 
different grades. Let C be a m × n matrix consisting 
of measured concentration levels, where each entry 
cij (i = 1, 2 …, m, j = 1, 2, …, n) denotes the 
measured concentration level of sample j with 
pollution index i. Also, let S be a m × k matrix 
consisting of standard concentration levels, where 
each entry sih (i = 1, 2 …, m, h = 1, 2, …, k) denotes 
the standard concentration level of pollution index i 
having grade h. These two matrices contain the basic 
data for the water quality evaluation.  
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The goal of the pollution control is to make the 
measured concentration level cij as close as possible 
to the standard level si1 so that the water quality of 
sample j is improved with respect to the pollution 
index i, for all i and j. This goal can be viewed as a 
fuzzy goal since it is imprecisely defined. Also, 
sampling data is an uncertain process prior to 
making any observations and analysis. Thus, taking 
the uncertainties in the sampling and analysis 
processes into account, the sampling data and the 
goal of pollution control are represented as fuzzy 
sets, i.e., matrices C and S are to be converted to 
fuzzy matrices such that the value of each entry in 
these two matrices lies within the closed interval [0, 
1].  
 
To convert matrix S to a fuzzy matrix, for each 

pollution index i (i = 1, 2, …, m), let 
1iik

ihik
ih ss

ss
e

−
−

= ,   

h = 1, 2, …, k.        �3� 
Thus, eih = 1 if h = 1, eih = 0 if h = k, and eih lies 
between 0 and 1 if 1 < h < k. Using this fuzzy 
member function, matrix S is converted into a fuzzy 
matrix E as follows. 
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We can see that the entries in the first row of E 
have value 1 and the entries in the last row of E 
have value 0. Also, the h-graded standard water 
quality can be expressed by the 

vector ( )mhhhh eeee ,...,, 21= . 

 
Similarly, matrix C can be converted to a fuzzy 
matrix F based on the following fuzzy member 
function. For each pollution index i and sample j (i = 
1, …, m, j = 1, …, n), 
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So measured concentration fuzzy matrix of pollution 
index is: 
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The jth water sample can be denoted by the 

vector .  ( )Tmjjjj ffff ,...,2,1=

 
To consider the weight of each pollution index, let wi 
represent the weight of pollution index i (i = 1, 2, …, 

m), and let  where ∑i wi = 1. 

Also, since there are uncertainties involved in the 
grade classifications for the measured samples, the 
grade classifications are represented as a fuzzy set. 
Suppose U is a k × n fuzzy matrix where each entry 
uhj (to be determined) represents the dependence 
degree of the measured sample j with respect to 
grade h (h = 1, 2, …, k, j = 1, 2, …, n), i.e., the 
probability that sample j is of grade h. That is,  
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Also, matrix U is subject to the following 
constraints: 
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Furthermore, the variation of the jth sample with 
respect to the h-graded standard water quality can be 
expressed by the weighted generalized distance (10) 

as: 
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Since the goal of pollution control is to make these 
variations as small as possible (i.e., make the 
measured concentration levels as close as possible to 
their corresponding standard levels), we need to 
determine matrix U such that this goal is achieved 
and the constraints (8) and (9) are satisfied. U is also 
called the optimal-graded matrix for a water quality 
criterion of concern and is used to determine which 
grade the sampled water belongs to. In the next two 
sections, we will use two different evaluation 
methods to determine matrix U, where the fuzzy 
synthetic evaluation method uses the subjective 
weighting method (i.e., W is obtained by subjective 
information such as experts’ experiences) and the 
entropy-based method uses the objective weighting 
method based on entropy theory [11, 13, 16, 25].  
 
 

3.Using the Fuzzy Synthetic 

Evaluation Method to Determine the 

Matrix U 
The fuzzy synthetic evaluation model obtains 
indexes’ weight vector W by subjective information 
such as experts’ experiences and judgments. The 
objective is to minimize the sum of the squares of the 
weighted generalized distances defined by (10). That 
is, 
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. 
By the objective function (11) and constraints (8) 
and (9), we can construct a Lagrange function such 
that the constrained optimization problem is 
converted to an unconstrained optimization problem. 
By introducing the Lagrange multiplier λ, the 
Lagrange function is as follows. 
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To find the minimize this function, we first find the 
partial derivatives with respect to λ and with respect 
to uhj, respectively, and then set each partial 
derivative to be 0. 

01),(
1

=−=
∂

∂ ∑
=

k

h
hj

hj uuL
λ
λ

.            �11�

2� 

0)(2
),( 2

1
=λ−−=

∂

λ∂
∑
=

m

i
ijihihj

hj

hj fewu
u
uL

.     

�11�3� 

    

From (11-3), we have 
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From (11-2) and (11-4), we have 
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for h = 1, 2, …, k, j = 1, 2, …, n.           
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Since each uhj in matrix U can be determined by 
(12), we can determine the optimal-graded 
matrix U of the fuzzy synthetic evaluation 
method. 
 
 
4.Using the Entropy-Based Evaluation 

Method to Determine the Matrix U 
In this section, we first determine the weight of each 
pollution index, and then apply the entropy-based 
model to find the optimal-graded matrix U.   
 
 
4.1 Determine the Weight Vector W 
First, for each sample j of pollution index i, let Pij 
represent the proportion of the measured 
concentration level cij to the sum of all measured 
concentration levels of sample j [21]. That is, 

∑
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, i = 1, 2, …, m, j = 1, 2, …, n. 

Second, we calculate the Shannon entropy of 
pollution index i by the formula [25, 27] 

, i = 1, 2, …, m, where k is a 

positive constant. 
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Next, let gi denote the distinction coefficient of index 
i. For a pollution index i, the greater the value of gi is, 
the more important role it plays in the evaluation 
process, and the smaller its entropy is. Therefore, the 
distinction coefficient of index i can be expressed by 
gi = 1 - ri, i = 1, 2, …, m. 
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Finally, the weight of index i is determined by the 
formula   
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4.2 The Entropy-Based Evaluation Model 
An idea of entropy-based evaluation model is to 
construct a multiple objective optimization problem 
[3]. On one hand, minimize the sum of the weighted 
generalized distances. That is,  
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On the other hand, apply the principle of maximum 
entropy [11, 16] to maximize the Shannon entropy 
[25] in order to obtain the least-biased result. That is, 

⎪⎩

⎪
⎨
⎧

⎟
⎠

⎞
⎜
⎝

⎛
−∑ ∑

= =

).9(),8(

lnmax
1 1

n

j

k

h
hjhj uu          �14� 

To solve this dual objective optimization problem, 
by introducing a positive constant B to balance these 
two objectives, we can reformulate the problem as 
follows. 
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By introducing the Lagrange multiplier λ, we can 
construct a Lagrange function of (14-1). That is, 
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Similar to the algebra done in section 3, to solve this 
minimization problem, we first find the partial 
derivatives of (14-2) with respect to λ and uhj, 
respectively, and then set each partial derivative to 
zero, and then solve for uij from the resulting two 

equations and simplify. The resulting formula for 
each uhj (h = 1, 2, …, k, j = 1, 2, …, n) is as follows.  
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The optimal-graded matrix U by the entropy-based 
method can be obtained from (15). 
 
 

5.Combination Evaluation Approach 
In this section, we attempt to combine two (or more) 
evaluation models to form a combination evaluation 
model. Suppose there are q evaluation models (q ≥ 2) 
and the optimal-graded matrix of each of these q 
models is known. We want to determine the final 
optimal-graded matrix from these q optimal-graded 
matrices.  

For each sample j (j = 1, 2, …, n), let Hr represent 
the vector consisting of dependence degrees of k 
grades in the rth evaluation model. That 

is, ( ) ( ) ( )( )Tr
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r
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r
jr uuuH ,...,, 21= , where  for 

r = 1, 2, …, q. Also, for each sample j (j = 1, 2, …, n), 
the deviation of vectors H0 (to be determined) in the 
combination evaluation model and Hr in the rth 
evaluation model is     
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To obtain the optimal-graded matrix U(0) of the 
combination evaluation model, we minimize the sum 
of squares of the q deviations.  
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Similar to the algebra done in sections 3 and 4, we 
can obtain the (unique) solution to the minimization 
model in (16) as follows.   
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If we let , we can simplify (16-1) as 

follows.  
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The optimal-graded matrix U(0) of the combination 
evaluation model can be obtained from (17). We will 
apply this model to evaluate the water quality of the 
middle reach of the Yangtze River in the next section 
(where q = 2). 
 

6. Application of the Combination 

Evaluation Model to the Middle Reach 

of the Yangtze River 
 In this section, the fuzzy synthetic evaluation model 
and the entropy-based model are combined to form 
the combination evaluation model discussed in 
section 5. Also, this model is applied to determine 
the water grade of the middle reach of the Yangtze 
River. 
 
Tables 1 and 2 contain the measured concentration 
levels and the standard concentration levels of the 
Three Gorges Reservoir Area, and the middle reach 
and the lower reach of the Yangtze River, 
respectively, from the Environmental Quality Report. 
The data of the six pollution indexes CODmn, BOD, 
ammonia nitrogen, volatile phenol, arsenic and 
chromium of valence 6 was collected from the 
pollutant samples of four representative sections of 
the middle reach of the Yangtze River (note that the 
measurement unit is mg/l).  
Table 1    The measured concentration levels C (m 
= 6 and n = 4) 

 

index 
section  

CO
Dmn 

BO
D 

ammonia 
nitrogen 

volatile 
phenol 

arsenic 
chromium 
of valence 

6 

Wuqi Dock 2.23 1.29 0.15 0.002 0.15 0.04 

Cheng 
Lingji 

2.64 1.69 0.37 0.001 0.06 0.04 

Yanggang 2.78 1.76 0.34 0.001 0.08 0.08 

Three 
Gorges  

2.81 1.68 0.52 0.001 0.08 0.04 

 Table 2   The standard concentration levels S (m 
= 6 and k = 5) 

grade 
standard value 
parameter  

� � � � � 

CODmn 2 4 6 8 10 

BOD 3 3 4 6 10 

ammonia 
nitrogen 

0.5 0.5 1 2 2 

volatile phenol 0.002 0.002 0.005 0.01 0.1 

arsenic 0.05 0.05 0.05 0.1 0.1 

chromium of 
valence 6 

0.01 0.05 0.05 0.05 0.1 

 
From the above data in the two tables, we can get 

by (3) and (4) discussed in section 2 

and by (5) and (6) discussed in section 2. 
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987.0,1,1,1
1,1,1,1
899.0,903.0,92.0,971.0

,

0,
9
5,

9
5,

9
5,1

0,0,1,1,1
0,918.0,969.0,1,1

0,0,
3
2,1,1

0,
7
4,

7
6,1,1

0,
4
1,

2
1,

4
3,1

nmkm FE

 

Using the subjective information provided by the 
experts, we can obtain the indexes weight 
vector ( )25.0,1.0,25.0,3.0,05.0,05.0=W . Also, if we 
choose k = (ln4)-1 = 0.72135, the indexes’ weight 
vector W can be obtained by the entropy-based 
method discussed in 4.1. That is, 

( )2450.0,1026.0,2450.0,3578.0,0311.0,0185.0=W . 
 
The optimal-graded matrix U1 of the fuzzy synthetic 
evaluation method discussed in section 3 and matrix 
U2 of the entropy-based method discussed in section 

WSEAS TRANSACTIONS on SYSTEMS Zhiguang Zhu, Li Zhang, Siying Wei

ISSN: 1109-2777 634 Issue 5, Volume 8, May 2009



4 can be obtained by using (12) and (15), 
respectively, where we let B = 10 in (15).  
 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0081.0,0236.0,0029.0,0151.0
0302.0,0521.0,0098.0,0610.0
1210.0,1667.0,0675.0,1430.0
5918.0,5655.0,7235.0,4978.0
2489.01921.0,1963.0,2831.0

1U  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0003.0,0016.0,0002.0,0005.0
0130.0,0138.0,0053.0,0278.0
1493.0,1585.0,1369.0,1399.0
5291.0,6164.0,5403.0,5201.0
3083.0,2092.0,3173.0,3117.0

2U

 
 
Due to (17), we can determine the final 
optimal-graded matrix of the combination evaluation 
model discussed in section 5. 
 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0042.0,0126.0,0015.0,0078.0
0216.0,0329.0,0076.0,0444.0
1351.0,1626.0,1022.0,1414.0
5605.0,5910.0,6319.0,5090.0
2786.0,2009.0,2568.0,2974.0

U  

 
From the optimal-graded matrix U of the 
combination evaluation model and the principle of 
maximum dependence degree, we conclude that the 
water quality of the four sections of the middle reach 
of the Yangtze River can be classified as grade II 
water.  
 
 

7. Summary and Conclusion 
There are a lot of uncertainties involved in the water 
quality evaluation and management including the 
water grades classification. This paper represents 
this vague event by a fuzzy matrix and uses it to 
determine the grade of the sampling water. Two 
methods based on different quality criteria and index 
weighting methods are addressed. The fuzzy 

synthetic method applies subjective weighting 
method and the quality criterion is to minimize the 
sum of the square of the weighted generalized 
distances. The entropy-based method applies 
objective weighting method based on the entropy 
theory and the quality criterion is to minimize the 
sum of the weighted generalized distances and 
maximize the Shannon entropy. Since different 
evaluation methods have different strengths and 
weaknesses and may have different or conflicting 
objectives, sometimes we may want to combine 
these methods to avoid discrepancies and conflicting 
criteria among them and see if we can get a better or 
at least a compromising result. This paper attempts 
to combine two or more methods of concern to form 
a combination evaluation method of water quality 
evaluation. A case study of the middle reach of the 
Yangtze River is presented. This combination 
evaluation method is adaptable to various 
environmental systems such as air quality evaluation 
and pollution control.  
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